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Introduction
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OTAMP2006, held in Lund. As in the previous conferences of the OTAMP series,
the main lectures presented an overview of current research which uses operator
methods in analysis and mathematical physics.

The topics of the Proceedings belong to various different fields of mathemat-
ical physics. Among others (but there is much more in this volume) the following
subjects are presented: inverse spectral and scattering problems on graphs, review
articles on quadratic Hamiltonians and Born-Oppenheimer approximations, re-
cursive construction of the Ablowitz-Ladik Hierarchy, spectral properties of finite
difference and one (or two) dimensional Schrodinger operators, eigenvalues and
their estimates for Jacobi matrices and Aharonov-Bohm operator.

Most papers of the volume contain original material and were refereed by
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entific programme and to all participants who delivered fine lectures. We greatly
appreciate financial support of the ESF programme SPECT, without whose fi-
nancial support the OTAMP2006 would never been so well organized. Special
thanks go to other agencies supported the conference financially: Vetenskapsradet,
Wenner-Gren Foundation, as well as to Lund University and to the Institute of
Mathematics of the Polish Academy of Sciences.

Last but not least, we thank the Editorial Board and especially Professor
1. Gohberg for including this volume (as the previous ones of OTAMP meetings)
into the series Operator Theory: Advances and Applications and to Birkhauser-
Verlag for help in preparation of the volume.

Birmingham-Krakow-Lund April 2008
St. Petersburg-Stockholm The Editors
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Spectral Asymptotics of Percolation
Hamiltonians on Amenable Cayley Graphs

Tonéi Antunovié¢ and Ivan Veselié

Abstract. In this paper we study spectral properties of adjacency and Laplace
operators on percolation subgraphs of Cayley graphs of amenable, finitely
generated groups. In particular we describe the asymptotic behaviour of the
integrated density of states (spectral distribution function) of these random
Hamiltonians near the spectral minimum.

The first part of the note discusses various aspects of the quantum per-
colation model, subsequently we formulate a series of new results, and finally
we outline the strategy used to prove our main theorem.

Mathematics Subject Classification (2000). 05C25, 82B43, 05C80, 37A30,
35P15.

Keywords. Amenable groups, Cayley graphs, random graphs, percolation, ran-
dom operators, spectral graph theory, phase transition.

1. Introduction

The results on which we report rely on tools and ideas from various mathematical
fields. In the introduction we sketch the role they play in our study of percolation
Hamiltonians.

1.1. Integrated density of states

For a large class of random operators which are ergodic with respect to a group of
translations on the configuration space an integrated density of states (or spectral
density function) can be defined using an exhaustion of the whole space by subsets
of finite volume. Since this fact relies on an ergodic theorem, it is not surprising
that the underlying group needs to be amenable. Note that periodic operators are a
special class of ergodic ones and thus also posses a well-defined integrated density
of states (in the following abbreviated as IDS). For ergodic random operators
the spectrum is deterministic, i.e., for any two realizations of the operator the
spectrum (as a set) coincides almost surely. The same statement holds for the
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measure theoretic components of the spectrum. However, there are other spectral
quantities, like eigenvalues or eigenvectors, which are highly dependent on the
randomness. For random Schridinger type operators on L?(R?) and ((Z?) all
these fundamental results can be found, e.g., in the monographs [17, 94]. For the
underlying original results of Pastur and Shubin for random, respectively almost-
periodic operators see, e.g., [91, 93] and [102, 103].

Once the existence of the IDS is established, it is natural to ask whether, for
specific models, one can describe some of its characteristic features in more detail.
Among them the most prominent are: the continuity and discontinuity proper-
ties of the IDS, and the asymptotic behaviour near the spectral boundaries. The
interest in these questions has a motivation stemming from the quantum theory
of solids. A good understanding of the features of the IDS is an important step
towards the determination of the spectral types of the considered Hamilton oper-
ators. Of all the measure theoretic spectral types of random operators the pure
point part is so far understood best. In particular, for certain random Hamilto-
nians it is established that there exists an energy interval with dense eigenvalues
and no continuous spectral component, a phenomenon called localisation. For de-
tailed expositions of this subject see, for instance, [3, 5, 37, 101]. All the proofs
of localisation known so far use as an essential ingredient estimates on the IDS or
some closely related quantity. Expository accounts of the IDS of various types of
random Hamiltonians can be found among others in [67], [53] or [113].

1.2. Lifshitz asymptotics

The IDS of lower bounded periodic operators in Euclidean space exhibits typically
a polynomial behaviour at the minimum of the spectrum. This is for instance the
case for the discrete Laplace operator on #2(Z?) and for Schrédinger operators
on L?(R%) with a periodic potential. Analogous results can be proven for uni-
formly elliptic divergence type operators with periodic coefficients using [51] and
for quantum waveguides using, e.g., [15] or [60]. In the mentioned cases the low
energy behaviour of the IDS is characterised by the so-called van Hove singular-
ity. This means that the IDS N(-) behaves for 0 < E < 1 asymptotically like
N(E) ~ E%2 i.e., polynomially with the van Hove exponent equal to d/2.

A random perturbation of the Hamilton operator changes drastically the low
energy asymptotics. For many random models in d-dimensional Euclidean space
it has been proven that the asymptotic behaviour of the IDS is exponential in
the sense that N(E) ~ exp(— const(E — Eg)~%?). Here Ey denotes the minimum
of the spectrum of the random operator, which is by ergodicity independent of
the realization almost surely. The exponential behaviour of the IDS has been first
deduced on physical grounds by .M. LifSic in [69-71] and is accordingly called Lif-
shitz asymptotics or Lifshitz tail. The most precise bounds of this type have been
obtained for random Schrédinger operators with a potential generated by impuri-
ties which are distributed randomly in space according to a Poisson process, see,
e.g., [35, 59, 86, 92, 105]. Similar results hold for a discrete relative of this opera-
tor, namely the Anderson model on £2(Z%), see, e.g., [7, 16, 36, 57, 79, 109]. The
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reason why these models are amenable to a very precise analysis is the applicabil-
ity of Brownian motion, respectively random walk techniques and Feynman-Kac
functionals. For several other types of random operators the weaker form

log | log(N(E) — N(Eo))| _ d

li =< 1
BB, [log(E — Eo)]| 2 &)

of the exponential law has been established using rather simple estimates based
on inequalities by Thirring [107] and Temple [106]. In particular, this method
can be applied to show that the asymptotics (1) holds for the Anderson model
on (?(Z%) and its continuum counterpart, the alloy type model on L?(R%). This
strategy of proof was pursued in the 1980s in several papers [52, 55, 80-82, 98,
99] by Kirsch, Martinelli, Simon and Mezincescu. These two models will serve as a
point of reference in the present note, since they are closely related to percolation
Hamiltonians. Moreover, the methods used to study the low-energy asymptotics
of percolation models are, at least in part, parallel to those of the last mentioned
series of papers. The main difference is that one needs to replace the Temple or
Thirring bound by some inequality from spectral geometry. We will call the right-
hand side of (1) the Lifshitz exponent.

Let us relate the asymptotic behaviour (1) to two spectral features mentioned
already in §1.1, namely spectral localisation and continuity of the IDS. If (1) holds
then the spectral edge Ej is called a fluctuation boundary. This term stems from
the fact, that if the system is restricted to a large, finite volume, eigenvalues
close to Ey correspond to very particular and rare realizations of the randomness.
Thus the spectral edge on finite volumes is highly sensitive to fluctuations of
the random configurations. This feature is closely related to the phenomenon of
localisation. Indeed, for many models existence of pure point spectrum has been
proven precisely in the energy regimes where the density of states is very sparse,
see, e.g., the characterisation given in [38]. The Lifshitz asymptotics implies that
the IDS is extremely thin near the bottom of the spectrum, thus this energy region
is a typical candidate for pure point spectrum.

One expects that the IDS is continuous at the fluctuation boundaries. Indeed,
the Lifshitz asymptotics implies continuity at the minimum Fjy of the spectrum
and moreover that the limes superior and inferior of difference quotients of any
order vanish at Ej. This is in remarkable contrast to the dense set of discontinuities
of the IDS exhibited by many percolation Hamiltonians, see, e.g., [18, 27, 112].

1.3. Percolation Hamiltonians

Hamiltonians on site percolation subgraphs of the lattice were introduced by P.-
G. de Gennes, P. Lafore and J. Millot in [26, 27] as quantum mechanical models
for binary alloys. The resulting random operator bears a strong similarity to the
Anderson model considered by P.W. Anderson in [6]. The difference is that in the
site percolation Hamiltonian of [27] the random potential may assume only two
values, namely zero and plus infinity. The lattice sites where the potential equals
infinity are deleted from the graph, and thus the Hamiltonian is restricted to the
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space of vertices where the potential vanishes. The resulting Hamiltonian may be
understood as a single band approximation of an Anderson model whose potential
is a family of Bernoulli distributed random variables. More precisely, if one equips
the Bernoulli-Anderson potential with a coupling constant and lets this one tend
to infinity, the corresponding quadratic form converges to the one of the quantum
percolation model, cf. Remarks 11 and 12. This limit is in the physical literature,
cf., e.g., [50], sometimes understood as the strong scattering limit of the tight
binding model. It may be possible to estimate efficiently the convergence of the
associated IDS using the techniques and estimates introduced in [64].

A series of papers in theoretical [18, 50] and computational physics, e.g., [44
47, 97], analysed the spectral features of the quantum percolation model. A par-
ticular point of interest in the numerical studies was to compare the spectral
localisation of percolation Hamiltonians with the one of the Anderson model.

More recently there has been interest for such models in the mathematics
community. The paper [16], which studies the intermittency behaviour of the par-
abolic Anderson model, establishes also Lifshitz tails for the quantum site perco-
lation model. Given the above-mentioned relation between the Anderson and the
quantum percolation Hamiltonian, it is not surprising that a detailed analysis of
the former gives also results about the latter. Some related properties of random
walks on percolation graphs have been analysed rigorously already in [7].

The existence of the IDS for a rather general class of site percolation Hamil-
tonians on graphs with a quasi transitive, free! amenable group action was es-
tablished in [111]. This result relies on Lindenstrauss’ pointwise ergodic theo-
rem [72] for locally compact second countable amenable groups. Likewise, the
non-randomness of the spectrum and its components is valid also in this general
setting, see [65, 112]. These results hold in particular for the Anderson model
and periodic Laplacians on such graphs. In fact, these features of the percolation
Hamiltonians and their proofs are quite analogous to those of the Anderson model
on ¢%(Z%). However, there are some distinct features of the quantum percolation
model which distinguish it sharply from random Hamiltonians on the full lattice.
The latter have a continuous IDS [24, 28], while percolation Hamiltonians have
a dense set of discontinuities, which survives even if one restricts the operator to
infinite percolation clusters [18, 50, 112]. In [54] Kirsch & Miiller analysed ba-
sic spectral features of bond percolation Laplacians on the lattice and moreover
carried out a thorough study of the low-lying spectrum of these operators in the
non-percolating regime. These results were complemented by Miiller & Stollmann
in a paper [83] where the percolating regime is studied. The present note continues
the analysis [112] of site percolation Hamiltonians on general graphs and at the
same time extends the results of [54] to bond percolation models on amenable
Cayley graphs. In particular, part of our proofs relies on ideas introduced in [54]
and extends them to a more general geometric setting.

1In the references [111, 112] is was forgotten to spell out the assumption that the group acts
freely on the graph.
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It is not surprising that the analysis of (certain) spectral properties of percola-
tion Hamiltonians relies on the proper understanding of the underlying ‘classical’
percolation problem. An exposition of this theory applied to independent bond
percolation on the lattice can be found in Grimmett’s book [41]. Some other as-
pects are covered in the monograph [49] by Kesten. In the more recent literature
quite a body of work is devoted to percolation processes on more general graphs
than Z<, see for instance [13, 14, 76, 96]. Still, much more is known for percolation
on lattices than on general graphs. For the purposes of the results presented in
this paper, we extended the theorems in [2, 4, 77] on the sharpness of the phase
transition and the exponential decay of the cluster size in the subcritical regime
to quasi transitive graphs, see [8].

Since in the subcritical regime no infinite percolation cluster exists almost
surely, the entire spectrum of the corresponding Hamiltonian consists of eigenval-
ues. In the supercritical regime an infinite cluster exists and thus the Hamiltonian
may have continuous spectrum. It is however conjectured [97] that for values of
the percolation parameter just above the critical point the spectrum will still have
no continuous component, although an infinite cluster exists. Thus there may be a
second ‘quantum’ critical value of the percolation parameter, strictly larger than
the classical critical value. Let us note that there is no rigorous proof of Anderson
localisation for percolation Hamiltonians (in the percolating regime). The reason
is that this model has Bernoulli distributed randomness, as it is the case for the
Bernoulli-Anderson Hamiltonian. Due to the singular nature of the distribution of
the randomness the known proofs of localisation do not apply.

1.4. Spectral graph theory and geometric L>-invariants

To make sense of the term ‘low energy asymptotics’ one has to know where the
minimum of the spectrum lies. In the case of Cayley graphs of amenable groups
it is known from Kesten’s theorem [48] that the bottom of the spectrum of the
Laplacian is equal to zero. If the graph under consideration happens to be bipartite
the spectrum of the adjacency operator is symmetric with respect to the origin, see,
e.g., [23, 98]. This allows one to translate results about the lower spectral boundary
of adjacency and Laplace operators to statements on the upper boundary.

The low energy behaviour of the IDS is determined by the first non-zero eigen-
value of the Hamiltonian on percolation clusters with ‘optimal shape’. The min-
imizing configurations are determined by inequalities from spectral graph theory
like the isoperimetric, the Cheeger and the Faber & Krahn inequality, cf. [19-22].
They relate the lowest eigenvalue on a finite subgraph to its volume and the vol-
ume growth behaviour of the Cayley graph. The growth of balls on Cayley graphs,
in turn, can be classified using a result of Bass [12] and Gromov’s theorem [42].
We use an improved version of the latter due to van den Dries & Wilkie [108]. Let
us mention that even if one is interested in purely geometric properties of the au-
tomorphism group of a graph, like amenability or unimodularity, percolation may
be a tool of choice, see for instance [13]. There several equivalences are established,
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each connecting a geometric property of a graph with a probabilistic property of
an associated percolation process.

For several types of Hamiltonians on the lattice the Lifshitz exponent of
the random operator equals the exponent of the van Hove singularity of its peri-
odic counterpart. It turns out that the same holds for certain percolation mod-
els on Cayley graphs. To formulate this more properly one needs to characterise
the high energy behaviour of the adjacency operator (resp. low energy behaviour
of the Laplacian) on the full Cayley graph. This can be done by relating it to
known results on random walks on groups, cf. [115], or on geometric L?-invariants,
cf., e.g., [75]. In fact, it turns out that the van Hove exponent of a Cayley graph
equals the first Nowikov-Shubin invariant of the Laplacian on the graph. These
invariants have been introduced in [87, 88] and studied, e.g., in [43]. For various
analogies between geometric L2-invariants and properties of the IDS see the work-
shop report [31]. The above-mentioned equality of the Lifshitz and the van Hove
exponent is encountered also in other contexts, see for instance Klopp’s analy-
sis [56] of Lifshitz tails at internal spectral gap edges.

1.5. The main result

Let us loosely state the main result of this note. Consider a Cayley graph of a
finitely generated amenable group. Assume that the volume of balls of radius n in
the graph behaves like n¢ with the convention that d = oo corresponds to super-
polynomial growth. Each deleted site (respectively bond) induces a new boundary
in the graph, at which we may impose a certain type of boundary condition giv-
ing rise to different Laplace operators. More precisely, since we are dealing with
bounded operators, the boundary condition is not a restriction on the domain
of the operator, but rather an additional boundary term. As in [54] we consider
Dirichlet, Neumann, and adjacency (or pseudo-Dirichlet) percolation Laplacians.
For the adjacency and Dirichlet Laplacian the low energy asymptotics of the
IDS is given by
lim log|log N(E)| _ gl @)
ENO  |logE)| 2
Thus we have a Lifshitz type behaviour and zero is a fluctuation boundary of
the spectrum. The Lifshitz exponent coincides with the van Hove exponent of
the underlying full Cayley graph. For the Neumann Laplacian the low energy
asymptotics of the IDS is given by

. log|log(N(E) - N(0)] 1 .
élr\no |log E| T2 3)

where N(0) is a non-zero value corresponding to the number of open clusters per
vertex in the percolation graph.
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2. Model and results

We present several results which we have obtained for the IDS of Hamiltonians
on full Cayley graphs and on graphs diluted by a percolation process. For the
analysis of the latter operators it was necessary to establish certain properties of
the ‘classical percolation model’ on Cayley graphs, which are detailed below.

2.1. The Laplace Hamiltonian on a full Cayley graph

We consider Cayley graphs of finitely generated, amenable groups and the corre-
sponding Laplace operator. Its IDS exhibits a van Hove asymptotics at the lower
spectral edge whose exponent is determined by the volume growth behaviour of
the group.

To formulate this more precisely we explain the geometric setting in detail.
Let T’ be a finitely generated group. Each choice of a finite, symmetric set of
generators S not containing the unit element ¢ of ' gives rise to Cayley graph.
Note that this graph is regular (i.e., all vertices have the same degree) with degree
equal to the number of elements in S and that the vertex set of G can be identified
with I". Using the distance function on the Cayley graph we define the ball B(n)
of radius n around the unit element ¢ in I' and set V(n) := |B(n)|. For a positive
integer d we use the notation V(n) ~ n? to signify that there exist constants
0 < a,b < oo such that an? < V(n) < bnd.

From now on we tacitly assume that all considered groups are finitely gener-
ated. The growth of all such groups can be classified using deep results of Bass [12],
Gromov [42] and van den Dries & Wilkie [108].

Theorem 1. Let G be a Cayley graph of a finitely generated group. Then exactly
one of the following is true:

(a) G has polynomial growth, i.e., V(n) ~ n holds for some d € N,
(b) G has superpolynomial growth, i.e., for every d € N and every b € R there
exists only finitely many integers n such that V(n) < bn®.

The growth behaviour (in particular the exponent d) is independent of the chosen
set of generators S.

More precisely, the theorem follows from the following results. Bass has shown
that every nilpotent group satisfies V(n) ~ n? for some d € N, sharpening earlier
upper and lower bounds of Wolf [116]. Gromov’s result in [42] is that every group
of polynomially bounded volume growth is virtually nilpotent. Finally, van den
Dries & Wilkie have shown that the conclusion of Gromov’s theorem still holds, if
one requires the polynomial bound V' (ny) < b n‘,i merely along a strictly increasing
sequence (ng)gen of integers ni € N. We note that Pansu [90] has shown that
¢ :=lim, o V(n)/n? exists.

Let us now define the Laplacian on G. For future reference we consider a
more general situation than needed at this stage. Let G = (V, E) be a connected
regular graph of degree k with vertex set V and edge set F, and G' = (V', E’)
an arbitrary subgraph of G. Note that G’ is in general not regular. We denote the
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degree of the vertex € V' in G’ by dgv (). If two vertices x,y € V' are adjacent
in the subgraph G’ we write y ~¢ .

Definition 2. For G and G’ as above we define the following operators on £2(V").

(a) The identity operator on G’ is denoted by Idy.. If there is no danger of
confusion we drop the subscript V.
(b) The degree operator of G’ acts on ¢ € ¢2(V') according to

[D(G)¢l(2) = dar (2)p(x).

(¢) The adjacency operator on G’ is defined as

[AG)e)@) = D ¢(y).
(d) The adjacency Laplacian on G’ is defined as
AY(G) = k1dy —A(G").

(e) In the special case G’ = G, the Laplacian or free Hamiltonian on G is defined
as

A(G) = k1dy —A(G).

(Thus it coincides with the adjacency Laplacian on G.)

There are several different names used for the adjacency Laplacian A*(G’) in
the literature. Our terminology is motivated by the fact that up to a multiplicative
and an additive constant it is equal to the adjacency operator on the subgraph G’.
This will be different for operators with an additional Dirichlet or Neumann bound-
ary term introduced in Subsection 2.3. For induced subgraphs G’ of G one can con-
sider the restriction of the Laplacian which is defined as A”(G’) := Py A(G) Py
Here Py : (2(V) — 2(V'), Pyro(x) := xv+(2)p(z) denotes the orthogonal projec-
tion on V. It turns out that A”(G") = kIdy: —A(G') = A*(G).

The IDS of the free Hamiltonian on a Cayley graph G of an amenable group
I' can be defined as No(E) = (X]—oo,g](A(G))d,,d,). Here the function 6, has
value 1 at ¢ and 0 everywhere else. It is possible to construct Ny via an exhaustion
procedure, see, e.g., [32, 33, 73].

The next Theorem characterises the asymptotic behaviour of the IDS at the
spectral bottom. For groups of polynomial growth it exhibits a van Hove singu-
larity. For groups of superpolynomial growth one encounters a type of generalised
van Hove asymptotics with the van Hove exponent equal to infinity.

Theorem 3. Let I' be a finitely generated, amenable group, A(G) the Laplace op-
erator on a Cayley graph of I' and Ny the associated IDS. If T' has polynomial
growth of order d then

logNo(E) d

_— 4
o logE 2 )
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and if T has superpolynomial growth then

lim 710gN0(E) =

ENO  logFE ()

2.2. Classical percolation

Next we briefly introduce percolation on graphs. More precisely, we will consider
independent site percolation, as well as independent bond percolation on quasi
transitive graphs. These are graphs whose vertex set decomposes into finitely many
equivalence classes under the action of the automorphism group. Such graphs have
uniformly bounded vertex degree. If there is only one orbit, the graph is called
transitive. Cayley graphs are particular examples of transitive graphs.

Let G = (V, E) be an infinite, connected, quasi transitive graph and p some
fixed real number between 0 and 1. For every site x € V we say it is open with
probability p and closed with probability 1 — p independently of all other sites.
This is the most simple site percolation model. More formally, we consider for every
vertex z the probability space Q, := {0,1}, with the sigma algebra consisting of
the power set P(€) of 2, and the probability measure P, on (Q, P(€2)) defined
by P;(0) = 1 — p and P, (1) = p. The probability space (Qv,Fy,Py) associated
to site percolation is defined as the product [, ¢y (€, P(Q), Pe). The coordinate
map Qv 3 w — w, defines the site percolation process y x V.— {0,1}. We call
V(w) :={z € V| w, = 1} the set of open or active sites. The induced subgraph
of G with vertex set V(w) is denoted by G(w) and called the percolation subgraph
in the configuration w. The connected components of G(w) are called clusters.

The bond percolation process is defined completely analogously. The bond
percolation probability space is (g, Fg,Pg) := [[.c5(Qe, P(Q), Pe), where for
every edge e € E we have Q. := {0,1}, with power set P(.) and probability
measure P, defined by P.(0) = 1 — p and P.(1) = p. For a given configuration
w € Qp we define the percolation subgraph G(w) as the graph whose edge set F(w)
is the set of all e € E with w. = 1 and whose vertex set V(w) consist of all vertices
in V' which are incident to an element of E(w). Connected components of G(w)
are called clusters. We will denote the expectation with respect to either Py or

The most basic result in percolation theory is that for both the site and the
bond model there exists a critical parameter 0 < p. < 1 such that the following
statement holds:

e if p < p. there is no infinite cluster almost surely (subcritical phase),
e if p > p. there is an infinite cluster almost surely (supercritical phase).

Of course, the value of p. depends on the graph and on the type of percolation
process considered.

It turns out that more can be said about the size of clusters in the subcritical
phase. Let o € V' be an arbitrary, but fixed vertex in a quasi transitive graph G.
Consider site or bond percolation on G and denote by C,(w) the cluster containing
o and by |C,(w)| the number of vertices in C,(w).
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Theorem 4. For any p < p. there exist a constant 1, > 0 such that P(|C,(w)| >
n) < e " for all n € N. In particular, the expected number of vertices in Co(w)
is finite for all p < pe.

This extends earlier results of Aizenman & Newman [4], Menshikov [77] (see
also [78]), and Aizenman & Barsky [2]. The generalisation to bond percolation on
quasi transitive graphs is given in [8] and relies on the differential inequalities for
order parameters established in [2]. The proofs of [8] apply to the site percolation
process, too. In our later applications, we will need this result only for Cayley
graphs of amenable finitely generated groups.

2.3. Percolation Hamiltonians on Cayley graphs
We introduce percolation Hamiltonians with and without boundary terms and es-
tablish the existence of a selfaveraging IDS. This enables us to state our main result
about the Lifshitz asymptotics and to compare it with the van Hove singularities
of the Hamiltonian on the full Cayley graph.

Consider an arbitrary subgraph G’ = (V' E’) of an infinite, k-regular Cayley
graph G = (V, F)). The multiplication operator

Whe(G") = k1dy: —D(G")
is non negative and has support in the interior vertex boundary of G’. Thus
+W*e(G") can be understood as a potential due to the repulsion/attraction of the
boundary. When added to the adjacency Laplacian A4 it gives rise to Dirichlet
and Neumann boundary condition. Here we follow the nomenclature of [54, 81,
98].
Definition 5. We define the following operators on £2(V")
(a) The Dirichlet Laplacian is defined as

AP(G") == A + W (GQ') = 2k Idy —D(G') — A(G").
(b) The Neumann Laplacian is defined as
AY(G) == A% — W (@) = D(G') — A(G).

The Laplacian A(G) on the full graph will be abbreviated by A. Note that
in this case all three versions of the Laplacian coincide since there is no boundary.
Let us collect certain basic properties of the adjacency, Dirichlet and Neumann
Laplacian.

Remark 6.
a) All operators introduced in Definitions 2 and 5 are bounded and selfadjoint.
b) Since Wb (G’) > 0 we have the following inequalities in the sense of qua-
dratic forms:
AY(@) < AY(G) < AP(E) (6)
This is complemented by 0 < AV(G’') and AP(G’) < 2kI1d, which can be
show by direct calculation in the same manner as in [54]. Later we will see,
that there is a more complete chain of inequalities between five operators.
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c) The operators A*(G’") and AP(G’) are injective. The Neumann Laplacian
AY(G") is injective if and only if G’ has no finite components. In particular,
the dimension of the kernel of AY(G") is the number of the finite components
of G’. Let us note that this relation between the number of zero Neumann
eigenvalues and the number of clusters makes it possible to refine the analysis
of the large time behaviour of random walks on finite percolation clusters,
see, e.g., [100].

As we said in §1.4, it is a classical result [48] that zero is the lower spectral
edge of A if and only if G is an amenable graph. Finding lower bounds in the
nonamenable case is a more difficult task, see for instance [10, 84, 117].

A graph G is called bipartite if there is a partition Vi, V, of the vertex set
such that there is no edge in G which joins two elements of V; for i = 1, 2.
For bipartite graphs it is useful to consider conjugation with the operator ¢
on ¢%(V') which is given by the multiplication with the function xv, — Xv,-
This operator is unitary, selfadjoint and an involution. We will denote the
restriction of U to some subset (2(V') C ¢2(V) again by the same symbol.
The conjugation with U relates the upper spectral edge to the lower one,
see, e.g., [54, 81, 98]. For any subgraph G’ we have D(G') = UD(G')U and
A(G") = —UA(G’)U. This implies the relations

AAG) = 2k1d —UAY (G U
and  AYP/(G') = 2k1d —UAPN (G U.

Consequently the spectrum of A*(G’) is symmetric with respect to k, while
the spectrum of AN (G") is a set obtained from the spectrum of A”(G’) by the
symmetry with respect to k. It follows that in the special case of amenable
bipartite graphs the upper spectral edge of A is equal to 2k. Bipartiteness
is not only sufficient, but also necessary for the mentioned symmetry. Claim
4.5 from [89] shows that on amenable non-bipartite graphs 2k is not in the
spectrum of A, thus the symmetry fails.

d

=

@
~

(7

Now we introduce percolation Laplacians associated to the configuration w
as bounded, selfadjoint operators on £2(V (w)).

Definition 7. Let (2, F,P) be a probability space corresponding either to site or
bond percolation on G. For w € Qy (resp. w € Q) the operator

Af = A*(GW)): A(V(w)) = A(V(w)), #¢€{A D N}
is called adjacency, resp. Dirichlet, resp. Neumann percolation Laplacian.
For brevity we introduce the notation
A, = A(G(w)) and WEe = Wb (G(w)).

Note that in the site percolation model we have

dg(w)(l’) =Wy Z Wy,

y~
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while for bond percolation

o) (@) = Xv(w) (@) Y we
e~T
where e ~ x signifies that in the graph G the edge e is incident to z. Note that if
the distance of x,y € V is greater than two, the random variables dg (. (x) and
dg(w)(y) are independent. These facts imply that in both models the stochastic
field (w,x) +— Wb (z) gives rise to a random potential which is stationary and
ergodic with respect to the action of the group I'.

Due to the structure of the underlying percolation process the considered
random operators satisfy an equivariance relation which we explain next. For a
group I" and an associated Cayley graph G there is a natural action of I' on G by
multiplication from the left. This gives rise to a I'-action both on the corresponding
percolation probability space and on the bounded operators on the £2 space over
the graph. The operation on the site percolation probability space (Qy,Py) by
measure preserving transformations is given by (7y(w))s := wy-14, for v € T and
z € V. Note that v and x are from the same set, but the first one is considered
as a group element, while the second as a vertex. The family of transformations
(7y)~er acts ergodically on (v, Py). In the same way there is an ergodic action of
measure preserving transformations indexed by v € I', which we again denote by
Ty, on the bond percolation probability space (g, Pg). Here the transformations
are given by (7(w))e := wy-1,, where vy, 2] = [y 'y, 12].

The group T acts by unitary translation operators (U,)(y) := ¢(y~'y) on
£2(V). If we restrict these operators to the £2 spaces over the active sites they act
consistently with the shift on the probability space, more precisely U: £2(V (w)) —
2(yV(w)) = €2(V(r9w)). Due to the transformation behaviour of the adjacency
operator A, and the boundary term potential W% ¢ one has the equivariance re-
lation A#(Tyw) = U, A% (w)U; ! for # € {A, D, N}. Since (7,)cr acts ergodically
on Q, (A?),, falls into the class of random operators studied in [65].

This yields the non-randomness of the spectrum and spectral components.
In the following let us denote by o the spectrum, and by ogisc, Tess, Tpps Tsc, Tc
and 0,4, the discrete, the essential, the pure point, the singular continuous, the
continuous, and the absolutely continuous component of the spectrum respectively.
Let us recall that the pure point spectrum of an operator is the closure of the set
of its eigenvalues. We use the notation o, (H) for the set of eigenvalues of H
which posses an eigenfunction with compact, i.e., finite, support.

The following theorem holds for site and bond percolation Hamiltonians and
for all values of p € [0, 1].

Theorem 8. Let A% be one of the percolation Laplacians defined above. Then there
exists for each o € {disc, ess, pp, sc, ¢, ac, fin} a subset ¥F C R and a subset Q' C
Qv (resp. Q' C Qg) of full measure, such that oe(AZ) = XF holds for every
w € Q and for all e € {disc,ess,pp,sc,c,ac, fin}. In particular o(AZ) = $# for
allwe .
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This has been proven for site percolation models in [65, 111, 112], and holds
with the same proofs for bond percolation. For similar results in the case of bond
percolation on the lattice see also [54].

Remark 9. (a) All the results stated so far hold for arbitrary quasi transitive
graphs. In particular it is not necessary to assume that the graph is amenable or
infinite. For infinite graphs the discrete spectrum Xgisc is empty.

(b) The percolation Laplacians A% are defined on £2(V (w)). Thus, technically
(AZ%)weq is associated to a direct integral operator with non-constant fibre. One
can modify the operator in such a way that the fibres become constant and that
the spectrum changes in a controlled way. First note that for a fixed configuration
w and a fixed cluster C(w) any percolation Hamiltonian leaves ¢2(C(w)) invariant.
Consequently, the full operator decomposes according to the clusters:

Al = ) AF(C(w))) ®)

C(w) cluster of G(w)

For any constant K we may add to (8) the operator

P Klde=Kldyy,).
zEV\V (w)

Denote the resulting sum by Ej‘ It acts on ¢2(V) and leaves the subspaces
2(V(w)) and £2(V \ V(w)) invariant. In particular, A can be written in_the
same way as (8) with the only difference that the direct sum extends over all C(w)
which are either a cluster in G(w) or a vertex in V' \ V(w). If the configuration w

is such that V(w) = V then A coincides with A%. Note however that these con-
figurations form a set of measure zero, both in the site and the bond percolation
model. In all other cases we have

o(A%) = o(AF) U{K],
opp(AL) = 0pp(AL) U{K}  and
0.(AL) = 0u(AZ).

(c) In the subcritical regime there are no infinite clusters. The decomposition
(8) implies that the operator is a direct sum of finite dimensional operators, thus
the spectrum consists entirely of eigenvalues in ofn(A%). In particular, ¥, =
Yo =0 and Xy, = Zgin-

(d) We are not able to calculate the deterministic spectrum X# but only to
give partial information about it. Since we can find arbitrarily large clusters in
G(w) almost surely, strong resolvent convergence gives that # D o(A), see [54]
for details. Together with o(A%) C [0, 2k] for all w this implies that in the case of
amenable Cayley graphs zero is the lower spectral edge of the operators A% almost
surely for any # € {4, D, N}. Similar inclusions for the deterministic spectrum
of Anderson models have been given in [63]. If the Cayley graph is bipartite and
the spectrum of the free Laplacian A has no gaps we have ¥# = [0, 2k]. If o(A)
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has several components, it might be that ¥# contains values in a spectral gap of
A. This is related to the phenomenon called spectral pollution encountered when
using strong convergence to approximate spectral values of the limiting operator,
see for instance [25, 68] and the references therein.

Our next aim is to introduce the IDS and state its main properties. An
abstract IDS may be defined without an exhaustion procedure by setting

NZ(E) = E{(X)—c0,51(A%)0., 0.)}

see [65]. However, the physically interesting situation is when the IDS is selfaver-
aging, i.e., when spatial averages of the normalised eigenvalue counting functions
converge to the expectation with respect to the randomness. To be able to show
that the IDS has indeed this property we have to require that the group I' is
amenable. Each such group has a sequence of finite, non-empty subsets (;); which
satisfies for every finite set F' C I" the property

L AF -1
o GAF L]

0.

Such an (I;); is called a Folner sequence. Here /A denotes the symmetric difference
of two sets. Various properties of such sequences are discussed in [1], and their role
in the construction of the IDS of random operators in [95] and [110, §2.3]. Each
Fglner sequence has a tempered subsequence (I, ), meaning that there exists a
constant C such that |, I;il | < C|I, |- We may consider I;, as a subset of the ver-
tices in the Cayley graph. Denote by P, the projection on the vertex set I;, NV (w)
and by A%* the restricted operator P, A% Py for any # € {A, D, N}. Thus we ob-
tain a selfadjoint operator on a finite dimensional space which has a finite number
of real eigenvalues. Hence the trace of the spectral projection Tr [x]_co, 5)(A% )]
is finite. We define the eigenvalue counting distribution function as

1 \
NEME) = == Tr X005 (AL")]-
1|
The next theorem holds for site and bond percolation Hamiltonians and for all
values of p € [0, 1].

Theorem 10. Let G be a Cayley graph of an amenable group I' and (Ii,)y, a tempered
Folner sequence. There exists a set Q' C Qv (resp. Qg) of full measure such that
for every w € Q' and every E € R which is a continuity point of N*(-) we have
lim N**(E) = N*(E).
k—o0
The support of the measure associated to the distribution function N# equals X% .

For site percolation, the theorem is proven in [111], the modification to bond
percolation is not hard. See also [54] for the case of bond-percolation on the lattice.
Thus we have obtained an selfaveraging IDS. The theorem implies that zero
is the lower edge of the support of N# for # € {A,D,N} and that N*(0) =
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NP(0) = 0 while N¥(0) > 0. The distribution function N# has a discontinuity at
E e R if and only if E € £ . This will be discussed in more detail in §3.1.

Let us denote the density of vertices in V'\ V(w) by g(w). By ergodicity there
is a value g € [0, 1] such that g(w) = g almost surely. In the site percolation model
g =1—p and in the bond percolation model g = (1 — p)*. Then the IDS N# of
(Eﬁ)w is related to N* by

N# = N* + g X[k ,00[-

Remark 11. Let p be a non-trivial probability measure on a compact interval
[0, s] and (wy, (x))zev an ii.d. family of random variables with distribution p. The
Anderson model on the graph G is given by H,, := A+ W,,: £2(V) — (3(V). Here
W,, is the multiplication operator with w,, (). This is again an ergodic operator
with non-random spectrum and selfaveraging IDS. It is very convenient to compare
it with the site percolation Laplacian. For this purpose we specialise to the case
1 =pdp + (1 — p)d1 and introduce an additional, global coupling constant A > 0.
We denote the quadratic form of the operator HJ% := A + AW, by ¢J4. Here
BA stands for the Bernoulli-Anderson or binary-alloy type of the Hamiltonian.
Denote its IDS by NgZ4.

Recall that one may compare two (lower-bounded, closed) quadratic forms
¢q1 and g2 on a Hilbert space by setting ¢; < g2 if and only if the domains satisfy
the inclusion D(g1) D D(gz) and for all ¢ € D(g2) we have ¢1[¢] < g2[p]. This
notion of inequality of quadratic forms is consistent with extending each form to
the whole Hilbert space by the rule g;[¢] = +oo for ¢ & D(g;).

Denote the quadratic form associated to any of the Hamiltonians A¥ by
q?. Comparing the Anderson and the adjacency site percolation Hamiltonian we
see that qﬁ‘}\ < g2 for all A > 0. This relation holds pointwise for all w if we
introduce the obvious coupling between the random potential (w,(z))zev and
the percolation process. Moreover for A — oo the quadratic form qf/; converges
monotonously to ¢/. On the other hand, since the potential (wy,(2))zecv is non-
negative we have ¢g < ¢, where gc denotes the quadratic form of A on the full
graph. Using the argument in [98, §2] one sees that qN“ < qq, where qu: is the form
corresponding to the operator Zvﬁ =A 0 Idy\v(w)-

Summarising all quadratic form inequalities obtained so far for the site per-
colation case we obtain the chain

@ <qe <aii<aq) <q
which implies for the corresponding IDS’
NV(E) > Ng(E) > NPA(E) > N*(E) > N°(E) for all E € R.

Now it is clear why the study of the Anderson Hamiltonian in [16] gave also results
on the (adjacency) percolation Laplacian. Upper bounds on the IDS N{* imply
upper estimates for the IDS of the adjacency and Dirichlet site percolation model.
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There is also a relation between bond percolation Hamiltonians on the one
hand and random hopping models [58] and discrete Schrodinger operators with
random magnetic field [85] on the other hand. All three models share the feature
that the randomness enters the Hamiltonian in the off-diagonal matrix elements. In
fact, in [58, 85] certain spectral properties of such models are analysed by relating
them to Hamiltonians with diagonal disorder.

Remark 12. The Anderson model on ¢2(Z%) is interpreted by physicists as a single
spectral band approximation of a continuum random Schrédinger operator on
L?*(R%). Due to the i.i.d. assumption on the random variables in the Anderson
model its spectrum as a set equals almost surely

o(A)+suppp:={t+seR|teo(A),s € suppu}

see Theorem IIL.2 in [63]. Here as before p denotes the distribution measure of
the potential values of the Anderson model and supp p its (topological) support.
Now, if the support of p is split into several connected components and if the gaps
between them are large enough, the a.s. spectrum of the Anderson model also
contains gaps and consequently has a (sub)band structure. Internal Lifshitz tails
for such models have been studied in [81, 99].

In particular, if we consider the Bernoulli-Anderson model HZ4 introduced
above, we see that for large enough A the almost sure spectrum of H54 splits into
subbands. As we let A — 0o, one of the bands diverges to infinity. On the other
hand, we know that in the sense of quadratic forms ¢4 " ¢; for A — oco. Thus the
resulting site percolation Hamiltonian A2 may be understood as an approximation
of HZA (with large values of \) associated to a spectral (sub)band.

Now we are in the position to state our main results in the next two theorems.
In both cases we have the same setting as before: we consider a Cayley graph G
of an amenable finitely generated group I', site or bond percolation on G and the
percolation Laplacians A# with associated IDS N#. We restrict ourselves now to
the subcritical phase p < p.. The asymptotic behaviour of the IDS of the adjacency
and the Dirichlet percolation Laplacian at low energies is as follows:

Theorem 13. Assume that G has polynomial growth and V(n) ~ n®. Then there
are positive constants of(p) and o, (p) such that for all positive E small enough

e pWE T < NP(B) < NA(E) < e @B )
Assume that G has superpolynomial growth. Then
. In|ln N?(E)| . In|ln N*(E)|
Fw  |InE| Evo |InE| (10)

In particular, the IDS is very sparse near E = 0 and consequently the bottom
of the spectrum is a fluctuation boundary. Relations (4) and (9) imply that in
the case of polynomial growth the Lifshitz exponent coincides with the van Hove
exponent of the Laplacian on the full Cayley graph. In the case of superpolynomial
growth we have that both exponents are infinite. One may ask whether the limits
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(5) and (10), which define the two exponents, diverge at the same rate. To express
this in a quantitative way let us note that in the case of polynomial growth we
have
In|ln N*(E)|
im ———————
ENO | InNo(E)|
and the analogous relation for the Dirichlet Laplacian. In the case of superpoly-
nomial growth one may hope to prove at least

Inln|In N4(E)|
im ————————— =
ENO In|ln No(E)|

=1

1.

We are not able prove that in general, but at least for the case of the Lamplighter
group, see §3.3.

In the case of Neumann boundary conditions we know that ZE < A. Con-
sequently, the IDS N¥ is at the bottom of the spectrum at least as ‘thick’ as the
one of the free Laplacian, which exhibits a van Hove singularity. In particular, the
energy zero is not a fluctuation boundary. This remains true if we pass from N¥
to N~ by removing the point mass gdo from the density of states measure.

Theorem 14. There exist positive constants aj;(p) and oy (p) such that for all
positive E small enough

e—a;(p)Eflm < NN(E) _ NN(O) < efa?\r,(p)Efl/z. (11)

The value NV (0) coincides with the average number of clusters per vertex in
the random graph G(w). After subtracting this value we can speak of (11) as a
kind of ‘renormalised’ Lifshitz asymptotics with exponent 1/2.

Remark 15. (a) In the next section we give a sketch of the proof of the theorems,
while the full version will appear elsewhere.

(b) The lower bounds in (9) and (11) are actually true for all values of p.

(c) In the special case of bipartite Cayley graphs there is a relation between the
behaviour of the IDS near the upper and lower spectral edges of the spectrum, see
Remark 6. In that case we are able to characterise the asymptotic behaviour of
the IDS at the upper spectral boundary in the same way as done in [54].

3. Discussion, additional results and sketch of proofs

In this final section we conclude the paper with a discussion of further spectral
properties of percolation Hamiltonians, an outline of the proof of the Theorems
13 and 14, and an important example. The example concerns the Lamplighter
group, which is amenable, but of exponential growth. The spectral properties we
mentioned are related to jumps of the IDS, to finitely supported eigenfunctions
and to the unique continuation principle, see [112, 114] and [66].
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3.1. Discontinuities of the IDS

Let us recall a result on the location of the set of discontinuities of the IDS, estab-
lished in [112] for site percolation Laplacians and generalisations thereof. The result
and its proof apply verbatim for the bond percolation model. Furthermore for this
result it is not necessary to assume that the percolation process is independent at
different sites, but merely that it is ergodic with respect to the transformations
(7y)yer introduced in §2.2.

Proposition 16. Let G be a Cayley graph of an amenable group T and (A¥),, # €
{A,D, N} a percolation Laplacian associated either to site or to bond percolation.
Then the following two properties are equivalent:

(i) the IDS of (A%). is discontinuous at E € R,
(i) E e,

Remark 17. This result can be strengthened to describe the size of the jumps
also. In a forthcoming paper [66] of Lenz and the second named author ergodic
Hamiltonians on discrete structures are analysed. The abstract setting considered
there covers in particular Anderson Hamiltonians and site and bond percolation
Laplacians (A#),, on a Cayley graph G of an amenable group I'. Again one has to
assume that the stochastic process which determines the random potential, respec-
tively the percolation process entering the percolation Laplacian, is ergodic with
respect to the transformation group (7,),er. Then the eigenspace corresponding to
the eigenvalue E is spanned by finitely supported eigenfunctions almost surely. See
also [61, 62] for a similar result for periodic operators on graphs with an Abelian
group structure.

The jumps of the IDS of invariant operators on Cayley graphs have been
studied in the literature on L?-invariants. The kth L?-Betti number is the trace
per unit volume of the kernel of the Laplacian on k-forms. It has been proven in
great generality that it does not matter whether one defines it via the continuum
or the combinatorial Laplacian, see, e.g., [30]. Likewise it is known that the zeroth
L2-Betti number vanishes on amenable Cayley graphs [74, Thm. 1.7], which is the
same as saying that the IDS is continuous at the bottom of the spectrum. Using
the same terminology for random ergodic operators, we may say that the Neumann
percolation Laplacian has non vanishing (zero order) L2-Betti number. With this
regard it would be interesting to find an interpretation of higher order Betti num-
bers in terms of quantities of mathematical physics. The sizes of jumps of the IDS
at discontinuity points have be discussed for Abelian periodic models in [34, 104].
The task of characterising the sizes of jumps of the IDS is related to the Atiyah
conjecture, see, e.g., [39, 75] or [74, Conjecture 2.1], and the references therein.

3.2. Outline of the proof of Theorems 13 and 14

While the full proofs of our results will be given in [9] we present here certain key
estimates. In particular, we state upper and lower bounds for the IDS of percolation
Laplacians in a neighbourhood of the lower spectral edge. The bounds are given
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in terms of A*(G’), the lowest non-zero eigenvalue of A#(G’). These estimates are
generalisations of Lemmata 2.7 and 2.9 in [54]. The proof of Theorem 18 uses the
exponential decay from Theorem 4.

Theorem 18. Let G be an amenable Cayley graph and # € {A,D,N}. Assume
that there is a continuous strictly decreasing function f: [1,00[ — RY such that
lim, oo f(8) =0 and X\*(G') > f(|G']) for any finite subgraph G'. Then, for every
0 < p < pe the IDS satisfies the following inequality

N*(E) = N*(0) < e/ (®), (12)

for some positive constant a,, when E is small enough. Here f~1 denotes the
inverse function of f.

Theorem 19. Let G be an amenable Cayley graph and # € {A,D,N}. Suppose
that there is a sequence of connected subgraphs (G%), and a sequence (cy)n in RT
such that

(1) limp—oo |Gl = 00

(ii) limp—oocn =0

(i) A*(G) < n
For every E > 0 small enough define n(E) := min{n;c, < E}. Then for every
0 < p < 1 there is a positive constant b, such that the following inequality holds
for all E > 0 small enough

N#(E) — N*#(0) > e %G|, (13)

Hence our problem is reduced to finding efficient bounds for A*(G’) in terms
of the geometric properties of G’. For this we will use, following [54], the Cheeger
and Faber & Krahn inequalities. Since we are considering general Cayley graphs of
amenable groups with polynomial growth, these two inequalities are not sufficient,
but we will need additionally an appropriate version of the isoperimetric inequality.

The function V' was defined in Theorem 1. We also define

¢(t) :=min{n > 0; V(n) > t}.
Moreover we will denote the linear subgraph with n vertices by L.
Proposition 20. For a Cayley graph G = (V, E) there are positive constants ap,
Bp, YD, an and YN such that the following are true
(i) For every finite connected subgraph G’

ap an

/\A(Gl) 2 m and )\N(Gl) Z |G/‘2. (14)
(ii) For every positive integer n
D "/DV(’I’L) N IN
AP(B(n)) < 2V([n/2]) and A" (L) < PR (15)
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Sketch of the proof. (i) The inequality for adjacency Laplacian can be proved fol-
lowing the arguments in the proofs of Lemma 2.4 from [54] and Proposition 7.1
from [19] and using the isoperimetric inequality from Théoréme 1 in [22].

The inequality for Neumann Laplacian is a simple consequence of the Cheeger
inequality (see Théoreme 3.1 in [21]).

(ii) Both inequalities can be obtained by inserting an appropriate test function to
the sesquilinear form and using the mini-max principle. For the Dirichlet Laplacian
we choose a test function which has value 0 outside the ball B(n), value i on the
sphere of radius n—i, for i = 0, ..., [n/2] and value [n/2] inside the ball B(|n/2]).

The operator AY(L,,) is not injective and thus the test function must be or-
thogonal to the kernel. This means that the test function ¢ must have support in-
side L, and ) . Lo ©(x) = 0. The appropriate test function is the one which grows
linearly from %‘H to % along the vertices of L, and is 0 outside of L,,. O

Remark 21. (a) In the case of polynomial growth the first bound in (14) and the
first bound in (15) are of the same order in n if G = B(n). Likewise the second
bounds in (14) and (15) are of the same order of magnitude for G’ = L. Thus
the proposition shows that the optimal subgraph configuration for adjacency and
Dirichlet Laplacians is a ball, and for the Neumann Laplacian is a line graph. For
Dirichlet and Neumann boundary conditions this can be motivated in terms of
the potential W<, Since W is non-negative (repulsive) at the interior vertex
boundary, a test function ¢ with low expectation value (p, A?(G’)p) has to make
both {(p, A*(G")¢) and (@, W) small. The second condition pushes the mass
of ¢ away form the boundary, while the first one minimizes the variation of (.
This is best realised when G’ is a ball. On the contrary, in the case of Neumann
boundary conditions —W?¢ < 0 is attracting ¢ to the boundary. For fixed volume
the graph with most boundary is a linear graph.

(b) Note that if I' is a group of polynomial growth, then the balls B(n),n € N
form a Fglner sequence: Since every finite F' satisfies F' C B(k) for some k € N we
have

|F-B(n)\ B(n)| < V(n+k)—V(n) < (c+o(1) (n+k)?—(c—o(1))n? = o(V(n))

and similarly |B(n) \ F - B(n)] < V(n) — V(n — k) = o(V(n)). Since V(2n) <
ngV(n) the sequence of balls satisfies the doubling property and is in particular
tempered. Note that although every amenable group contains a Fglner sequence,
balls may not form one.

3.3. The Lamplighter group

In this section we will explain how the ideas and methods we used to study the
behaviour of the IDS in the case of groups of polynomial growth, can be used to
give sharp bounds on the IDS asymptotics in the case of a particular group of
superpolynomial growth. Namely, we consider certain Lamplighter groups, which
are examples of amenable groups with exponential growth (i.e., there exists a
constant ¢ > 1 such that V(n) > ).
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We define the Lamplighter group as the wreath product Z,,Z, where m is an
arbitrary positive integer. Elements of this group are ordered pairs (¢, x), where ¢
is a function ¢: Z — Z,, with finite support and = € Z. The multiplication is given
by (¢1,21) * (p2,22) := (p1 + p2(- — x1), 21 + x2). More generally, a lamplighter
group can be defined as a wreath product of two Abelian groups, one of which is
finite. However, here we shall only consider lamplighter groups of the form Z,, ! Z.

Since Lamplighter groups are amenable it makes sense to consider the inte-
grated density of states in both the deterministic and random setting, as defined
in Section 2. The next theorem concerns the Laplace operator on the full Cayley
graph. It establishes a Lifshitz-type asymptotics in the sense that

In|InNo(E)| 1
B0 |mE| 2 (16)
Of course the underlying operator is not random, but the IDS is exponentially thin
at the bottom of the spectrum as it is the case for spectral fluctuation boundaries of
random operators. The quantity (16) may be called a Lifshitz exponent or maybe
more appropriately secondary Novikov-Shubin invariant of the Laplacian, using
the terminology of [89].

Theorem 22. Let G be a Cayley graph of the Lamplighter group. There are positive
constants al and ag such that

No(E) < al*e"’;Eiw7 for all E small enough.

Moreover for every r > 1/2 there are positive constants a,; and a, o such that

No(E) > a;lefa;ZEir, for all E small enough.

The proof of the preceding theorem follows from the proof of Theorem 4.4
(parts (ii) and (iii)) in [89]. As an input we need the following inequalities for
ﬂ(2">(L), the return probability of the simple random walk after 2n steps:

ale”“"]/3 < M(zn)(b) < Ale"‘“"w7
for some positive constants a;, A;, i = 1,2, and all positive integers n. For the
reference see Theorem 15.15 in [115].

For the percolation case we shall once again use Theorems 18 and 19. Expo-
nential growth and Proposition 20 i) give lower bounds for the lowest eigenvalues
A*(G") which are of the form const /(In|G’|)2. Now Theorem 18 implies the fol-
lowing result.

Theorem 23. Let G be an arbitrary Cayley graph of the lamplighter group Z, ! Z.
For every p < p. there are positive constants by and by such that the IDS of the
adjacency and Dirichlet percolation Laplacian satisfies the following inequality

—1/2
NA4(E) < NP(E) < e 0”7 for all E small enough. (1)
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The upper bounds from Proposition 20 are not applicable in the Theorem 19
any more. Instead, we shall use results from [11], where Bartholdi & Woess proved
that the Laplacian A on Diestel-Leader graphs has only pure point spectrum,
expanding on earlier results of Grigorchuk & Zuk [40] and Dicks and Schick [29)]
concerning certain Cayley graphs of Lamplighter groups. Diestel-Leader graphs
are a generalisation of Cayley graphs of Lamplighter groups with a particular set
of generators. This ‘natural’ set of generators is given by

So = {(1-61,1),1 € Zn} U{(L- G0, 1), € Zyn} . (18)

Here [ -0, denotes the function which has value [ in z and 0 everywhere else. In the
following we formulate certain facts about the spectrum of adjacency Laplacians on
certain finite, connected subgraphs of the Lamplighter graph, called tetrahedrons,
which were established in [11], see also [29, 40]. We will not give a definition of these
subgraphs, since it would require a quite comprehensive description of horocyclic
products of homogeneous trees. Rather, we refer to [11] for precise definitions and
background information.
We will need three facts concerning tetrahedrons and corresponding eigen-
values of adjacency Laplacians:
(a) the tetrahedron of depth n (denoted by T;,) has (n + 1)m™ vertices,
(b) 2m(1 — cos ) is an eigenvalue of the operator A4 (T},),
(c) there is an eigenvector of A4(T},), corresponding to the eigenvalue 2m(1 —
cos 7), that has value 0 on the inner vertex boundary of T),.
Claim a) follows directly from the definition of tetrahedron. For the proofs of
claims b) and ¢) see Lemma 2 and Corollary 1 in [11].
Now Theorem 19, with G}, = T, and ¢, = 2m(1—cos T), implies the following
bound.

Theorem 24. Let Gg, be the Cayley graph of the lamplighter group Z, { Z defined
with respect to the set of generators Sy. For every 0 < p < 1 there are positive con-
stants ¢y and co such that the IDS of percolation Laplacians satisfies the following
inequality

.y

—cre2P

2
e < NP(E) < NA(E), for all E small enough. (19)

Theorem 24 is in fact valid for all Cayley graphs of the lamplighter group
Z VZ (with constants ¢; and c2 possibly depending on the choice of the generator
set). This can be seen as follows:

Assume we are given a Cayley graph Gg defined with respect to a generator
set S. A natural candidate for the sequence of subgraphs G/, in Theorem 19 would
be Gg(V,), the subgraphs in Gg induced by V, (V,, being the vertex set of a
tetrahedron with depth n). Since this subgraph is not necessarily connected, to
each vertex x in V;, we add a ball (in Gg) of some large, but fixed radius R, centered
at x. In this way we get the vertex set V%, which is connected in Gs. Because of
fact (c) above, the adjacency Laplacian on the subgraph of Gg, induced by the
vertex set V.F is again bounded above by 2m(1 — cos ™). Now calculations similar
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to those in the proof of Theorem 3.2 in [115] show that the lowest eigenvalue of
the adjacency Laplacian on the Gs(V,?) has an upper bound of the form const(1 —
cos T). Thus Theorem 19 with G/, = G5(V,F) proves the claim in Theorem 24 for
the Cayley graph Gs.
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On Inverse Problems for Finite Trees

B.M. Brown and R. Weikard

Abstract. In this paper two classical theorems by Levinson and Marchenko
for the inverse problem of the Schrédinger equation on a compact interval
are extended to finite trees. Specifically, (1) the Dirichlet eigenvalues and
the Neumann data of the eigenfunctions determine the potential uniquely (a
Levinson-type result) and (2) the Dirichlet eigenvalues and a set of general-
ized norming constants determine the potential uniquely (a Marchenko-type
result).
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1. Introduction

Some 60 years ago Borg, Levinson, and Marchenko established the now famous
inverse spectral theory for the Schréodinger equation on a compact interval. Denote
the solution of the initial value problem —y” + qy = Ay, y(0) = 0 and y'(0) = 1
on the interval [0,1] by s(A,-). Then the real integrable potential ¢ is uniquely
determined by any of the following sets of data:

e Borg [5] (1946): The Dirichlet-Dirichlet eigenvalues and the Dirichlet-Neu-
mann eigenvalues, i.e., the zeros of s(-,1) and of s'(-,1).

e Levinson [17] (1949): The Dirichlet-Dirichlet eigenvalues (denoted by \,,) and
the Neumann data of the associated eigenfunctions, i.e., the numbers s’ (A, 1)
(recall that s'(\,,0) = 1).

e Marchenko [18] (1950): The Dirichlet-Dirichlet eigenvalues and the norming
constants [01 $(An, t)2dt of the associated eigenfunctions.

Since the 1980s spectral problems on graphs and trees have also been in-
vestigated (we are interested here solely in so-called metric trees where edges are
homeomorphic to real intervals and may support potentials). We refer the reader

This material is based upon work supported by the National Science Foundation under Grant
No. DMS-0304280.
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to the excellent surveys [13] and [14] by Kuchment for an overview of these devel-
opments and their applications. Investigation of inverse problems on such graphs
and trees are not quite so numerous. Without a claim to completeness we list
here the works of Gerasimenko [11]; Curtis and Morrow [9], [10]; Carlson [7]; Pivo-
varchik [21], [20]; Kurasov and Stenberg [15]; Belishev [2]; Brown and Weikard [6];
Harmer [12]; Kurasov and Nowaczyk [16]; Yurko [22]; Belishev and Vakulenko [3];
and Avdonin and Kurasov [1]. We emphasize that the results in [2], [22], and [1]
are particularly close to ours.

In this paper we address generalizations of the above mentioned results of
Levinson and Marchenko to the case of finite trees with r edges and ng boundary
vertices. The generalization of Borg’s result has been established recently by Yurko
[22]: spectra for ng (specific) boundary conditions are sufficient to determine the
potential on the tree.

In this paper we focus for simplicity on real and bounded potentials on trees
whose edge lengths are one. Our methods generalize to the case of integrable
complex potentials on trees with varying edge lengths. We plan to address such
generalizations in a subsequent paper.

Under the given circumstances the Dirichlet eigenvalues, which we denote by
A1, A2, ..., are real and discrete since they are zeros of an entire function which
can not vanish away from the real axis. We use the letter ¥ to signify the set of
all Dirichlet eigenvalues. Geometric multiplicities of Dirichlet eigenvalues may be
larger than one. The multiplicity of the eigenvalue F is denoted p(E).

The generalization of Levinson’s result reads as follows.

Theorem 1.1. Let q be a real-valued bounded potential supported on a finite metric
tree whose edge lengths are one. Then the Dirichlet eigenvalues, their multiplicities,
and the Neumann data of an orthonormal set of Dirichlet eigenfunctions uniquely
determine the potential almost everywhere on the tree.

We remark here that eigenfunctions are not automatically orthonormal since
eigenspaces may have dimensions larger than one. Theorem 1.1 will be proved in
Section 6.

A particularly important role is played in this paper by the Weyl solu-
tions. They are uniquely defined away from the Dirichlet eigenvalues by requir-
ing that they satisfy homogeneous Dirichlet boundary conditions at all but one
boundary vertex where they assume the value 1. At the Dirichlet eigenvalues the
Weyl solutions cease to exist but multiplying them with the “minimal function”
X(A) = [IFes(l — A/E) (as opposed to the characteristic function which takes
the multiplicities of the eigenvalues into account) gives globally defined functions
w(k, A, -) where k € {1,...,no} signifies the boundary vertex at which the function
value is prescribed to be x(\). If E is a Dirichlet eigenvalue of multiplicity u(E)
then there will be p(E) of the functions w(k, A, ) which are linearly independent.
Let K(E) C {1,...,n0} be a maximal set such that {w(k,\,-) : k € K(E)} is lin-
early independent. We also introduce the quantities N; ;(E) which are the inner
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products of the functions w(j, F,-) and w(k, E,-). For j = k these are norming
constants of eigenfunctions.

We can now formulate the generalization of Marchenko’s result.

Theorem 1.2. Let q be a real-valued bounded potential supported on a finite metric
tree whose edge lengths are one. Then the Dirichlet eigenvalues, their multiplicities,
and the quantities N;i(E), j € {1,...,n0}, k € K(E), E € ¥ uniquely determine
the potential almost everywhere on the tree.

This theorem will be proved in Section 7.

The paper is organized as follows. Section 2 gives formal definitions of trees,
interface conditions, and operators under consideration. It also provides basic re-
sults on initial value and Dirichlet boundary value problems. Weyl solutions and
Green’s function play (as is to be expected) an important role. They are studied in
Section 3 and Section 4, respectively. The Dirichlet-to-Neumann map is introduced
in Section 5. Sections 6 and 7 are devoted to the proofs of Theorems 1.1 and 1.2,
respectively.

2. Preliminaries

2.1. Trees
A finite tree is given by a Hausdorff space 7' and a set of r homeomorphisms
€j:[0,1] =T, j=1,...,r, such that the following conditions are met:

LT =U_{():te 0,1}

2. If ¢;(t) = ex(s) and j # k then ¢, s € {0,1}.

3. T is simply connected.
In this paper we will be concerned only with finite trees and we will always mean
a finite tree when we speak of a tree.

The set V = {e1(0),€1(1),...,€-(0), €-(1)} has precisely r+ 1 elements called
vertices of the tree. The homeomorphisms ¢; are called edges of the tree. We say
a vertex v belongs to an edge €; or that edge €; is attached to v if v = €;(0),
the initial vertex of €;, or v = €;(1), the terminal vertex of €;. A vertex is called
a boundary vertex if it belongs to only one edge. Such an edge will be called a
boundary edge. A vertex which belongs to several edges is called an internal vertex.
An edge both of whose endpoints are internal vertices is called an internal edge.

The fact that edges are homeomorphic to the metric space [0,1] turns the
space 1" in a natural way into a metric space.

Since the interval [0,1] has an orientation associated with it, so does each
of the edges. However, we are not interested in the orientations of the edges, but
only in the metric structure provided by the homeomorphisms €;. Thus, given
a finite tree we obtain another tree by replacing the homeomorphism ¢ — €;(t)
by t — €;(1 —t) for some (or none or all) of the indices j. The new tree is, of
course, still associated with the Hausdorff space T and the trees, so related, are
called equivalent. This is an equivalence relation and we will henceforth choose
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the labels and orientations for the edges as convenience suggests. Often times we
will call the Hausdorff space T a tree, assuming a tacit understanding of its metric
structure.

We take here (for the most part) the point of view that all boundary vertices
play identical roles. Assuming there are ng boundary vertices we will then assign

labels 1,...,n0 to the boundary vertices and the corresponding boundary edges.
We assume also that the boundary edges are oriented so that v; = ¢;(0) for
j: 1,...777,[).

However, in some intermediate results one boundary vertex of the tree is
singled out. In this case it is convenient to assign labels and orientations in the
following way. The special boundary vertex is called the root and is designated
as vg. All other boundary vertices are called branch tips. The edge attached to
the root, denoted by €, will be called the trunk. All edges are oriented so that
their initial vertex is closer to the root than their terminal vertex. In particular,
€0(0) = wo, the root of the tree. The edges other than the trunk attached to the
terminal vertex of the trunk v; = €g(1) are called limbs. Each one of them is the
trunk of a subtree with root v1. A tree labeled and oriented this way will be called
a rooted tree.

We emphasize that all results obtained are independent of the particular way
in which edges and vertices are labeled and in which edges are oriented; these
designations only serve to communicate proofs more easily.

2.2. The interface conditions

A function y defined on T may be represented as § = (y1,...,y,) | where y;(t) =
y(€;j(t)). We say that y is integrable on T' (or square integrable on T or y € LP(T'))
if the y; are integrable on [0, 1] (or square integrable on [0, 1] or y; € LP([0,1]))
forj=1,...,7.

We define C to be the set of all functions y defined on T which satisfy the
following conditions:

1. For each j the functions y; and y are absolutely continuous on [0, 1].

2. y is continuous on 7'.

3. For each internal vertex v the Kirchhoff condition

oy = >0 yi0)=0
ej(1)=v € (0)=v
holds.

Conditions 2 and 3 are called interface conditions. Note that C is independent of
the orientation or the labeling of the edges.

In order to deal conveniently with the interface conditions we introduce® the
operator

J=FEy¢ + FE1¢; +D0©0+D1'D1,

IThis notation is different from the one we used in [6]
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where Ey, Fi, Do and Dy are certain (2r — ng) x 7 matrices whose entries are 0
or 1 and €, etc. are evaluation operators defined by €7 = 7(0), €17 = (1),
Doy = ¥'(0), and D1% = y'(1). Thus y satisfies the interface conditions if and
only if Jy = 0.

2.3. The differential equations

If ¢ is an integrable function on T" define @ = diag(qu, - . ., ¢). We will consider the
differential expression ¢ — —¢"'+Qy and the differential equation —5" + Q¢ = 7.
Define

D={yeC:—yi +aquy; € L*([0,1)}.
We now define the operator L : D — L2(T) by (Ly)(e;(t)) = =y () + q; (£)y;(t).
Again, this definition is independent of the orientation or the labeling of the edges.

If y € D satisfies Ly = Ay we will call it a solution of Ly = Ay signifying that
both the differential equations and the interface conditions are satisfied. Functions
solving the differential equations form a 2r-dimensional vector space. Since there
are 2r—ng interface conditions it is reasonable to expect that the space of solutions
of Ly = Ay is no-dimensional. This fact will be proved below.

Denote by ¢;j(A,-) and s;(,-) the basis of solutions of —y7 + qjy; = Ay;
defined by initial conditions c;(A,0) = s5(,0) = 1 and ¢}(,0) = s;(},0) = 0. We
collect these functions in the r x r-matrices C(\, t) = diag(c1 (A, t), ..., (A t)) and
S(At) = diag(si(A,t),...,sr(A,t)). A function y satisfying the differential equa-
tions may now be expressed as § = (C(,-), S(}, -))¢ for an appropriate ¢ € C2".

In particular, the function ¥ = (C(), ), S(A,-))€ satisfies the interface con-
ditions (and hence is a solution of Ly = A\y) precisely if ¢ is in the kernel of the
(2r — ng) x 2r-matrix

J(A) =3(C(A,-),S(A, ).
2.4. Initial value problems

Initial value problems do, in general, not have unique solutions on trees. This causes
the main differences in the treatment of inverse problems on trees when compared
to intervals. However, it is still useful to investigate the set of all solutions for the
initial value problem.

One of the boundary vertices is being singled out as the “initial point”. Thus,
it is now convenient to treat the tree as a rooted tree.

Lemma 2.1. The initial value problem Ly = Ay, yo(0) = a, and y,(0) = b has a
solution for any choice of a,b € C.

Proof. This is obvious when the tree has only one internal vertex and follows by
induction over the number of internal vertices for general trees. In fact, if there are
k limbs attached to vy (i.e., k + 1 edges), then there are k subtrees for which we
know the existence of solutions of the initial value problem by induction hypothesis.
For subtree j, where 1 < j < k, we use initial conditions a; = aco(A, 1) +bsg(A, 1)
and some value for b;. These provide then for a solution on the full tree provided
that by + -+ -+ br, = acy(A, 1) + bsp(A, 1). O
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Corollary 2.2. Suppose T' has nog boundary vertices. The vector space of solutions
of Ly = Ny satisfying homogeneous initial conditions yo(0) = 0 and y{,(0) =0 has
dimension ng — 2.

Proof. Again, this holds obviously for a tree with one internal vertex. Suppose it
is true for trees with less than ¢ internal vertices and consider a tree with exactly
¢ internal vertices. Suppose the tree has &k limbs. On each of the k subtrees which
start at the end of the trunk there is a solution of the initial value problem for
function value 0 and derivative 1. These give rise to & — 1 linearly independent
solutions of the homogeneous initial value problem on the full tree. Now, given
any solution of the homogeneous initial value problem, one can subtract a suitable
linear combination of the k£ —1 basis functions just constructed to obtain a solution
on the full tree which is identically zero on the trunk and on the & limbs. It is thus
a linear combination of all possible basis functions for each of the homogeneous
initial value problems on the subtrees. If subtree j has n; + 1 boundary vertices
then we have, by the induction hypothesis, n; — 1 such basis functions. Since

ng =1+ Z;?:l n; we get for the total number of basis functions on the full tree
k=1+Y5 (nj—1) =ng—2. O
These observations give us now immediately the following theorem.

Theorem 2.3. Suppose T has r edges and ng boundary vertices. Then the vector
space of solutions of Ly = My has dimension ng. Moreover, the matriz J(\) has
full rank 2r — ng for every complex .

Proof. There are linearly independent solutions which are equal to ¢o(),-) and
s0(A, -), respectively, when restricted to the trunk of the tree. Let y be any solu-
tion and subtract a suitable combination of the functions just mentioned so that
the resulting function satisfies homogeneous initial conditions. That function may
expressed as a linear combination of the ng — 2 basis functions constructed in the
previous corollary.

The last statement follows now from the fundamental theorem of linear alge-

bra. O
2.5. The Dirichlet boundary value problem

Given a vector f = (fi,..., fn,) ' in C™ we are looking for a solution of Ly = \y
satisfying the nonhomogeneous Dirichlet boundary conditions y(v;) = f; when
V1, ..., Uy, denote the boundary vertices. These conditions are expressed as Ay = f
where 2 = Ag€y and Ag = (Ingxngs Ongx (r—no)) assuming that the boundary edges
are oriented such that v; = €;(0) for j = 1,...,ng. Here I),xy, and 05, denote the

identity matrix and the zero matrix of the given dimensions, respectively. We might

subsequently drop the subscripts if the dimensions are clear from the context. We

also note that the ng x 2r-matrix 2A(C(A,-), S(A,-)) = (Ingxngs Ongx (2r—no))-
Finally, we introduce the 2r x 2r matrix

M) = (%‘) (C(A), 8N, ) = (R(I/\) P?A))
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where R represents the first ng columns and P the last 2r — ng columns of the
matrix J introduced in Section 2.3. Thus solutions of the equation M (A\)¢ = (f,0)T
provide solutions of Ly = Ay satisfying the given boundary conditions.

The entries of M are entire functions. Therefore the zeros of the determinant
of M are isolated unless it is identically equal to zero.

This latter possibility can be ruled out most easily under our assumption of
a real potential since the zeros of the determinant are eigenvalues of the Dirichlet
operator Lp), the restriction of L to the set of all y € D which satisfy homogeneous
Dirichlet conditions at the boundary vertices. An integration by parts, using the
interface and boundary conditions, shows, that the operator Lp is self-adjoint so
that its eigenvalues are real.

Thus, the equation Ly = Ay has a unique solution satisfying given (possibly
nonhomogeneous) Dirichlet boundary conditions unless A is one of the countably
many real eigenvalues of Lp.

The geometric multiplicity of a Dirichlet eigenvalue is strictly less than ng
for there is at least one solution of Ly = Ay which does not satisfy homogeneous
Dirichlet conditions. Since the problem is self-adjoint the geometric multiplicity of
a Dirichlet eigenvalue equals its algebraic multiplicity. The algebraic multiplicity
in turn equals the order of the eigenvalue as a zero of det M. This may be seen
by a generalization of Naimark’s argument for a differential equation with scalar
coefficients to one with matrix coefficients.

3. Weyl solutions

A solution 1 of Ly = Ay is called a Weyl solution if 1) assumes the value one at
precisely one of the boundary vertices and the value zero at each of the others.
With one of the boundary vertices singled out it is convenient, in this section, to
treat the tree as a rooted tree (see Section 2.1). If = and 2’ are two points in T
we denote their distance by d(z,2’) (recall that T" is a metric space). The number
h = max{d(z,vo) : © € T} is called the height of the tree with respect to the root
vo. (The height of a tree depends on which boundary vertex is designated as root).

Lemma 3.1. Let 1p(),-) be the Weyl solution for a tree T which assumes the value
one at the root and the value zero at each of the branch tips. Then

Vh(A,0) = —vV=A +0(1)

as A tends to infinity on the negative real axis. Furthermore, if s is the label of a
boundary edge leading to branch tip €s(1), then

PL(A, 1) = —2v=Xexp(—d(vo, €5(1))V—A)(1 + o(1))
again as A tends to infinity on the negative real axis.

Proof. The proof is by induction on the height of the tree. If the tree has height
one, then ¥{(A,0) = m()) is the Titchmarsh-Weyl m-function for the problem
(recall that 1o(A,0) = 1). It is well known that m()\) = iz + o(1) as z = ivV/—X
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tends to infinity on the positive imaginary axis. Also for the branch tip €y(1) we
have (A, 1) = —1/s0(\, 1) = 2ize™® + O(e® + ze3).

Next assume the validity of our claim for all trees of height at most n and
let T be a tree of height n + 1. Let v1 = €o(1). Then v, is the root of several, say
k, subtrees, whose height is at most n. These will be labeled 77, ..., T} and their
trunks, viewed as limbs of the full tree, are correspondingly labeled €, ..., €. The
Weyl solution for the tree T} is denoted by (j, A, -). Note that the Weyl solution
(A, -) for the full tree, restricted to T}, is a multiple of ¢(j, A, ), in fact

P (A, ) = (X v1)1s(5, A, ) 3.1)

when s denotes the label of an edge of T} and o denotes the label of the same edge
when viewed as an edge of T'. In particular,

wj(>“ ) = w(A'f’Ul)"/}O(.ﬁ )‘7 )

Now we will determine (A, ), the Weyl solution for 7' on its trunk, by
solving a Riccati equation. To this end we define

%(A )
A, ) =
Yo(A,-)
Then p(A, -) satisfies the differential equation
1) + a(A2)? + A = golw) = 0
and the initial condition

A,0) k
% 21/10(]»/\0 = ikz+o(1).

This problem will be solved by emulatmg Bennewitz’s approach in [4]. The
first step is to find the solution pg(A, -) for vanishing go but with the correct initial
condition. Thus

p(A 1) =

2iz(pu(\ 1) —iz)
(iz + u(A\ 1)) exp(2iz(z — 1)) + iz — p(A\, 1)
Now recall that g € L'([0,1]) and define

1 "
i) = — [ el )y

oA\, x) =iz +

and L
Mn()\a gj) = / e? N Z;;Ul i <>‘v7")"]luu7171(/\7 t)th n=23....
Then .
/’L,l(/\vx) = qo(I) - 2/‘0(/\737”"1()‘7:”)7
n—1
N;L()VZ) = 7””*1()‘7:5)2 72#"()‘7‘1)Zuj(/\vx)v n=23,...,

=0
and g, (A, 1) =0 for alln € N.
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Thus, assuming uniform convergence of "o, 1t and Y, pr,, we have (af-
ter some algebra) that the series Y 0% (11, (), -) satisfies the same initial value
problem (the Riccati equation and the initial condition at & = 1) as pu(A,-) and

hence is equal to it, i.e.,
oo

pA ) = (N ). (32)
n=0
In order to investigate convergence we first realize that

(A, 2)
— =1 1
iz +o(1/2)
for k =1 and
pohe) | aen(E 1)
iz 71+k»+17(k7I)CQiz(lfz)(lJro(l/z))

for k > 1. Since iz is negative we may estimate in either case that
Re(po(A, z)) < 3iz/4= —31Im(z)/4
for sufficiently large z. Thus

1
o)l < [ e 2 0o,
x

Given e > 0, there are complex numbers a1, ...,ay and intervals Iy, ..., Iy such
that go = ZN:1 a;x1; is a step function on [0, 1] with ||go — go|| < €. Then

N
2
1 (A, )| <a+Z\a |/ 3 -0)/2y () dt<€+z Iag\

This estimate holds regardless of z and proves that |u1(A, z)| tends to zero uni-
formly in = as Im(z) tends to infinity.
Now let

a(A, ) = sup{lm (A, t)] s 2 <t <1}
and assume that z is large enough so that Im(z) > 1 and a(\,z)/Imz < 1/2.
One then shows by induction that

im0, 2)] < (Iﬁj(”?) Tin(2)

using that a(, -) is non-increasing and that

n—1 n—1

; iy ()] < Tm(2) ; (Cﬁi(:))f < Im(z Z < e )l < 2a(),0).

These estimates show also that Z o Hn(A, ) may be differentiated term by term,
thus proving the validity of equation (3.2).



40 B.M. Brown and R. Weikard

The Weyl solution on the trunk of 7" is now given as

Po(A ) = exp</” u(/\,t)dt>.
Jo

In particular,

B 0) = (A, 0) = iz + of1) (3.3)
and L

w0 = o) = exp( [ a0 ) =1+ of0)
Jo

Finally, consider a boundary edge s on tree T}, different from the trunk of T}, and

denote the distance of the corresponding boundary vertex from the root of T; by
N. Then, according to our induction hypothesis,

DG, A 1) = 2i2e=N (1 4 o(1)).
This edge is also a boundary edge of T with label o, say. Using (3.1) we find
UL 1) = (N, o)l (5, A, 1) = 2ize" NI (14 0(1)).

This and equation (3.3) complete our proof. ]

4. Green’s function

In Section 2.5 we introduced the matrix M(A) to describe both boundary and
interface conditions. Now we introduce also the operators Jg = Ey&y + Do®¢ and
Ay = Ag€g as well as the matrix
2
M) = (32) (€On 500,

The solution of the nonhomogeneous system of equations (L — A)u = h where
h € L?(T) and where u is subject to the homogeneous boundary conditions i = 0
as well as the interface conditions J@ = 0 is given by (see [6])

i(t) = /0 DOt ¢ () dE
where
T ) = (COL 1), SO, 1)) (M) Mo(N) — H(E' — 1)) <7SC(?;3)>

with H being the Heaviside function, i.e., H(t) equals zero or one depending on
whether ¢ is negative or positive.

We remark that I'(), -, -) represents a scalar function G(A,-,-) on T x T' via
G\ z,y) =T;k(t,t') when z = ¢;(t) and y = e (t').

Lemma 4.1. The function T' has the following properties:

1. For any t,t' € [0,1] the function T'(-,t,t") is analytic away from the eigenval-
ues associated with the Dirichlet problem for T'.
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2. If X is not an eigenvalue associated with the Dirichlet problem for T then the
Sunction T(X, -, -) has the following properties:
(a) T(\,-,-) is continuous on [0, 1]2.
(b) TOOD(N, ..} is continuous in either of the triangles {(t,t') € [0,1]? :
t<t'} and {(t,t') € [0,1)% : t > t'}. On the line t = t' there is a jump
discontinuity:

li%(F(‘J*O’l)(/\, tt+7)=TOODO ¢t — 7)) = —1.
T

(c) For fized t' € [0,1] the function T'(N,-,t') satisfies the equation
I\, )+ (Q—AND(\, ) =0

on (0,t') as well as (¢, 1).
(d) For fized t € [0,1] the function T'(\, z,-) satisfies the equation

T\ t)" +T(NE)(Q =X =0

on (0,t) as well as (t,1).
(e) If k <mng then Ty (A, 0,¢') =0.
(f) If j < no then Ty (A, t,0) = 0.

Proof. Statements (a) through (d) follow easily from the properties of the Heavi-
side function and the functions c¢; and s;.
To see the validity of statement (e) note first that M and My are both of the

form
Inu Xno O?’LQX(27‘*’VL0)
* Kok

where # indicates an appropriate (2r — ng) X no-matrix and ** indicates an ap-
propriate (2r — ng) X (2r — ng)-matrix. This implies that M ~!M, is also of that
same form. Hence, when ¢ > 0, the first ng rows of M 1My — H(t') are all zero
proving (e) in that case. By continuity this is also true when ¢’ = 0.

To prove (f) note that, if t > 0, we have H(—t) = 0. For this case we need
to know more about the structure of Mj. Since the bottom 2r — ng rows contain
only information about interior vertices we know that the entries in the first ng
columns and the last 2r — ng rows of (g, Jo) " are zero. Hence My has the form

( Ing Xno Ono X (r—ng) OnUXng Onux (rfnu)>
0(27'—n0)><n0 * 0(27v_n0)><"0 *ok
where * and ** indicate appropriate (2r — ng) X (r — ng)-matrices. Thus
]uo < S()\,t’)l ) _ < SE()\v t,) Onox(rfnu)>
70()‘,75 ) 0(27’—n0)><n0 * ok ok

where s indicates a (2r—ng) x (r—ng)-matrix and where S, (A, t’) = diag(s1(\, '),
vo oy Sne (A1), The first ng columns, corresponding to the requirement j < ng are
zero when ' = 0. ]
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We now express the Weyl solutions in terms of Green’s function. Let h be a
function in D, the domain of L satisfying the boundary conditions 2h = ey. Next
let y be the unique solution of the following inhomogeneous problem

(L-Ny=A\-L)h, yeD, Ay=0.
Then (£, A\, t) = (y + h)(t). We proceed to compute y. By partial integration
1 1
J(t) = / DO 68X — Q) R()dt + / (A ¢, )R (¢ dt!
Jo 0

t 1
:—/ F(°=0*2)()\,t,t’)ﬁ(t’)dt’—/ OO0\ ¢ ¢)R(t)dt!
0 t

+ /01 D\t )R (t)dt!

= —TOOD (N ¢, h|s = TOOD N ¢, Yh)E +T(A ¢, )R [h + DAt )L
In particular, for he(t') = (1 — )2 and h;(') = 0 for j # € we get

#(t) = lig})[l‘m’o"l) Ot b+t +7) = TOODN ¢t — r)h(t — 7))

+ OO (X £,0)1(0) — T(A, £, 0)A'(0).
Since 1(0) = ey, since column £ of T'(\,t,0) is a zero column, and since the term
in brackets tends to —h(t) we obtain
ik, A1) =TV (A 8,0). (4.1)

4.1. Eigenfunction expansion of Green’s function

Let Lp be the Dirichlet operator introduced in Section 2.5. The eigenvalues \x
of Lp may have geometric multiplicity larger than one. We will label them in
such a way that they are repeated according to their multiplicity and such that
A1 < Ay < ---. The corresponding orthonormalized eigenfunctions are denoted
by ¢1, @2 etc. Then (see Coddington and Levinson [8], pp. 298/299 for a similar
situation)

G()\,x,y) _ Z @n)(\:)f‘ri\(y)

or, equivalently,

= n;j (1) Pn;
i\t s) = Y Zmiomtly) ’]A( )f ;(5).

n=1

Integration by parts shows that

Tl ool
An = )‘n/ lonl® = Z/ (75011;_7' + 4¢Py ) Prij = Z / (|<?9'/n:j|2 + qJ'I‘Pn;J"z)
T oo oo
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since 327, (#,,;%n7)[6 = 0 due to the boundary and interface conditions satisfied
by . Because g is real and bounded by a constant C this gives

r 1
> [ sl <0
1-0

Also
Z/WF<Z/MJ pni[2 < (C+ )

again using the boundedness of g. The elementary estimate

1
2 12 el2
Iﬂ@\S4A(U\+U\L

which holds for an absolutely continuous function defined on [0, 1], shows then the
existence of a constant C’ such that

om0 < C7|An]

for all sufficiently large n. Thus the series Y71 @7, (6@l (s)(An — A) 7™ 1 s
absolutely and uniformly convergent for m > 2, since the \,, as zeros of an entire
function of growth order 1/2 satisfy > . ; [As| ™! < co. Therefore

s
("L b U(A t,s) =m! Z 4;-;;] i;ﬁil) (4.2)

if m > 2.

5. The Dirichlet to Neumann Map

Recall that there is a unique solution of Ly = Ay satisfying the nonhomogeneous
Dirichlet boundary conditions y;(0) = f; for j = 1,...,n¢ unless \ is one of the
isolated Dirichlet eigenvalues. One may then compute the values g; = 7y;- (0),
Jj =1,...,n9, (Neumann data). The relationship between the f; and the g; is
linear and is called the Dirichlet-to-Neumann map. We denote this map by A.
Recall that ¥ (k, A, ) denotes the Weyl solution which assumes the value one at
the boundary vertex v (and zero at every other boundary vertex). Thus we have

and, using equation (4.1),
Aji =TV (00,00 (5.1)
In [6] the following theorem was proved.

Theorem 5.1. Let q be a complex-valued integrable potential supported on a finite
metric tree whose edge lengths are one. Then the associated Dirichlet-to-Neumann
map uniquely determines the potential almost everywhere on the tree.
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This theorem is the analogue for trees of a result of Nachman, Sylvester, and
Uhlmann [19] who consider a Schrédinger equation on a bounded domain in R™.

Our proof, given in [6], proceeds in two steps. First, we show that the di-
agonal elements of the Dirichlet-to-Neumann map determine the potential on the
boundary edges. Then we show that the Dirichlet-to-Neumann map of the tree
determines the Dirichlet-to-Neumann map for a smaller tree with some of the
boundary edges pruned off.

As the case of a finite interval can be considered a tree with two boundary ver-
tices, it is clear that not all the information provided by the Dirichlet-to-Neumann
map is necessarily needed. In that case it is sufficient to know one of the diagonal
entries. Indeed, as Yurko proves in [22], this generalizes to the present case: know-
ing ng — 1 of the diagonal elements of the Dirichlet-to-Neumann map is already
sufficient to determine the potential almost everywhere on the tree. Yurko shows
this by a more careful investigation of the tree pruning procedure than we had
performed.

6. A Levinson-type theorem

In this section we prove Theorem 1.1. The proof is divided in two lemmas following
the idea of Nachman, Sylvester, and Uhlmann [19]. Assume two potentials ¢ and ¢
are given both satisfying the hypotheses of the theorem, that is to be real-valued
and bounded. To each is associated a Dirichlet-to-Neumann map, denoted by A
and A, respectively. Both problems have the same Dirichlet eigenvalues and the
same Neumann data for an orthonormal set of Dirichlet eigenfunctions. We prove
in Lemma 6.1 that, under these circumstances, A— A is a polynomial and in Lemma
6.2 that this polynomial must be zero. The conclusion of the theorem follows then
by applying Theorem 5.1, i.e., that the Dirichlet-to-Neumann map determines the
potential almost everywhere on the tree.

Lemma 6.1. A — A is a polynomial of degree at most one.

Proof. By equation (5.1) we have Aj () = 7F§?,;1’1)()\70,0). Hence, employing
equation (4.2),
(m) (m,l,l) <pn ](O)SDn -k )
ATy = =1t 0,0) = 7m‘z T
n=1
provided m > 2. The right-hand side is determined by the information provided,
i.e., the Dirichlet eigenvalues and the Neumann data of the Dirichlet eigenfunc-
tions. Therefore the exact same expression is obtained for A;TZ). O

Lemma 6.2. As ) tends to negative infinity A — A tends to zero.

Proof. By Lemma 3.1 the quantities Ajx = —3}(k, A,0) are exponentially small
except for j = k in which case we have Ay, = ¢} (k,X,0) = ==X+ o(1). But
since also Agr = —vV—A + o(1), we have that (A — A)gr = o(1). O
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7. A Marchenko-type theorem

In this section we prove Theorem 1.2. The proof relies on establishing a relationship
between the eigenfunctions associated with a Dirichlet eigenvalue £ and the Weyl
solutions for A\ near F.

We denote the set of eigenvalues by 3, ie., E={A, :n e N},. If E € ¥ we
denote its geometric multiplicity by p(E). Recall that the solution of a Dirichlet
boundary value problem is determined by an equation of the form M¢ = f. The
characteristic function associated with the operator Lp is (a multiple of) the
determinant of M, an entire function of growth order 1/2. Hence, by Hadamard’s
factorization theorem?

o0
det(M(N) =C [J(1 =M ) =C J[ 1= xn/EM®
n=1 Ecx
where C is an appropriate constant. Since our problem is self-adjoint geometric
and algebraic multiplicities coincide. In particular, every eigenvalue has index one3.

Therefore we define
XN = [[a-xE)

Eex
the “minimal function” associated with the operator Lp.

Lemma 7.1. Suppose that E is a Dirichlet eigenvalue. Let
€GN = (@1(G:A)s -, ar (G A), 010 A)s - b (G, ) T
be the unique solution of M(X\)E = x(N)e; for X near E and 1 < j < ng. Then the
&(4,A) have a nonzero limit as X tends to E and the functions
(C(E7),S(E,))£(]7E)7 Jj=1....,n9
span the space of Dirichlet eigenfunctions for E.

Proof. We know that p(E), the multiplicity of the Dirichlet eigenvalue E, is also
the multiplicity of E as a zero of det M. Because of the structure of M this means
that the lower right (2r—ng)x (2r—ng) block P(E) of M (E) has rank 2r—no—pu(E).
Without loss of generality, employing elementary row operations, we may assume
that the top 2r —ng — u(E) rows of P(E) are independent and, consequently, that
all entries in the bottom p(FE) rows of P(\) tend to zero as A tends to E. This
structure is exhibited if we write M in the following way:

I 0 0
M=|R P P
Ry P3 Py

where the blocks in the diagonal are of size ng x ng, (2r —no — p(E)) x (2r —ng —
w(E)), and p(E) x u(E), respectively. As we just pointed out we know that P3(\)

2We are assuming here that zero is not an eigenvalue. This is without loss of generality since a
zero eigenvalue would only change the notation but not the essence of the argument.
3The index of an eigenvalue is the length of the longest possible Jordan chain.
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and Py()) tend to zero as A tends to E. Moreover, Ro(F) has full rank (equal to
w(E)) since, by Theorem 2.3, this is true for

J— R P P
T \Ry P35 Py
regardless of \.

We now multiply the equation M (A)§ = x(A)e; from the left with the invert-
ible matrix
I 0 0
T= —P 'Ry P7too
PyPT'Ry — Ry PP T
(suppressing the dependence on A wherever it is convenient). Thereby we obtain

I 0 0
0 I PP, & =x(\)Te;.
0 0 Pi—PsP'P,

Writing € = (z,y,2)" with appropriately sized columns = and y, and z, we will
first consider the equation (Py — PnglPQ)z = Xxg;j where g; is the jth column of
P3P1_1R1 — Rs. Since all entries of the matrix Py — P3P1_1P2 tend to zero as A
tends to F we may write (Py — P3P Py)(\) = (A — E)F()\) and Fz = Yg; where
X(A) = x(A\)/(A\ = E). Since det(T') = 1/det(P;) assumes a finite nonzero value
at E we obtain that det(T'M) = det(Py — P3P ' P) has a zero at E of the same
order as det M, i.e., u(E). This implies that det F(E) # 0. Also, since Y(E) # 0
and g;(E) # 0 we obtain that z(j, A) tends to a nontrivial vector z(j, E). We now
may determine also z(j, E') (which will always be zero) and y(j, E'). This proves
the first statement of the lemma.

The second statement follows from the observation that (P3P 'Ry — Ro)(E) =
—Ry(FE) has rank p(E) and hence p(E) linearly independent columns ji, . . ., j,(g),
giving rise to linearly independent vectors £(j1, E), ..., &(ju(m), ) which in turn
provide u(FE) linearly independent Dirichlet eigenfunctions. O

Corollary 7.2. The functions w(k,\,-) = x(NY(k, A, ), k =1,...,n9 are defined
for all values of X € C. If X\ is not a Dirichlet eigenvalue these functions are
linearly independent and span the space of all solutions of Ly = \y. If A = E is
a Dirichlet eigenvalue they span the space of all solutions of Lpy = Evy, i.e., the
eigenspace associated with the Dirichlet eigenvalue E.

In the following we denote derivatives with respect to the spectral parameter
by a dot and (as before) derivatives with respect to the spatial variable with a
prime. It is easy to check that wv = (u'0 — ud’)" if u(A,-) and v(}, ) both satisfy
the equation —y” + qy = Ay for all X\. Hence we get
. 1
[ ot = 37 @50 A6 ) = i AN (A

Jj=1
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Note that both w(k, A, -) and w(¢, A, -) satisfy the interface conditions. Moreover,
the boundary conditions, w;(k, A, 0) = x(A\)d;x and w; (£, A,0) = x(X)d;.¢ also hold.
Hence we get

/T.w(k, A w(l, A, ) = x(N)wik' (8, A, 0) — x(Nw)(k, A, 0)

and, in particular,
/Tw(k, B, Yw(l, B, ) = —Y(E)wi(k, E,0). (7.1)
We introduce the symmetric matrix N(E) by setting
Ny (E) = Aw(k,E, Jw(l, E,-).

Proof of Theorem 1.2. We will prove this theorem by computing the Neumann
data of an orthonormal basis of Dirichlet eigenfunctions from the given data. Let
E be a Dirichlet eigenvalue of multiplicity p(E). Since the naming of the boundary
vertices is unimportant we assume now that K(F) = {1,...,u(E)}. We may
introduce an orthonormal basis p(k, E,-), k = 1,..., u(E) of the eigenspace of E
by writing
W(LE‘) ¢(17E7)
: =C :
W(U(E)ﬁEa ) @(M(E)vEW)

with a lower triangular matrix whose diagonal elements are non-zero. In fact, CC'T
is the LU-factorization of the upper left p(E) x p(E) block of N(E). Thus, this
block determines the matrices C' and C~! uniquely.

Now, the Neumann data of the orthonormal Dirichlet eigenfunctions ¢(k, E, -)
are given as linear combinations (in terms of the matrix C') of the Neumann data of
thew(k, E,-), k =1,..., u(E) which in turn are uniquely determined, according to
equation (7.1) by the first 4(E) columns of N(E) and the known function x. O
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Wave Operators for Nonlocal Sturm-Liouville
Operators with Trivial Potential

E.V. Cheremnikh

Abstract. The wave operators for the pair of Sturm-Liouville operators corre-
sponding to different nonlocal boundary conditions are considered. By analogy
with an absolutely continuous subspace in the selfadjoint case a so-called es-
sential subspace is defined. This definition is given for a pair of operators (not
one operator only). In the case of the same finite sets of spectral singularities
of two operators the similarity of corresponding semigroups is proved. The
domain of definition of the semigroup has finite codimension.
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1. Introduction

In [1] the perturbation of a boundary condition within the scattering theory was
considered for selfadjoint operators. Among the works concerning dissipative op-
erators we note [2] where Sturm-Liouville operators on a half-line with the usual
boundary condition were considered. Here the space which plays the role of an
absolutely continuous subspace was defined (in terms of the Hardy space H?) like
the construction within the well-known functional model (see, e.g., [3-4]).

In the present article we consider similar questions for the Sturm-Liouville op-
erator with trivial potential which is non-selfadjoint because of the nonlocal bound-
ary condition. Apropos, in [5] in the space L?(0,c0) the operator —id/dx (i.e., the

oo

operator with trivial potential too) with nonlocal condition /u(x)da(m) =0 was

studied, here in the first place the point spectrum was invesgigated.

It is necessary to note that local wave operators Wi (A) (A an arbitrary in-
terval without singularities) are investigated for much more general non-selfadjoint
operators (see, e.g., [6-7]).
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In [8] where the non-selfadjoint Friedrichs’ model was considered the function
of the operator just in presence of spectral singularities was studied. Nonlocal
perturbation of a boundary condition was introduced within Friedrichs’ model in
[9]. So, one can understand the present article as some development of [9] too.

We use the method of calculus which belongs to the direction defined by [6].
Our version is more closed to [10] and in the present article itself we emphasize
the use of the Laplace transformation. We note too that the present article is a
direct prolongation of [11] where an exponential function is given for the operator

indicated in our title.

2. Certain notations and auxiliary statements
Let Ly = —y” and
D(B) = {y € L?(0,00) : Ly € L*(0,00), y(0) = 0}
By =Ly, y € D(B).
Let n € L?(0,00) be an arbitrary function, ®(y) = (y,9)12(0,00) and
D(A) = {z € L*(0,00) : Lz € L?(0,00), 2(0) + ®(2) = 0}
Az =Lz, z € D(A).

We call A a perturbed operator with respect to the operator B.
We denote by e € L2(0,00) an auxiliary function such that

Le, L% € [2(0,00), e(0)=1, ®(e)=—2
About the element 1 we suppose that

o]

/|B3n(x)|e”dx <oo, €>0.
0

The element 7 satisfies the conditions of Lemma 2.4 if, for example
n(0) = n"(0) =™V (0) =0, n,7",n"V € L*0, o)

All statements of Section 2 were proved in [11].

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

Lemma 2.1. Let the operator I4 : L?(0,00) — L?(0,00) be defined by the relation

D(I4) = D(B); Iay=y+ ®(y)e, y € D(B)
Then InD(B) = D(A) and I;'z = z + ®(2)e, z € D(A).

We need the Fourier transformation F : L?(0,00) — H = L2(0,00), p(1) =

1
~/T where
T

o)

Fy(r) = /y(ac)sméﬁdac, T>0
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and we need the element e € L%(0,00), ¢ ¢ [0,00) such that

1

Fee(r) = o 7> 0, (&[0,00) (2.6)

s ‘

Let

50 =1+ o) =1+ [ TIIMas p = L g @)
0

Let d4(0) = liniloé(a +1i7), o > 0.

Lemma 2.2. If the conditions (2.3), (2.4) hold then the function §(¢),{ & [0,00)
(see (2.7)) admits an analytic prolongation §1(C) in the domain || < € and

IClIim (6+(¢) — 1) = 0 uniformly in the corresponding domain ¢ > —e1 or ¢ <
—00

€1 for every g1 > 0.

We denote the resolvent of A by R¢(A) = (A —¢)~! and the resolvent set
by p(A). There exists a linear subspace L dense in L?(0,00) such that the limit
values

(RU(A)f7 g)i = TEIEO(RU‘HT(A).ﬂ g)LQ(O,oo)v fvg € L7 o>0 (28)

are smooth functions.
A generalized pole of at least one of the function (2.8) is called spectral
singularity of the operator A.

Theorem 2.3.

1) Let ¢ € [0,00), then ¢ € p(A) iff 6(¢) # 0, in this case
1
5(¢)

where the element ec € L2(0,00) is defined by the relation (2.6). A value
¢ € 10,00) is an eigenvalue of the operator A iff 6(¢) = 0.

2) Let 0 > 0 and 6+(0) = 0. Then o belongs to the continuous spectrum of A.
A wvalue o > 0 is a spectral singularity of the operator A iff §4(c) = 0 or
d_(0) =0.

3) The set of eigenvalues and spectral singularities of the operator A is finite.

Re(A)f = R¢(B)f — (R¢(B)fim) 12(0,00) €€ (2.9)

We denote

m(s) =i (56, e*Pn), n(s) = — (yo + 2(yo)e, e“Pn) L2(0,00) (2.10)

where o is an element from L?(0,00) and (&), f) = f/(0).
Lemma 2.4. Let n € D(B3) N D(A*). Let us consider the problem

Z=—iAz, z|i=0=20€ D(4), t>0 (2.11)
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where z(t) is an unknown function and the problem (see (2.10))
y=—iBy+f(t), yh=o=yo €D(B), t>0 (2.12)

k() + /m(t — $)k(s)ds = n(?) (2.13)
)

where
f(t) = —k(t)e — ik(t)Le
and (y(t), k(t)) are two unknown functions.
If z(t) is a solution of problem (2.11) then the functions

y(t) = 2(t) + ®(z(t))e, k(1) = —(z(1))
define the solution of the problem (2.12)—(2.13) where yo = zo + ®(20)e. Inversely,
if (y(t), k(t)) is a solution of problems (2.12)-(2.13) then z(t) = y(t) + ®(y(t))e is
a solution of problem (2.11) where zo = yo + ®(yo)e.

Let k(-) be some locally integrable functions on (0, 00) and let
¢

Efk(r) = /eii”k(s)d.‘s7 t,7>0. (2.14)
0
Obviously, if k € C'[0, 00) then Efk € L2(0,00), t > 0.
We denote by

o]

I(k,p) = /e’s”k(s)ds
0
the Laplace transformation of the function k. The following theorem represents
the exponential function of the non-selfadjoint operator A.

Theorem 2.5. Suppose that the element n € L?(0,00) satisfies conditions (2.4),
(2.5). Then the problem (2.11) is uniformly correct and its solution fort > 0 takes
the form (see (2.14))

2(t) = e By +ie " BFIE  E >0 (2.15)
where the function k(s), s > 0 is defined by the relation
Z(k,p) =i (Rip(A)z0, "/)L2<o,oo) , Rp > po (2.16)
and for t <0 takes the form
2(t) =e By —ie " BFIE Ky, t<0 (2.17)
where the function k= (s) = ki(—s), s > 0 is defined by the relation
Z(k™,p) = —i (R-ip(A)z0, 77)L2(0,oc) : (2.18)

Expression (2.15) represents the exponential function of the operator exp(—itA),
t > 0 (see (2.17) in the case ¢t < 0). This explicit form permits later to study
corresponding wave operators.
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3. Wave operators

Formally relations (2.15)—(2.17) give immediately the wave operators for the pair
A, B or the pair A, A; where the operator A; is defined by analogy with operator
A. But such wave operators in the general case are unbounded and our aim is to
indicate the sufficient conditions of boundedness of these operators.

Function k (see (2.15)) is given by its Laplace’s transformation (2.16). In
view of equality (2.16) we introduce the following definition.

Recall that according to the relation (2.9) we have for A € p(A)

(RA(B)z,1)12(0,00) (€5 %) £2(0,00)
5(N) ’

(RA(A)%U)H(O,&) = (RA(B)Zvu)LQ(O,oo) -
(3.1)
We denote
1
Hy = L3(0,00), H = L3(0,00), p(r) = V7.

Definition 3.1. Let Hess(A) C Hp be a linear subspace of all elements z € Hy such
that for every element w € Hy the function ( — (R¢(A)z, w)m,, ¢ € p(A) belongs
to the Hardy space in both half-plains &' ¢ > 0 and $¢ < 0, i.e.,

Hess(A) = {z € Hy: (Re(A)z,w)m, € HX(I¢ >0)NHA(I¢ <0)} (3.2)

Further we write “belongs to H?” instead “belongs to H2(3¢ > 0) and belongs
to H2(S¢ < 0)”.

Let
U={ueHy: 3IM(u)>0: |(ec,u)n,| < M(u), ( €[0,00)}. (3.3)
Note that if u € U then
m|(Fu)(1)|p(r) < M(u), 7>0. (3.4)
Therefore
(Re(B)u,w)p, € H?, we Hy, uel, (3.5)

i.e., for the non-perturbed operator B we have U C Hess(B). We can rewrite (3.5)
as

(R¢(B)z,u)m, € H?, z€ Hy, uecU. (3.6)
The analogue relation for the perturbed operator A holds for z from some subspace
in Hy only. But this subspace does not depend from an element v € U.

Proposition 3.2. Let z € Hy, then
(Re(A)z,u)pr, € H?, Yu € U <= (R¢(A)z,m)m, € H?. (3.7)
Proof. As the elements 7 satisfy (2.4) then 5 € U. So, it remains to consider the
direction (<=). Let (R¢(A)z,m)m, € H2 Due to the relation
(Re(A)z,u)m, = (Re(B)z,u)n, — (Re(A)z,m) o (e, w)q
and (3.3), (3.6) too we obtain (R¢(A)z,u)m, € H?. The proposition is proved.
Note that the subspace Hess(A) C Hp has a finite codimension, codimm < 00.
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Taking into account Proposition 3.2 we introduce

Definition 3.3. Let D(I'+) = Hess(A) and

(Ce) (DB (A)z, M) (Ro (B)zim)s, 2 € Haw(B).  (3.8)

b
04(T)
Obviously the operator I'y acts from Hess in Hy.

Proposition 3.4. Let z € D(A) N Hess(A). Then the limit value

tlirin e*Bemit4, ¢ [2(0,00) = Hy
— 00

ezists iff T+z € L?(0,00) N LlQ,(O7 oo)=HyNH.

Proof. As z € D(A)N'Hess(A) then we have py = 0 in relation (2.16) and according
to (3.8)

[ ks = Bz =i, SA=0 (9)

Consequently k € L%(0, 00).
As z € D(A) in view of (2.14)-(2.15) we have
t
etBemitAy — 5 piF ! /ei”k(s)ds , t>0. (3.10)
0
Therefore the limit value in (3.10) in the case t — +oco exists iff the improper

integral
e} t

/ei”k(s)ds = lim /eiSTk(s)ds (3.11)
t—+o00
0 0
converges in the space h = Lf,(O7 00). The case t < 0 is considered by analogy.
The proposition is proved.

Definition 3.5. Let

D(WL(B,A)) = {2 € D(A) NHess(A) : T1z € HyN H} (3.12)
and
W(B,A)z =5 — , ligl eBemitA, 2 € D(WL(B, A)), (3.13)
— 00

then the operators W9 (B, A) : Hy — Hy are called initial wave operators. The
closure of the operators W (B, A) in the space Hy,

WL (B, A) = WI(B, A) (3.14)

are called wave operators.
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We need too the notation
L2(0,00) = {z € Hy: Fz(t) =0(172), 7 — o0,
uniformaly for |3 /7] < g} (3.15)

Theorem 3.6. If the element n € Hy satisfies conditions (2.4), (2.5) then (see
(3.13))

W(B,A)z = 2 — F 'T1z, z€ D(W(B,A)) (3.16)
and for every e >0
D(A) N D(T'+) N L2(0,00) € D(WE(B, A)). (3.17)

Further we need the following additional condition on the element n € L?(0, 00):
the transformation Fn(r) is a rational function which is bounded on the half-line
(0,00).

As

}'(eiﬁz)(r):TiC, 7>0, $/C>0

then such an element n € Hy is a finite sum

n(x) = ij(ﬂc)e‘”z (3.18)

where p;(x) is an arbitrary polynomial and «; an arbitrary complex number,
Ra; < 0. In view of (2.7) and the relation

0o

Vi m o
e ety v SRR L

we obtain that d4(7) are rational functions on /7, which are bounded on [0, o).
We will suppose too that the value 6+ (0) is finite and

64(0) # 0. (3.19)

Lemma 3.7. Suppose conditions (3.18)(3.19) hold.
IfWi(B,A) = WQ(B,A) (see (3.12), (3.16)) then

D(W4(B,A)) ={z € Hess(A) : Tz € HyN H} (3.20)
and

Wi(B,A)z =2 —F Tyz, z€ D(Wx(B,A)). (3.21)
Corollary 3.8. Hess(A) N L2(0,00) C D(Wx(B, A)).
Proof. Condition z € D(A) in Theorem 3.6 serves for the existence itself of the

representation (3.16) only. So, we can repeat the proof of Theorem 3.6 for z €
HCSS(A) N Lg(ov OO)
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4. Properties of wave operators

We will make more precise the form of W, (B, A), give the connection with singular
integral operators and prove the invertibility of the wave operator.

Theorem 4.1. If z € D(Wx(B, A)) and ¢ = Fz € C*(0,00) then

FWa (B, AJF () = (Lygt(r) + Ri(7))[62(7) (11)
where
Ly b(r) = plr)(r) + a(rYHE)(7), HIwl(r :§ / Lis )
p() = B0 () +6-(7), alr) = ~ (3 (7) ~ (7))
and
Ro() = [r(sm0)ds, (o) = <R (0)(0) (43)

0
where v = Fn, R:h(s) = (h(s) — h(1))/(s — 7).

Proof. In view of relations (3.8), (3.21) we have

FW(B,A)F~(r)=v(r) T2 F1(r) =9(r) = —— (R (B)F ', F 1)+

sy 3 i pte)o(r) Vi [ P )]
0

d1(7)

ol

Using the equality (see (2.9))

Si(r) =1+ </ 1) p(s)ds>i =1+ min(n)p(r 7 1(s) ~p(s)ds

and the elementary relation

Tv (s)v(s)

sS—=T

p(s)dsy (T p(rYHIY)(r / R (70) (3)(s)ds

we obtain equalities (4.1)—(4.3). The corollary is proved.
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Lemma 4.2. Let p,q,a,b be arbitrary functions from the space C*[0,00). Then the
operators Ly 4. Lap (see (4.2)) are bounded in the space H and

o)

LpaLasd = Lon—gbprraad + 1Ko s, Kon(r) = / kos(r $)0(s)ds  (44)
0
where
kap(T,8) = %'RTQ(S) - %'H[RTb](s) +b(T)R;Ins

Note that the proof uses the relation
H2[0)() = —0(r) + / R-Ins6(s)ds.
0

Lemma 4.3. The operator 64 (-)FWx (B, A)F~1 admits a continuous extension as
bounded singular integral operator

54 (M) FWe(B, A)F (1) = Lp,qib(7) + Ry(7), & € FD(Wi(B,A) (4.5)

on the subspace FD(W, (B, A)), where D(W,(B,A)) is a closure in Hy of the
domain of definition D(W4 (B, A)).

Proof. As it was mentioned the function d4 (7) is a rational function on /7 bounded
on [0, 00) (see (2.9), (3.18)). So, the functions p(7), ¢(7) are bounded on [0, c0) too
(see (4.2)). The Hilbert transformation H is bounded in the space L2(0, 00) where
1
p(s) = =+/s. Therefore the operator L, 4 (see (4.2)) is bounded in L2(0, 00).
T

It remains to prove that the integral operator
o0
Ro(r) == [ RoGo)E0)ds. 7=Fn
0
is compact in the space L‘IZJ(O7 00). Recall that an operator

L1 = [ 1.9 f(5)p(s)ds (46)
is compact in the space Lﬁ(O, o0) if
// |1(7, 8)|2p(T)p(s)drds < oo (4.7)
00

(see [13], Ch. 10.2).
So, we must prove that

b/ 0/ R (o) (5)P e s < . (45)
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1
But the function R, (Fp)(s), p(s) = =v/s, s > 0 is a linear combination of
T
terms under the form
1

m(ﬁiJ:hﬁﬂMﬁ+WMF+m

and their derivatives with respect to a, what proves (4.8). The lemma is proved.

(4.9)

Proposition 4.4. The “jump” of the resolvent of the operator A on the continuous
spectrum has the form

(Ro(A)u,v)+ — (Ry(A)u,v)— = (u,by)(ay,v), 6+ #0 (4.10)
where (see (2.7))

1 1
(ag,v) = m(emvﬁ - m(emv)—
(u,b5) = 0-(0) Fu(o) — (Ro(B)u,n)-
for Fu, Fv € C*(0,00). If in addition u € D(W4 (B, A)) N D(W_(B, A)), then
(U, b5)04 ()W (B, A)u(o)o_(o)W_ (B, A)u(o). (4.12)
Corollary 4.5. The operators Wa (B, A) are invertible.

(4.11)

Really, if Wi (B, A)u = 0 then “jump” is zero, therefore u = 0.

5. Similarity of semigroups

In this section we will discuss the similarity of two semigroups exp(itA) and
exp(itAy) for the operators A and A; with the same set of spectral singularities.
We will use the notation

&(A) = {0k} (5.1)

where {o;} denotes the set of all spectral singularities of the operator A and kji
denotes the multiplicity o; as root of the function 4 (o), o > 0.

Let A; be an other operator defined like the operator A (see (2.3)) by an
element 71 € L?(0,00) under the form (3.18) and let 61(¢) = 1+ (e¢, 71)12(0,00)
¢ & [0,00) (compare with (2.81)). We introduce the following notation:
5-(7) b1.-(7) 5+(7)
s s w5 e

m(r) = % <1 + i}?) . n(r) = _Qli <1 - 5;8) L 70 (53)

We need some additional notation too. Let P(s) = [[(s — a;)%, n = > k;
be some polynomials and Q(s) = P(s)/(1 + s)". Using the coefficients of the
decomposition

S(r) = (5.2)

and

1 Dk
—— =1+ =, Pji = const
Q(s) JZ,C (s —aj)F" ™
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we introduce the functional

DIF(o )]—Z Gl e, Fecno.),

the functions

Ql](s Zp]k‘ Sid])lk l:07177k‘J71
k=I+1
and the operator g : C™(0,00) — C™(0, 00)
kj—1

reh(s) = Z Z M (0j)Qui(s).

An elementary calculation results in the following proposition.

Proposition 5.1. The operator g is the projection, 7% =7g, and
h(s) = nsh(s) + Q(s)Rh(s), he C"(0,00) (5.4)
where

Rh(s) = h(s) + DIRH](s), Roh(s) = (h(s) — h(c))/(s — o).
Note that the decomposition (5.4) is unique in the following sense: the equal-
ities
h(s) = hi(s) + Q(s)ha(s), hi € R(ng) (5.5)
and
h1 =7mgh, h2=TRh (5.6)
are equivalent.
Definition 5.2. Let X4 (A4, A1) : Hess(A1) — Hess(A) be the operator with the
domain of definition

D(X+(A, A1) = {z € Hess(A1) : there exists w € Hegs(A)

(5.7)
such that Wi (B, A)w = W4 (B, A1)z}
and the action
X1(A, Ar) = Wi (B, A)7'Wi(B, Ay). (5.8)
Recall that the operators Wy (B, A), Wi (B, A;) are invertible, so
Xi(A A7 = X4 (A, A). (5.9)

Definition 5.3. The closure of the operators X4 (A, A;) in the space L?(0,00) is
called wave operator:

Wi(A, A1) = X (A, 4). (5.10)
Operator A is called regular if the function Fn(7) is rational. Instead of I'y we
will write I (A) or Ty (41).
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Theorem 5.4. Let A, Ay be regular operators and SG(A) = G(A;) (see (5.1)), then
1) the operators Wy (A, A1), Wx (A, A1)~1 are bounded and

Wi(A, A1)t = Wa(Ay, A); (5.11)

2) the subspaces
My = D(Wi (4, A1), Ni = R(Wx(4, A1)

are closed subspaces respectively in Hess(A1) and Hess(A) and have a finite codi-
mension.

Proof. Let us consider the operator W (A, A1) only. In view of (3.21) the equation
Wi(B,A)w =W, (B, A1)z, Ti(A)zeH
for an unknown element w is equivalent to the equation
w—F T (A)w=2—-F T (A1)z, Ti(A)z€H. (5.12)
Note that the equation under the form
Ly(Aw=f, feH

is equivalent to a system containing a singular integral equation for the function
Y =Fw
1
——(R;(B)w, = , €H
5. BB = ), 5
(w,w) =0, k=1,...,k
where {wy} denotes the set of root elements and functionals corresponding to all
eigenvalues and spectral singularities of the operator A (see Definition 3.1). The
expression (w,wy,) signifies the scalar product or value of the functional wy.
Consequently, if ¢ = Fz, 1 = Fw then equation (5.12) is equivalent to the
system (see (4.1)-(4.3))

1 1

r(T) [Lp,g¥(T) + Ry(7)] =

517+(T) [Lpl.th 99(7—) + ngﬁ(’f)]

() =0, k=1,... ko
where ¥, = Fwy.
Let (see (5.2))

po(T) = Ap(T)p1(7),  o(7) = A(T)ar(7), Rop(r) = Ap(T)Rigp(T).
Then the considered system takes the form
Lpq¥ + R = Lpy g0 + Roy (5.13)
(W, ) =0, k=1,...,ko (5.14)
We are looking for a solution of the form

¥ =Lmno+Layd, 0€H (5.15)
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where (see (5.3))

1 1
a=p= 5(5+ +0d-), b=-q= 5(54— —-4-),
and we denote
H,p, = {e € H: the solution of (5.13) has the form (5.15)}. (5.16)

Substituting (5.15) into (5.13) and taking into account the relations pm—gn =
Do, qm + pn = qo and also pa — qgb = p* + ¢> = 6,.6_, pb+ qa = 0 we obtain the
equation (see Lemma 4.2)

fes]

04 (7)0_(1)0(T) + /]W(sm)&(s)ds = f(7) (5.17)
0
where the kernel M (s, 7) is defined by the identity
(1) K p0() + RLay(r) = / M(s, 7)0(s)ds. (5.18)
0

The right side of the equation (5.17), i.e.,
f(T) = RO‘P(T) - RLm,n@(T) - q(T)K7n,n<P(T)7 (519)

is an integral operator on ¢:

Fr) = / F(s, 7)(s)ds. (5.20)

Let 0j, j = 1,...,jo be roots of the function 04 (0)d_ (o) of multiplicity k;
and P(o), Q(o) corresponding functions in Definition 5.1. In view of condition
(3.19) the function &(7), defined by the relation

31 (0)0-(0) = Q()E(7),
is bounded, i.e., C; < |¢(7)| < Co2, 7 > 0 for some C1,C> > 0. Using relations
(5.4)-(5.6) we obtain that equation (5.17) is equivalent to the system

E(m)0(T) + /(R]W(s7 N(T)0(s)ds = Rf(1), T>0, (5.21)
/ (e M(s,))()0(s)ds = 7o £(7). (5.22)

0

The integral operator in relation (5.21) is compact in view of the next Lemma
5.5 (recall that Fn(7), Fni(r) are rational functions). So, the solution 6(r) of
equation (5.21) exists iff

RfLg, - qa, gi€H
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where {g;} is a finite set of elements. According to (5.19)—(5.20) the last condition
signifies that
wLor,...,pa ¢i€H. (5.23)
The solution 6 of (5.21) as operator on ¢ represents a bounded operator in
H. Consequently, the space Hyp (see (5.16)) is closed and, in view of (5.23),
codimH, p < oco. (5.24)

The codimension of the domain of values L, 6 is finite too. So, under the
form (5.15)—(5.16) we describe all solutions ¢ except maybe a subspace of finite
dimension.

Now we come back to the system (5.13)—(5.14). Let equation (5.13) hold.
Then in relation (5.12) we have that I'y(A4;)F 1y € H < 'y (A)F 1y € H.
If condition (5.14) where v is given by the expression (5.15) holds then relation
(5.12) holds too. Therefore F~lp € D(Wi(B,A1)), F~1v € D(W4(B, A)) and,
consequently, ¢ € D(X4 (4, Ay)).

Due to Corollary 3.8 we have

fD(W+(B7A1)) n Hayb = Ha.,b‘
Therefore, as a result, the estimate
codimm < 00
is proved. In addition, the operator X1 (A, A1) : H — H is bounded. If we repeat
the proof for the pair (A4;, A) instead (A4, A1) then we obtain that
codimm < 00
and the inverse operator X (A, A1)~!: H — H is bounded too.
Consequently
D(X4(A,41))D(X+ (4, A1),  R(X4(A4, A1))R(X4(4, A1)
what signifies that the subspaces My = D(W4 (A, 41)) and Ny = R(W4 (4, A4))
are closed and have finite codimension.
The theorem is proved.

Lemma 5.5. The following estimate holds (see (5.4), (5.18))

//|R]\/[(s,r)|2%dsdr < 0. (5.25)
0 0

The proof is based on the properties of the operator R, in the class of the
considered functions (see, e.g., (4.9))
From Definition 5.2 and Theorem 5.4 results the following Corollary.

Corollary 5.6. If z € D(W, (B, Ay)) then the equality
Wi (B, A)yw = Wi(B,A)z (5.26)
holds iff w = W4 (A, A1)z, where z € D(W, (A4, Ay)).
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Proposition 5.7. Let s € (—o00,00). Then the following inclusions

"M Hess (A) C Hess(A) (5.27)
e AD(W, (B, A)) C D(W,(B, A)) (5.28)

and the relation
e SBW (B, A)zW (B, A)e™"4z, 2 € D(W, (B, A)) (5.29)

hold.
Proof. It is known that
FAR(A) = R(A)e™, ¢ € plA).

The operator e**# is bounded. Consequently inclusion (5.27) results from Defini-
tion 3.1. Consider now the identity
ei(t+3)Befi(t+s)A

isA

5= eisB(eitBefitA)efisAzl (530)
Suppose z € D(A) N Hess(A). As €A D(A) € D(A) then in view of (5.27)
€742 € D(A) N Hess(A). (5.31)

If additionally I'+z € Ho N H then z € D(W{ (B, A)) and in the left side of
(5.30) there exists the limit if ¢ — +oco (see Prop. 3.4). The existence of the limit
in the right side of (5.35) and condition (5.31) give (using once more Proposition
3.4) T (e7"42) € HyN H. Consequently, e"**42 € D(W?(B, A)) and

e BBW(B, A)z = WO(B, A)e 42
71‘537 —isA

The operators e e are bounded, so as corollary, the relation is proved.

Theorem 5.8. If € D(W, (A, A1))ND(W(B,A;)) then e®*41z€ D(Wy(A,A41))N
D(W4(B,A)) and

AW L (A, Ay)z = Wi (A, Ay)e™ A 2. (5.32)
Proof. Proposition 5.7 for the operators A and A; respectively gives
e BW (B, Ayw = W (B, A)e"* 4w, w € D(W(B, A)) (5.33)
and
e“BW (B, A1)z = W, (B, A1)e™*1 2, 2z € D(W,(B, 41)). (5.34)

Suppose z € D(W, (A, A1)) N D(W4(B, A1)). Then
w=Wi(A, A1)z € D(W,(B, A))
(see Corollary 5.6). Substituting into (5.33) we obtain
e*BW, (B, A\W, (A, A1)z = Wi (B, A)e* W, (A, A1)z,
The use of relation (5.26) in the left side gives
e“BW. (B, A1)z = W, (B, A)e* AW, (A, A1)z,
The comparison with (5.34) gives
Wi (B, A)e™* AW, (A, A1)z = Wi (B, A;)eA1 2.



64 E.V. Cheremnikh

Due to Corollary 5.6 we obtain that
ez € D(W, (A, 41)) N D(W, (B, A;))

and that relation (5.32) holds.
The theorem is proved.
We will discuss the subspaces (see Theorem 5.4)

Hess(A1]A) = D(W4(A, A1), Hess(A|A1) = R(W4 (A4, Ay)).

For this aim we will consider a family of operators A with one spectral singularity
oo € (0,00) of multiplicity 1. Then §_(c9)d+(09) = 0 and from equation (5.17) it
follows (if 7 = 09)

/ M(s,00)0(s)ds = f(00). (5.35)
0

Using the decompositions of the functions M(s,7), f(r) according to the
general formula (see (5.4))

oo+1 7T—09 -
0+ T2ORA(), RA(7) = h(r) + (90 + 1)Rayh(7)

we obtain (see (5.21))

h(T) = h(og)

T s ()6 ().
a0

o0
§r0(r) + [ RM(s,7)0(s)ds = RA(r), €lr) = T
0
The solution §(7) defines a bounded operator @ : LZ(0, 00) — L2(0, %0), i.e.,
0 = ®(Rf). Substituting # into (5.35) we obtain

00

v.p]ow(s) [ﬂs) (o0 + 1>%] ds = flon) |1+ o+ Vo |

(5.36)
where ¢*(s) = ®*(M (-, 00))(s).
In the concrete case we consider the operator A (see (2.2)) generated by an
element 7 € L?(0, 00) such that the transformation v = Fn is

k

m, k> 0, o9 > 0. (537)

(1) =

By analogy, an other value k; defines the function 71 (7) and the operator

Aj. Such operators have a unique spectral singularity oo which is not an eigen-
value (because the equation —y” = ogy has no solution in L?(0, 00)). Obviously
n(z) = —ke!Vo0+HR)T (compare (3.18)), so, the element 1 does not satisfy condi-
tions (2.4)—(2.5). But we need (2.4)-(2.5) in the general case of 7 only to obtain
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the differentiability of some auxiliary function. In the concrete case (5.37) we can
repeat again the statements of Section 2. Note that

v(s)p(s) —y(1)p(T)
ke 1
2m /s + /T (Vs — /oo — ik) (VT — /oo — ik)
1
T (s + Voo + k)T + oo + k)
A simple calculus gives
s = TN = YT
* VT — \Joo + ik’ T+ oo — ik

R-(vp)(s) =

(5.38)

and
br) = 3:6+7) = 6 () = ——— ;2'“2.,{;% . (5:39)

If S(1) = 6_(7)/6+(7) then

_Si(1) T — B0+ ik T+ Joo — ik
1) =500y = Vit oo =ik v = oo + ik (5.40)

and
Ro(1)(s) = 2k — k)| (5 + V)5 + Voo — k)
K7 4 VB~ ) (VE - o R Va6
Let . .
Fio(r) = 5%0(7) + ZHM(T)-

Lemma 5.9. The expression f(T) (see (5.19)) takes the form

()= ‘\//Fi_:;:/R (y1p)(s )db+—b YI(T)— /R Inse(s

N 0/ [ () (5) w(9)+< AP E(s) + 20(0) T(I)(s>)F+¢<s>}ds.
(5.42)

The proof reduces to algebraic transformations and the relation

o)

[etwmisie / Hlg(r)(r)dr.
0
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Obviously, if 7 = gy then

w\”

/ L (10)(s)e(s)ds + 5-b(o0) (I{o0) — 1) / Ry, In sip(s)ds
0

+ 0/ [Res 0P p(0) + (R (OEIT(E) + 20l Rey (1)(6)) Frsp(s)] ds
(5.43)
Further we suppose that
iki(e) = —2y/o0 +ie, £>0, &—0. (5.44)

Then in view of (5.40)

1600) = M ary0) = 2705 i) 20
and in view of (5.41)
R (1)(s) M2€( 2) 7 Q\ﬁ% — Mp(0) = —4iv/oy — 2k £0
where
Qls) = :

(Vs Vo) v/ — oo + ik)’

Now we fix the value k such big that the operator ® exists and equation
(5.36) holds. In this equation the expression f(7) only depends on k;. Taking
into account this dependence, condition (5.44) and the relations (5.38)—(5.41) we
obtain for the expression (5.43) the following decomposition

f(o0) = fi(oo,€) + éf2(0075)7 fi,2(00,6) = O(1), € — +0. (5.45)

Note that

F2(00,€) = b(0o) {%Ml(a) / Ry In sip(s)ds
0

Lo [ Q) s
+;MQ(5)O/\/§7\/%72.5F+€0( )ds

Therefore we have a subset N dense in L2(0,00) (maybe changing k) such that
fQ(O'(),O) 76 0,p€N.
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Theorem 5.10. There exist the operators A, A1, Aa of type (2.2) with the same set
of spectral singularities, S(A) = (A1) = 6(As), such that

Hess(AlAl) 7é Hess(A|A2) (546)

Proof. Tt is sufficient to consider the examples stated above with the same unique
spectral singularity og. Let the values k # k; be sufficiently big, A, A; be corre-
sponding operators. Let ¢ be a fixed element such that ¢ # 0, ¢ € Hess(A|A1).
Then equation (5.36) holds. Suppose that k; varies according to (5.44), let ko =
k1 (e). If the relation Hegss(A|A1) = Hess(A|A2) holds always then equation (5.36)
holds too. But this is impossible. Really, due to the form (5.37) the function ¢*(s)
is differentiable, in view of (5.42) and also (5.38)—(5.41) the left side of the relation
(5.36) is bounded if e — +0. The right side in (5.36) is unbounded (see (5.45)) for
© € N. Obviously for small ¢ the relation (5.41) is disturbed too for the element
@ € NNB, where B={@ : ||¢— || < r} is some ball. So, NN BNHess(A]A2) = 0.
As the space Hess(A|A2) is closed then N N BNHegs (A A2) = 0 or BNHess(A|A2) =
() what proves (5.46).

The theorem is proved.

Conclusion

In this article we consider the wave operator

Wi (A2, A1) =s— . lim eftAze=it41

+oo

Suppose that the operators A;, As are selfadjoint, and the wave operators
Wi(A1,Az) and W, (A2, Ar)
exist. Then the wave operator
Wi(Az, Ay) : Hyge — Hapgce

is isometric and transforms the whole of Hj 4. onto the whole of Hp 4. (see [12],
Chap. 10, 12.3).

We study non-selfadjoint case, namely Sturm-Liouville operators with non
local boundary conditions. For such operators

1) the wave operator W, (A;, A1) may be defined as bounded operator if the
sets of spectral singularities of A; and Ay coincide (Theorem 5.4) and

2) the domain of definition D(W, (A1, A2)) in the general case varies simulta-
neously with the variation of the operator Ay (Theorem 5.10).

Therefore in the non-selfadjoint case it is expediently to define a so-called
relative essential subspace Hess(A1|Az) instead to define some subspace Hess(A1)
for one isolated operator A;. The idea itself to use the Laplace transform was
taken from work [10]. Practically we use the Friedrichs’ model. One can find the
operators with non-local condition within the Friedrichs’ model in [9] too.
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Semiclassical Results for Ideal
Fermion Systems. A Review

Monique Combescure

Abstract. Ideal Fermion systems represent an issue of great recent interest.
They consist of N-Fermion gases without interaction but subject to an exterior
field or potential. In this paper we review recent studies of such systems in
the following situations:
e the low temprerature behavior of confined fermion gases in contact with
an exterior reservoir
e the action of a magnetic field on two-dimensional electronic devices
e the transport and dissipation for time-dependent scatterers connected
to several leads, known as “quantum pumps”.
The response of these different systems under the influence of the exterior
potential or field is considered. In the first situation the response is calculated
in terms of the “dynamical susceptibility” in the linear response framework,
which yields a generalized Kubo formula. In the second situation the response
is expressed by the magnetic susceptibility and the magnetization which are
estimated semiclassically for various regimes of the temperature as compared
with powers of the Planck constant. In the last situation the response is a
measurable current estimated in an adiabatic framework.
All these results are contained by a series of papers by D. Robert and
myself, and in recent works by Avron, Elgart, Graf and Sadun.

Mathematics Subject Classification (2000). 81-02, 81Q20, 81R30, 82B10.

Keywords. Semiclassical analysis, coherent states methods, fermionic systems,
linear response theory.

1. Introduction

The study of ideal fermion gases and of their response in several physical situations
has focused a large interest in the recent years. The various situations involved are
for example:
(i) external time-dependent perturbations of confined fermion gases in contact
with an external reservoir;
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(ii) the action of a magnetic field on two-dimensional electronic devices;
(iii) the transport and dissipation for so-called “quantum pumps” modelled by
time-dependent scatterers connected to several leads.

The reservoirs (or leads) with which these systems are in contact are at some
non-zero temperature 7T'. In the case (i), the “response” is measured via the so-
called “dynamical susceptibility” and yields a Generalized Kubo Formula.

In case (ii), the response is the “magnetic susceptibility” which presents interesting
and measurable features in the so-called “mesoscopic devices”.

In case (iii) the response is a measurable current.

These topics have focused large attention in the physical literature, (see the
bibliography), and led to understand the underlying physical phenomena. However
until recently, only a few rigorous studies have been attempted so far. (Note [29]
where a rigorous semiclassical study of thermodynamic properties of Fermion or
Boson gases is performed when the Fermions are confined via a power-law poten-
tial; see also [22].)

Recently, some mathematical work has been devoted to the three situations
considered above:

e The so-called Linear Response Theory;

e The semiclassical regime where some small parameter (usually the Planck
constant) is assumed to tend to zero;

e The adiabatic regime (for case (iii)), where adiabaticity of the external time-
dependent perturbation is considered small (and thus can be treated as a
“semiclassical parameter”).

In this review, we shall present mathematical results for the three cases (i)
(iii). They will be based respectively on [10], [9], [2]. Of course this review is not
exhaustive in the sense that many other interesting physical aspects have been
considered but have not, to our knowledge, received so far an attention towards
their rigorous treatment.

Let us mention a few of them, with bibliographic references, so that interested
mathematical-physicists might find a source of inspiration:

e The dielectric response of dilute electron gases in small semiconductor devices
(133], [27);

Static semiclassical response of a bounded electron gas ([20], [26]);

The dynamics of ideal Fermion gases in the presence of a combined time-
dependent harmonic potential, and a periodic potential ([6]);

The Friedel oscillations at zero temperature of the particle density-distribu-
tion for ideal fermion gases in one-dimensional harmonic traps ([15]);

e Quasi one-dimensional electron gas in a semiconductor quantum wire in the
presence of some random field ([27]);

A kinetic semiclassical equation for modelling transport in degenerate gases
(124], [23));
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Ground-state number fluctuations of trapped ideal and interacting fermion

gases ([31], [32));

e the “Riemannium”, i.e., a chaotic Fermion gas whose single-particle energy-
levels are given by the (imaginary part of) the complex zeros of the Riemann
zeta function ([19]);

e The eigenvalue statistics of quantum ideal gases with single-particle energy-
levels of the form E,, = n® ([11]);

e The behavior of a degenerate quantum system as a precursor to a “paired
Fermi condensate” analogous the the Bose-Einsten Condensate, at very small
temperature ([8]);

o The link of Fermi-Dirac statistics with the number theory ([17]).

The plan of this review article is as follows:

In Section 2 we develop a rigorous semiclassical expansion of the “dynamical
susceptibility” for an ideal confined fermion gas, at small temperature, assum-
ing some chaoticity assumption of the one-particle motion on the Fermi energy
surface [10].

In Section 3, we consider an electron gas in any dimension, subject to an in-
homogeneous magnetic field, in a semiclassical regime, and examine various tem-
perature regimes where the magnetic response can be evaluated. This allows a
description of the “de Haas-van Alphen” oscillations [9].

In Section 4 we give the results on Transport and Dissipation in “Quantum
Pumps” as described by the work of Avron-Elgart-Graf-Sadun [2].

2. Semiclassical results in linear response theory

Let us consider a system of non-interacting fermions

e confined by potential,
e in contact with exterior reservoir at temperature 7.

We assume that a time-varying potential drives the system

— out of EQUILIBRIUM,
— but close to it.

The Response to this external perturbation is measured by the dynamical suscep-
tibility.

The complete rigorous analysis is difficult in that it involves the non-equi-
librium statistical mechanics.

Here we shall follow a semi-empirical route (small perturbations) and we
try to solve this problem “to first order in perturbation”, namely in the Linear
Response Framework.

— We assume some “chaoticity assumption” on the one-body classical dynamics;

We derive a generalized Kubo Formula;

— We perform semiclassical expansions in A when A — 0;
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— We exhibit a low temperature limit, where the closed classical trajectories
manifest themselves in the Response function (or in the Dynamical Suscep-
tibility).

The model is as follows: we start with a classical Hamiltonian of the form:
2
p .
H(q,p)=—+V in R™
(@p)=5-+V() ,
where the potential is confining and smooth enough:
Vig) = co1+¢*)"% ¢8>0,

|02V (q)] < CaV(g), Ca >0, Va € N,

H is the Weyl quantization of H; it is a self-adjoint operator on H := L2 (R™)
The assumptions imply that sp(H) C [0, c0) is pure-point:

Hy; = Ejy, j €N, 9; € H.

The infinite system of fermions is described via states in the Fock Space: F :=
DSy @nH, where @'H antisymetric tensor product of H. It represents the space
of n fermionic states.

The framework is thus the second quantization:

H :=dU(H) acting on F second quantized Hamiltonian,

N :=dI'(1y) number of particles operator,

n; € {0,1} is the occupation number of any state ¢; in F (which expresses the
Pauli principle);

Nin(@j A A) = (s A Aj)y Y= 1,y ins

tells whether or not the level E; is occupied in a given state of @]H.
Define:

Nj i= &2 Njn,

The Grand-Canonical Partition function is:
HtrN
Za:=Tr <e*3 e ) ,

where = ﬁ kBu, T is the temperature, and p is the chemical potential.
The trace is taken in F. Thus Zg can be rewritten as:

> -1
Zg = H [1 + e’ﬁwﬂ"‘)} .

Jj=0
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Let f be the Fermi-Dirac function f(z) := (1 + ¢*)~!. The operator in H:

pea = 1 (B0 =)

is called the Fermi-Dirac one-body operator.
Now assume that the one-body Hamiltonian is slightly perturbed in a time-
dependent way:

Hiy(t) := H+ \AF(t)

A is a small parameter, A is some self-adjoint operator, and F' is of the form, with

a>0:
at t 0
F(t) = e <
1 t>0.

The time-dependent density matrix py(¢) solves
op - . .
ih% = [H/\ ; fa} ; tiir_noopx(t) = Deg-
The problem is:

to which extent will px(t) wander from peq as the perturbation is
switched on?

In the Linear Response Theory the aim is to answer this question “to first order
in \”
Assumption: A(g) is a multiplicative smooth function |A(g)| < C(1 + ¢?).

Denote by U(t) := e~ itA/R the unitary group of evolution for H. We know
from the work of Yajima [35] that the unitary evolution operator for H)(t) exists
and we denote it by

V)\ (87 t)*

and define the state (“density matrix”) at time ¢ as
[)/\(87 t) =V (tv S)ﬁquA(Sa t)7
that equals peq at t = s.

Proposition 2.1. The mapping A — px(t,to) is differentiable near A = 0 in the
trace-class operator norm sense and we have:

1

d v ~
b - - Ft —tY[poe, A .
Ft0)| =g [t B U6 - )l AU -1

A=0
Moreover px(t, to) has a limit as tg — —oo, in the trace-class operator norm sense,
called Peq(t,N) and is also differentiable in X\. Moreover we have:

d . 1/t S
et = ds F(8)[Peq; At-s],

dA

A=0
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Et being, by definition, the Heisenberg observable at time t (for the quantum evo-
lution governed by H):
=Ut) AU

This gives in the trace norm sense:
. AT S
Pt N) = Py [ AP @)[pug, Armr] + N,

Assume we want to measure some self-adjoint operator B in the “almost-station-
ary” state Peq(t, \):

Ir(8) =t {B (Peq(t, ) = ) }

Here tr denotes the trace operation in H (whereas Tr denoted the trace operation
in F).
The first order contribution as A — 0 is:

) :)\/t ' Bt Bt — 1),

—00

a() = ot (B[ A]) = (g [4.B-])

using the cyclicity of the trace.

where:

We take the Fourier transform (in the distributional sense) of ®(¢); it is the
“generalized susceptibility”:

+o00
xa,8(w) :/ D(t) et dt.

— 00
Our aim is to obtain a semiclassical expansion of x4 p(w) as h — 0, 8 — oo,
namely a semiclassical expansion at low temperature.
Given g any smooth test function whose Fourier transform g is of exponential
decrease at co:

/XA‘B( )g(w)dw = 7/“ <f,, () 4, B,]) g(t)dt

where o is a new parameter: o := (h. f, is simply the rescaled Fermi-Dirac
function: f,(x) := f(ox).

However the integral

[ (fo<A )[A BA) o

suffers from a singularity as ¢ — 0. To overcome this difficulty, we “regularize” it,
using instead of f, the function

fa,n = fa *17,
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where the Fourier Transform 7 has compact support. Thus in distributional sense
on the test function g, the regularized dynamic susceptibility in the linear response
regime can be rewritten as:

ﬁ //tr (e”(ﬁ’“wh [/T, Et]> ;‘;(s)ﬁ(s)ﬁ(t)dsdt
:://dsdwﬁ(s)g(w)XA)B(s,w).

Our aim is to obtain semiclassical estimates of x4, B(s,w) in distributional
sense, in terms of the auxiliary parameter o := hf3.
Recall that p is the chemical potential, which has dimension of energy.

Assumptions:
— The symbol B of B satisfies \6,?8;’B| < Car, Yo+ ] > 2,
On the classical energy surface ¥, := {¢,p € R" : H(q,p) = p} all closed
orbits v are isolated (Gutzwiller assumption).

Let T, Py, v, be respectively the classical period, the Poincaré map and the
Maslov index of the orbit «, and let

" do
CA,B, t Z:/ B - k]
u(®) iy P ]
Ty +o0 )
(1) :=/ Ay(0,P)Boyi(g:p)ds = D oy ™™
0 k=—oc0

Then the following result holds true:

Theorem 2.2. Under the above assumptions, we have, in distributional sense:
Xa5(s,w) = —h7"0(s) ® C'y g (W) + > W "pj(s,w)
j=21
,n.ei(S,y/fH—V,ﬂr/Q)

+ -
7:;#0 ho sinh (7T, /o)|det(1 — Py)|'/?

2k :
X ((57«7(5) ® ch*,ké(w -7 ﬂ) + Zhjz/j,,(s,w))
k v i>1

+ O(h*H=Emm),

where

o ; and v;, are distributions such that Supp(u;) € {0} x R,

Supp(vjy) € {Ty} X R, vu is a non negative constant depending only on H
and i,

P, is the Poincaré map of the closed orbit ~,

S, is the classical action along vy,

~v* is the primitive closed orbit corresponding to v, and
T, the corresponding period.
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Meaning of the result

It is true in the distributional sense in s,w on functions 7j(s)g(w) where 7 has
compact support, and g is of exponential decrease §(t) ~ e~ as t — +oo.
Thus the sum over closed orbits + is finite (restricted to T, € Supp(7)).

Idea of proof. We have:

= 1 ' is(H— ) - =\
(x(s,w) , 7(s)g(w)) = QiWh//Tr (e (H=w)/n [A, BtD fo(s)n(s)g(t)dsdt.
Write: ) X
Tr(C) = —— dz(z|C|z),
HO) = G [ de(EIC)
where |z) is a coherent state located at z € R*". We use precise semiclassical

—isH/h

estimates of e |z) with respect to h, z, s.

The trace property is ensured via a suitable partition of unity near energy
surface {H = p = Fermi level}.

Important remarks
e The temperature dependence occurs only via the parameter o = [h, which
has dimension of time.

e The closed orbits v € {H = pu} such that T', < o are strongly damped.

e It is a Gutzwiller-type formula where
— The dominant part is a regular one, depending only on ¥, = {H = u},
— The oscillating part comes from contribution of periodic orbits on X,
— The error terms depend on the test functions considered.

Conclusion
Non-interacting Fermionic Gases slightly driven from equilibrium and in contact
with reservoirs at temperature T' present interesting semiclassical features in terms
of the parameters h and o = h/kT. The Classical Correlation functions of the
Perturbation and of the Observable we want to measure manifest themselves

e via the microcanonical Energy Surface ¥,, = Fermi Level,

e via the periodic trajectories lying on this surface and whose length is com-

parable with o.

Further details of the proof can be found in the paper by Combescure-Robert [10].

3. Semiclassical results for the magnetic response of an electron gas

The magnetic response theory for a free electron gas is an old problem that goes
back to Fock [12], Landau [18], Peierls [25]. The revival of interest in physics arose
from the advances of recent experiments that make possible

e to perform very small temperature conditions,

e to make measurements on small two-dimensional electronic devices.
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These devices are so “pure” that the classical motion inside them can be consid-
ered as “ballistic”, namely it is only determined by the confining potential. The bi-
dimensional structure of such “electron gases” is realized through semi-conductor
heterostructures whose size and shape can be controlled experimentally, together
with the number N of “confined” electrons. The system is in contact with a reser-
voir at temperature 7', and submitted to a magnetic field B perpendicular to the
surface. The magnetic response, namely the magnetization M or the magnetic
susceptibility x can be measured in terms of N, T, B.

These experiments manifest the sensitivity of the “magnetic response” to the
integrable versus chaotic character of the classical dynamics of a single electron in
the system. Numerical as well as real experiments on two-dimensional billiards have
confirmed this observation, and suggested that the quantum magnetic response is
an experimentally accessible criterion for distinguishing classical versus chaotic
classical dynamics [21], [1], [28].

A number of theoretical studies have analyzed the magnetic response from
a “semiclassical” point of view, namely as properties that manifest themselves in
the limit where i (the Planck constant) is small compared to classical actions
characterizing the system (say h < a?eB/c where a is a typical size of the system,
e the charge of the electron, ¢ the velocity of light, and B the magnetic field size).
In these studies the Coulomb interaction between the electrons is neglected (“free
electron gas” to which a thermodynamical formalism can be applied), and the spin
is also omitted (only the “orbital magnetism” is considered).

Here we shall present mathematical results for a n-dimensional ideal con-
fined electron gas in the presence of an inhomogeneous magnetic field. The gas is
in contact with a reservoir at temperature 7. We shall establish different regimes
of temperature in which the magnetic response can be obtained semiclassically in
the form of asymptotic i expansions. We then show that in the so-called “meso-
scopic regime”, where the temperature is of the order of A, the periodic orbits
of the classical single-electron dynamics manifest themselves as highly oscillating
contributions to the magnetic response. These oscillations are reminiscent of the
well-known “de Haas-van Alphen” oscillations which are usually observed for the
so-called Hofstadter model, namely non-interacting (spinless) electrons moving in
the plane under the combined action of a magnetic field (perpendicular to the
plane), and a periodic potential (see [13], [14], [16] for a semiclassical approach
and results).

Our assumption is that the classical single-electron dynamics, with electric
as well as magnetic potentials is chaotic. We refer to a similar study by Leboeuf-
Monastra [19], where the same assumption is also made on a particular toy-model,
called the “Riemannium”, and where similar results are derived.

Let us now introduce the model and assumptions in this section.

Let k be the Boltzmann constant and 7" the temperature. We denote as usual

1
8= T (3.1)
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Let k € R be the size of the magnetic field. We consider the single-electron Hamil-
tonian of the following form:

He(ap) = 30— 50(0))* + V(a), (32)

where V: R" — R and a : R"™ +— R" are C* functions satisfying the following
properties:

(H.1) Vg eR™, V(g) > 1, |95V(q)| < CaV(q),
(H2) Vg € R", |85a(g)| < Ca V()2
(H.3) Vg eR", V(g)>co(l+ |q|2)s/2 for some s, ¢g >0

(confinement assumption)

Lct now H be the Weyl quantization of H,. The previous assumptions ensure
that H, is self- adjoint and its spectrum U(H ) C [e,00) is pure point for every
k € R where € > 0. Let us call (Ej)jen and (¢;)jen the set of corresponding
eigenvalues and eigenstates.

Given 3 > 0, we set:

Fs(z) = —% Log (14 ¢77%), (3.3)
fola) = Fy(a) = (1+¢7) 7, (3.4)

fs is related with the Fermi-Dirac distribution. These functions are meromorphic,
with poles (or cuts for Fj) at:

T = i, j € Z.
3 J
In the grand-canonical ensemble, the thermodynamic potential 2 is given by:
Q(B, 1, K) ZF/@ i —p) =tr {FB (H - ;4) } , (3.5)

where p > 0 is the chemical potentlal and 3 is given by (3.1).
Furthermore, the mean-number of particles in the grand-canonical ensemble
is given by:

N(B, ) =t (fo (o= n)). (3.6)
In all that follows, we fix the chemical potential p, which according to (3.6) implies
that N (8, u, k) is large in the semiclassical régime so that we are approaching the
thermodynamical limit where canonical and grand canonical ensemble descriptions
are equivalent. Using the functional calculus, it is not difficult to see that Fjp (I;T — 1)
and fﬁ(ﬁ — ) are trace-class and that the function : k — Q(3, p, k) is C* for
|k] < Ko.

We shall denote 9,, = d%



Semiclassical Results for Ideal Fermion Systems 79

Proposition 3.1. The function: k — Q(B, p, k) is C*>° on R. In particular we have
8,0 = tr [ fs (ﬁ - u) amﬁn] . (3.7)

Now we have the following definitions of magnetization M and magnetic
susceptibility x:
M=00 = trfs (e )00, (3.8)
X = O0.M. (3.9)
We shall now distinguish different Temperature Regimes, where the magnetic
response behaves semiclassically in significantly different ways:

o When T is larger than i we have asymptotic expansions in A of the Ther-
modynamic Grand-Canonical Function, and thus of the Magnetic Response
functions. As a Corollary, we recover the Landau diamagnetic formula for
2-dimensional ideal electron gases.

e When T is of the order of h, we prove that the magnetization and the magnetic
susceptibility split into two parts: an average part with a regular asymptotic
expansion in 7, plus an oscillating part in / which represents the contribution
of the classical periodic orbits that lie on the energy surface at the Fermi
level p.

The first Temperature Regime we consider is < i~2/3t¢ for some & > 0:

Theorem 3.2. For any ¢ > 0 and ko > 0, Q admits an asymptotic expansion in h,
uniform in k for |k| < ko, and for § < h*=2/3. More explicitly, for any N € N we
have:

N
Q=hp" Z (*1)k+1 W 40 (hN+1—n ﬁ%wc(n)) (3.10)
= . A jk ) .

with
U= [ dadp dutan) B ),

dji being a suitable linear combination of derivatives of H, with respect to q, p and
k(n) a constant depending only on the dimension n (k(n) < 2n+1). In particular:

Qoo =/ dq dp Fg (He(q,p) — 1), (3.11)
R27]

K% Blg) |I? —Z;aﬁ-V
J

1 1
520 — =3 = T / dq dp ) (3.12)
276 48T e cosh® [ 4 (Hila,p) - 1)
where Bjj, is the magnetic field
da;  Oay, 9?V
I BI?=Y B%.  Bjp=52-_",0, (3.13)

_ 2y —
= g 0q;" 9q;0q1’
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and we have chosen the gauge so that da/dq is symmetric. Moreover, the asymp-
totic expansion can be differentiated term by term with respect to k and yields an
asymptotic expansion of the magnetization and the magnetic susceptibility.

Corollary 3.3 (Landau diamagnetism). Let x be defined by (3.9), and p be non-
critical for Hy. Then for n =2 and k =0 we have

. 1
f X = g L 2@ 1P, (3.14)
.

h—0,8—00,8<he=2/3 " 2472

which is nothing but Landau’s result of the diamagnetism for a 2-dimensional free
electron gas.

For the proofs of these results see [9].

The restriction to the value A=2/3+¢, ¢ > 0 is rather technical. We can extend
1+e.

the above results to a more natural temperature Regime 8 < h~'"¢: Assume in
addition to (H1-H3):

(H4) p is non-critical for H,.
Then we have:
Theorem 3.4. Assume (H1-4). Then the magnetization M = 0,8 has for any
temperature T satisfying h'=¢ < T < ni—e (some € > 0) a complete asymptotic
expansion in h obtained by taking the derivative in k of the formal expansion in h
for Q given (3.10).

We now come to the so-called “mesoscopic regime” where 7' ~ h. We intro-
duce a new parameter o:
o= h, (3.15)
as in the previous section. Let ¥} be the energy surface at energy = Fermi-level
(or equivalently the chemical potential):

Zﬁ = {(q,p) cin R, H,(q,p) = ,u,},
and let doj; be the Liouville measure on ¥j.
Then we assume the following (Gutzwiller Assumption):

(H5):  on X the closed orbits of period smaller than some prescribed 7 > 0
are nondegenerate.

We shall define a “regularized” magnetization as follows:
Let p € C§° be an even function such that:
s =1, i <L

p(B)=0, if|f|>2 and /p(t)dt: 1. (3.16)
R
Let us define for 7 > 0,

pr(t) = p(t/7), (3.17)
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M, =Tr {(fa %) <H“h_ “) a,fl,g} , (3.18)

where g denotes the inverse Fourier transform of g. Clearly M, — M when 7 — oc.
However we shall not be able to let 7 — oo in this work. This is the same type of
restriction we had in the previous Section, where only a “regularized dynamical
susceptibility” has been estimated.

and

Then our result is as follows:

Theorem 3.5. Let us assume H-1 to H-5 and o = Bh € [0y, 01] where o1 > 09 >0
are fized. For x. = x * pr, T > 0, we have the decomposition

X+ = Xt Xosec, (319)
with
h2—n ) .
_ . ‘ N
X_7247r2/z~d% IB@) I + Y exulp.r o TIRF+0(h*),  (3.20)
n k>3—n
— (S, /htve ) /)1,T(T) rym, /20 5) xh
R Ny e T T2 P
SeTn) |det(1 — P,)|'/? sinh(xT, /o) =
+0(%), (3.21)

where we use the following notations:
e v is a periodic orbit in classical phase-space, S the classical action along this
orbit,
T, is the period of the orbit -y,
o 7 € Z the repetition number of this orbit, and
o P, the linearized Poincaré map of the orbit v (which doesn’t have the eigen-
value 1 because of (H5)). Furthermore

® my = / Tt 0w H:(q¢, pt), where Ty« := T /1 is the period of the primitive
0
orbit,

e m,, represents the flux of the magnetic field through the closed curve 7y,
® ¢y, dy are smooth coefficients depending on the periodic orbit vy, on o, and
on the function p.

The proof is rather involved (see [9]).

To complete this section let us show that a similar decomposition of the
magnetization M into a “smooth” part M and a highly oscillating part Mos.
holds true, and that indeed the dominant term in the semiclassical expansion of
M is nothing but the well-known diamagnetic Landau term.
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Proposition 3.6. Assume (H1-4). Then for any o1 > 0 and for ko > 0, uniformly
for Bh = o €]0,01[ we have, mod O(h*>),

R 0 2 k
= ko /20 do, || B(g) || + Z k(1. 0,0, T)RY + O(R™),  (3.22)

k>3—n

=l

where daﬁ is the Liouville measure on the energy surface 22, i.e., without magnetic
field.

Conclusion

The result of Theorem 3.5 is very similar to the one obtained in Theorem 2.2 for
the dynamical susceptibility in the Linear Response Regime for an ideal Fermion
gas. The temperature dependence occurs via the same parameter o = 3k, and the
contribution of closed orbits on the Fermi Energy Surface is strongly damped by
the factor
1
sinh(nT, /o)’

Natural classical quantities appear in the dominant parts of the % expansions,
namely here, instead of the Classical Correlation Functions on Energy Surface or
along the closed orbits, we have:

e The diamagnetic Landau term jz? do |1 B(q)|1?,

e The Flux m., of the magnetic field through the closed orbits, the periods of
the closed orbits.

4. Transport and dissipations in quantum pumps

This section is devoted to a presentation of the work of [2], (see also [3]). We think
that it is pertinent in this review paper, since it presents interesting scattering
features for the electron gas under consideration, whereas the two previous sections
dealt with ideal confined fermion gases where the spectrum of the single-particle
Hamiltonian was thus pure point. The Hamiltonian of a single-particle is here of
spectrally continuous nature. Moreover it is driven via a time-dependent potential,
which is assumed adiabatic. That means that there is an adiabatic time-scale called
¢~ which is considered large with respect to the dwell time 7 of the particles into
the scatterer. Thus the parameter ¢ plays the role of a “semiclassical parameter”,
although here & is taken equal to 1.

An adiabatic quantum pump is a slowly time-varying scatterer connected to
several leads. Each lead may have several channels. The total number of channels in
each lead will be denoted by n. Each channel is represented by a semi-infinite, one-
dimensional, single mode ideal wire. It is assumed that the particles propagating
in each channel are non-interacting and have all energy k2/2; along each lead,
electrons can enter or leave the pump.
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Then the question is:

How electrons are transported from one lead to another due to the time-
dependent potential of the scatterer (hence the name of “pump”)?

This question was first addressed in [7] in the framework of Linear Response
Theory. They established that the expected current is a function of the scatter-
ing matrix and of its time-derivative. The interest in the subject was piqued by
the experiments ([30], although it is not completely clear that the experiment is
actually represented by an adiabatic pump).

The mathematical framework is as follows:

e The single-particle Hilbert space is given by
H =Ho ® L*(R4,C™),
where states in L?(Ry, C") := @7 L?(Ry) (resp. Ho) describe electrons in the
leads (resp. in the pump). Denote by II;, j =0,1,...,n, H — H the projection
onto Hy if j = 0, and onto the jth copy of L(Ry)ifj=1,...,n.
e The Hamiltonian is a slowly varying time-dependent self-adjoint operator in H,
namely given by Hg(s) =H (71s) where ¢ is the small adiabatic parameter. The
assumptions on H (t) will ensure the existence of a unitary propagator in H, called
U.(s, s') satisfying the Schrédinger equation:
i0.U(s,8") = e 1 H.(s)Usc(s, 8).

e The assumptions on H(s) are as follows:

(H1): H.(s) — H.(s') is bounded in H and smooth in s, s,

(H2):  |[To(H-(s) + i)™ |1 < C for all s, ¢, and some m € N,

(H3)  H.(s) = —d%/da? for ¢ € C* (R, C"),

(H4) 0,y (H-(5)) N (0, 00) is empty,

(H5) H.(s)=H_, Vs <0.
(Here || - || denotes the trace class norm on H.)
e The electrons in the incoming state should be in an equilibrium state. We take
it as a density matrix p := p(ﬁ _), where p is a function of bounded variation with
Supp(p) C (0,0). A good example for it is the zero-temperature equilibrium state
at Fermi-level p: p(\) := ©(u — A), where © is the Heaviside function.
e Units are chosen so that k = h = m = e = 1 where k is the Boltzmann constant,
and m, e the mass and charge of the electron.

e One can now define the “charge current” operator. Consider the following op-
erator in H:

1,d d
A= —(—v( T)—
0 22,(dzv(%) + v(x) dx)’
where v : [0,00) — R is smooth, with v'(z) > 0, Supp(v) C [b, 00), some b > 0, and
v(z) = x for x > ¢ > b. A is self-adjoint and commutes with II;, Vj =0,1,...,n,

and we denote A; := AIl;.
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The operator A allows to distinguish incoming and outgoing electrons. Take
some a > 0 and a “switch function” f € C§° where: f(z) =0, for z < -1, f(z) =
1, for # > 1. The charge current operator is then defined as

Ij(a) == i[H.(s) , [(A; —a)+ f(—=4; —a)] = [;(a) + I;(a).
e The expectation value of the current at “epoch” s in the channel j, is then given
by
(I);(s,ae) := tr(Ue(s, 71)p(ﬁ,)U5(71, s)I;(a)).
e In order to define “scattering” by the pump, some reference Hamiltonian Hy
has to be introduced. Take
- d? d?

Hy:=h®(——— B (=
0:=ho( de)N@ @ ( dIQ)N,
where the component of Hy on each of the leads is (—j—; ~ which is simply the

Laplacian with Neumann boundary conditions. i for the pump component can be
anything, provided that Hy obeys (H2). The time-dependent S-matrix is given by

S(s) = Siliniw Uo(e™ (s — 54))Us(54,5-)Up(e 7 (5= — 3)). (4.23)

It is the so-called frozen scattering operator usually introduced in adiabatic scat-
tering theory. “Energy” F (the spectral representation for Hy) is conserved so that
the E-fibers S(s, E) of the operator S(s) are j n x n “scattering matrices”.

Then everything is in order to state the result:
Theorem 4.1. Consider a cut-off function in energy space x € C§°(0,00) with x =1
on Supp(p’). Redefine the current operator (with IR and UV cutoff):
I +(s,a,¢) = X(H(5))i[He(s), f(£A; — a)]x(H(s)).

Then, under the above assumptions, we have the following expression for the cur-
rent in the jth channel:

lim lim e (I);(s,a,¢e) = —% /000 dEp'(E) <§S(9)> , (4.24)

a—o0 e—0 ..
7.7

where S(s) = S(FE,s) (the E-fiber of the scattering operator S(s)). The double
limit is uniform in s € I, I being a compact interval.

The proof is given in [2].

Remark 4.2. The physical meaning of the limiting procedure of (4.24) is that the
current measurement is made well outside the scattering region (limg—.oo), but
after the adiabatic limit (lime_).

Further results of ref. [3] are:

o The relationship with classical scattering,
e The formulation of charge transport in terms of the Chern character of a
natural line bundle.
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Conclusion

Semiclassical tools appear useful in the context of an adiabatically driven electron
system. Under appropriate mathematical assumptions, it provides the expected
physical result: namely a time-dependent scatterer connected to several leads acts
as a “quantum pump” that allows charge transfer between the leads. This is the
response of the scattering system to a slowly varying potential.

The condition that Supp(p) C (0,00) might seem strange, since it excludes
the natural Fermi-Dirac density matrix at positive temperature 7'

p(H) = (1 + eﬂ“’f*“))*l , (4.25)

where as in previous sections y is the chemical potential, and T = 37! is the tem-
perature (although this restriction is not present in [3]). It seems rather technical,
and the link with physics (exterior leads at any temperature T') should be clearer
if it is removed. We think that the introduction of cutoff function in energy in
Theorem 4.1 should allow to remove this condition.

Thus this system provides a simple example where the scattering of an elec-
tron system leads to a measurable response (whereas studies of previous sections
were restricted to bound state systems). If the pump were a “chaotic billiard” the
classical dynamics will in general have arbitrarily long orbits, which should give
rise to resonances, although this point has not been studied yet mathematically,
to our knowledge.

References

[1] Agam O., J Phys. I (France), 4, 697-730, (1994).

[2] Avron J., Elgart A., Graf G.M., Sadun L. Schnee K., Adiabatic charge pumping in
open quantum systems, Comm. Pre Appl. Math., 57, 528, (2004).

[3] Avron J., Elgart A., Graf G.M., Sadun L., Transport and Dissipation in “Quantum
Pumps”, J. Stat. Phys. 116, 425-473, (2004).

[4] Avron J., Gutkin B., Oaknin D., Adiabatic Swimming in an Ideal Quantum Gas,
Phys. Rev. Lett., 96, 130602, (2006).

[5] Brack M., Murthy M.V., Harmonically trapped fermion gases: exzact and asymptotic
results in arbitrary dimensions, J. Phys. A: Math. Gen. 36, 1111-1133, (2003).

[6] Bruun G.M., Clark C.W., Ideal gases in time-dependent traps, Phys. Rev. A, 61,
061601(R), (2000).

[7] Biittiker M., Prétre A., Thomas H., Phys. Rev. Lett. 70, 4114, (1993).

[8] Butts D.A., Rokhsar D.S., Trapped Fermi Gases, Phys. Rev. A, 55, 4346-4350,
(1997).

[9] Combescure M., Robert D., Rigorous semiclassical results for the magnetic response
of an electron gas, Rev. Math. Phys., 13, 1055-1073, (2001).

[10] Combescure M., Robert D., Semiclassical results in the linear response theory, Ann.
Phys., 305, 45-59, (2003).



86 M. Combescure

[11] Eckhardt B., Eigenvalue Statistics in Quantum Ideal Gases, arXiv: chao-dyn/
9809005, (1998).

[12] Fock V., Z. Physik, 47, 446-450, (1928).

[13] Gat O., Avron J., Semiclassical Analysis and the Magnetization of the Hofstadter
Model, Phys. Rev. Lett. 91, 186801, (2003).

[14] Gat O., Avron J., Magnetic fingerprints of fractal spectra and the duality of Hof-
stadter models, New J. Phys., 5, 44.1-44.8, (2003).

[15] Gleisberg F., Wonneberger W., Noninteracting fermions in a one-dimensional har-
monic atom trap: Ezact one-particle properties at zero temperature, Phys. Rev. A
62, 063602, (2000).

[16] Helffer B., Sjostrand J., On diamagnetism and the de Haas-Van Alphen effect, Ann.
I. H.P., Phys. Théor., 52, 303-352, (1990).

[17] Kubasiak A., Korbicz J., Zakrzewski J., Lewenstein M., Fermi-Dirac statistics and
the number theory, Europhysics Letters, (2005).

[18] Landau L., Z. Physik, 64, 629, (1930).

[19] Leboeuf P. Monastra A., Quantum thermodynamic fluctuations of a chaotic Fermi-
gas model, Nuclear Physics A, 724, 69-84, (2003).

[20] Lert P.W., Weare J.H., Static semiclassical response of a bounded electron gas. 1, J.
Chem. Phys., 68, 2221-2227, (1978).

[21] Levy L.P., Reich D.H., Pfeiffer L., West K., Physica B 189, 204, (1993).

[22] Li M., Yan Z., Chen J., Chen L., Chen C., Thermodynamic properties of an ideal

Fermi gas in an external potential with U = br' in any dimensional space, Phys.
Rev. A 58, 1445-1449, (1998).

[23] Molinari V., Sumini M., Rocchi F., Fermion gases in magnetic fields: a semiclassical
treatment, Eur. Phys. J. D, 12, 211-217, (2000).

[24] Molinari V., Rocchi F., Sumini M., Kinetic Description of Rotating Gases in External
Magnetic Fields in the Framework of the Thomas-Fermi-Dirac Approach, Transport
Theory and Stat. Phys., 32, 607-621, (2003).

[25] Peierls R.E., Z. Physik, 80, 763-791, (1933).

[26] Pezze L., Pitaevskii L., Smerzi A., Stringari S., Insulating Behaviour of a Trapped
Ideal fermi Gas, Phys. Rev. Lett. 93, 120401, (2004).

[27] Quang D.N., Tung N.H., Semiclassical approach to the density of states of the dis-
ordered electron gas in a quantum wire, Phys. Rev. B 60, 13648-136358, (1999).

[28] Richter K., Ullmo D., Jalabert R., Orbital magnetism in the ballistic regime: geo-
metrical effects, Phys. Rep. 276, 1-83, (1996).

[29] Salasnich L., Ideal quantum gases in D-dimensional space and power-law potentials,
Journ. Math. Phys., 41, 8016-8024, (2000).

[30] Switkes M., Marcus C.M., Campman K., Gossard A.G., Science, 283, 1907, (1999).

[31] Tran M.N., Ezact ground-state number fluctuations of trapped ideal and interacting
fermions, J. Phys. A: Math. Gen. 36, 961-973, (2003).

[32] Tran M.N., Murthy M.V., Bhaduri R.K., Ground-state fluctuations in finite Fermi
systems, Phys. Rev. E, 63 031105, (2001).

[33] van Faassen E., Dielectric response of a nondegenerate electron gas in semiconductor
nanocrystallites, Phys. Rev. B, 58, 15729-15735, (1998).



Semiclassical Results for Ideal Fermion Systems 87

[34] van Zyl B.P., Analytical expression for the first-order density matriz of a d-
dimensional harmonically confined Fermi gas at finite temperature, Phys. Rev. A,
68, 033601, (2003)

[35] Yajima K., Ezistence of solutions for Schrédinger evolution equations, Commun.
Math. Phys., 110, 415-426, (1987).

Monique Combescure

IPNL, Batiment Paul Dirac

4 rue Enrico Fermi,Université Lyon-1
F-69622 Villeurbanne Cedex, France

e-mail: monique.combescure@ipnl.in2p3.fr



Operator Theory:
Advances and Applications, Vol. 186, 89-102
(© 2008 Birkhauser Verlag Basel/Switzerland

Quadratic Hamiltonians
and Their Renormalization

Jan Dereziniski

Abstract. Quadratic bosonic Hamiltonians in Fock spaces with an infinite
number of degrees of freedom have a surprisingly rich mathematical theory.
In this article I review recent results about two classes of such operators: the
van Hove Hamiltonians and the Bogoliubov Hamiltonians.

Mathematics Subject Classification (2000). 47B99, 81T99.

Keywords. Second quantization, Fock spaces, quadratic Hamiltonians.

1. Introduction

In this article I would like to review the results of two recent papers [D, BD] on
quadratic bosonic Hamiltonians with an infinite number of degrees of freedom. I
would like to convince the reader that their theory is surprisingly rich.

Let a/a¢ denote creation/annihilation operators satistying

lag, ag'] = [ag,ag] =0, lag, ag] = deer, 1)
and acting on a bosonic Fock space. (Above, 0¢ ¢ denotes the delta function.
Strictly speaking, ag /ae are operator-valued measures and they acquire the mean-
ing of an operator only after smearing out with appropriate test functions.)

The first class of Hamiltonians that I would like to discuss was studied in [D]
and is given by a formal expression of the form

H= / h(€)azacde + / 2(€)agde + / 2(€)azde +c. @)

where h(€) > 0. Note that in the above expression the constant ¢ can be infinite.
Following [Sch], operators of the form (2) will be called wvan Hove Hamiltonians.

The second class of operators was recently studied by L. Bruneau together
with myself in [BD]. Operators from this class are given by a formal expression of
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the form
1= [ Weazacd + 5 [ gl atazac+ ; [g6acaede e @)

We will call them Bogoliubov Hamiltonians. This name is justified by the famous
application of such Hamiltonians in the study of the Bose gas due to Bogoliubov
[Bog].

There are several questions that one can pose about these operators. They
include: When the above formal expressions defines a self-adjoint operator? When
they are bounded from below? When they have a ground state? What is their
scattering theory? Rather complete answers to these questions exist in the case
of van Hove Hamiltonians. For Bogoliubov Hamiltonians, the answers are not so
complete, but still we have a number of interesting results about them.

Van Hove and Bogoliubov Hamiltonians are used in quantum physics very
often. A lot of interesting physical phenomena can be explained just with help of
quadratic Hamiltonians.

In my paper I would like to convince the reader that also from the math-
ematical point of view they are interesting objects and illustrate various curious
properties of unbounded operators.

Quadratic Hamiltonians are also useful, because they help to understand
properties of more complicated Hamiltonians used in quantum theory such as

those studied in [Fr, DG1, BFS, DJ].

2. Notation

Let us briefly review the notation for bosonic Fock spaces that we will use in our
paper [Be, RS2, BR, GJ, DG1, D1]. Suppose that Z is a Hilbert space. The bosonic
Fock space over the one-particle space Z is defined as

I(2):= & "2
n=0

It has a distinguished vector called the vacuum vector Q =1 € @22 = C.
The bosonic Fock space can be viewed as a commutative algebra with the
product defined as follows: if ¥ € @ Z, ® € ®"Z, then

URd:=0, Yed c QI"Z,

where Oy is the symmetrizing operator.
For z € Z we define the creation operator

a2V :=vVn+1z2@:; ¥, VelZ,

and the annihilation operator a(z) := (a*(2))".
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In a large part of the literature one assumes that Z equals L?(Z) for some
measure space (Z,d¢). One introduces “operator-valued measures” ag /ag satisfy-
ing (1). If £ — 2() is a square integrable function then

w'() = [ +@ads, ae) = [=(Oaeat

We will use both notations. The notation involving the operator-valued measures

will be called “traditional” — it is lengthy and depends on an arbitrary identification

Z = L*(Z), but is perhaps more familiar to some readers and often convenient.
For an operator ¢ on Z we define the operator I'(q) on I's(Z) by

I'(q) =q¢® - ®q

®nZ

For an operator h on Z we define the operator dI'(h) on I's(Z) by
dF(h)‘ =hel1m e . q-De g
erz
If h is the multiplication operator by h(§), then in the traditional notation we have
dr(h) = / h(€)atacds.

Note the identity T'(e!") = eldl'(?),
For g € ®2Z we define the 2-particle creation operator

a*(9)¥ :=v/(n+2)(n+1)gx:s ¥, VeRZ,
and the annihilation operator a(g) = a*(g)*.

In the traditional notation, if g equals the function g(&,¢’), then we have

@(9) = [ ole.€tazagas’. alg) = [ 706 ¢ acasdcac’

3. Van Hove Hamiltonians

In this section we summarize properties of van Hove Hamiltonians, following [D].
Let Z = L*(Z). Let = 3 £ — h(£) be a positive function. Let £ — (&) be a
function on = such that

2 |z(&)?
/h<1 12(6)] d§+/h21 e <o

Then we can define a family of unitary operators on I's(Z)
V(t) :=T(e") exp (a*((1 — e ™)h"2) — he).
One can easily check that
V(t1)V (t2) = c(t1,t2)V (t1 + t2)

for some complex numbers ¢(t1, t2).
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For an operator B € B(I's(Z)) we define
6 (B) = VOBV (1)"

Then [ is a 1-parameter group of x-automorphisms of the algebra of bounded

operators on the Fock space, pointwise continuous in the strong operator topology.

By a general theorem [BR], there exists a self-adjoint operator H such that
ﬂt(B) — eitH Be—itH .

H is defined uniquely up to an additive constant. We call it a van Hove Hamilton-

ian. It is easy to see that formally it is given by (2), which contains an arbitrary

constant c. One can ask if there is a natural choice of c. It turns out that there exist

two such natural choices. To describe them it is convenient (especially, if we want
to be rigorous) to use the unitary groups generated by van Hove Hamiltonians.

The following theorem describes the unitary group generated by van Hove
Hamiltonians of the first kind:

Theorem 1. Let

24 |Z(f)|2d .
/h(.$)<1|2(€)| €+/h,(§)21 h(§) $<o

i) = (i [ 0P S ae) v (@

Then

is a strongly continuous unitary group.

We define the type I van Hove Hamiltonian Hy to be the self-adjoint generator
of (4), that is Uy(t) = e!*H1. Formally,

Hi = /h(f)agagdﬁJr/E(§)a§d£+/z(§)a2df‘
It satisfies Q € DomHj, (|HiQ2) = 0.

Note that )
. z
inf spH; / G d¢,
(which can be —o0). The linear perturbation contained in (2) is an operator iff
[ 12(8)|2d¢ < oo, otherwise it is a quadratic form.
Another natural class of van Hove Hamiltonians is described in the following
theorem:

Theorem 2. Let

P, EGI.
/h(£)<1 h(§) 1£+/h(£)21 h%(€) &< oo )
Then in th(€)
=exp (i ] |z 2 SMES) C
ou(t) = e (i [ 120 7 ac ) vio )

is a strongly continuous unitary group.
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We define the type II van Hove Hamiltonian Hy to be the self-adjoint gener-
ator of (6), that is Upi(t) = €11, Formally,

Hi = /h,(g) <ag + %) <a5 + %) de.

It satisfies inf spHyp = 0.
Let us introduce the following unitary operator called sometimes the dressing
operator:

U :=exp <7a*(%) + a(%)) . (7)
Note that (7) is well defined iff
l2(&)1?
72(¢) d¢ < oo.

It intertwines Hyy and the free van Hove Hamiltonian:
HH = U/ h(f)a;agdf U*.

Hence, in this case Hyy has a ground state. Otherwise Hyr has no ground state.
Both H; and Hip are well defined iff

ok
/ G

Hy = Hy +/ |Z((%‘2d§ < 0.

and then

h

|2 ,, _ |2 .
/h(g><1 h(€) dE_-/h(g)Zl h(§) de=

then neither Hy nor Hyy is well defined.

Altogether we have 3 kinds of situations that lead to different infrared be-
haviors of the van Hove Hamiltonians. Likewise, we have 3 possible ultraviolet
behaviors. Thus, altogether we have 3 x 3 = 9 situations that lead to van Hove
Hamiltonians with distinct properties.

They are summarized in the Table on page 94.

In the literature, the analysis of the ultraviolet problem of van hove Hamil-
tonians can be found in [Be, Sch], following earlier treatments [vH, EP, To, GS].
The understanding of the infrared problem can be traced back to [BN], and then
was discussed in a series of papers [Ki|. Closely related problems of coherent rep-
resentations was discussed already in [Frie]. Nevertheless, it seems that [D] gives
the first complete treatment of this subject in the literature.

If
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2 = lzI? _
o Jof? < oo | Jemr =00 Sy e = o0
h>1 f L= < 00 g |2?
h>1"h h>1 RT <0
Hip defined
et B <00 e
gr. st. exists
l=f? Hip defined
Jha1 T =X 11 deltne
fh<1 |le\2 50 no gr. st.
2
f; - [Ed] 00 unbounded
v
f; - |2]2 < o0 from below
v
Hj defined H; defined infinite
pert. is pert. is not renormali-
an operator an operator zation

4. Scattering theory of van Hove Hamiltonians

The main goal of this section is a description of scattering theory for van Hove
Hamiltonians. It is based on [D]

Let us start with some remarks about scattering theory in an abstract setting
(see, e.g., [Ya, Kato, RS3]). Suppose we are given two self-adjoint operators: Hy
and H.

In the standard approach to scattering theory, which works, e.g., for 2-body
Schrédinger operators, the wave operators are defined by

QF i=s5— lim e o710, (8)
t—too
They satisfy Q*Hy = HQ* and are isometric. If RanQt = RanQ~, then the
scattering operator
S=Q™0"

is unitary and HyS = SHy.

Unfortunately, this approach does not work for van Hove Hamiltonians. Let
us describe an alternative, less-known approach to scattering theory.

Again, we start from two self-adjoint operators: Hy and H. We introduce the
unrenormalized Abelian wave operators:

ur 6\0
They satisfy QF Hy = HQZE but do not have to be isometric. Note that if the usual

ur ur
wave operators QF defined by (8) exist, then so do the unrenormalized Abelian
ones, and they coincide. However, (9) may exist even if the usual wave operators

do not.

OF .= s—lim 26/ e~ 2t HH (FitHo gy 9)
0
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Assume that the operators Z% := QX*Q* have a zero kernel. Then we can
define the renormalized Abelian wave operators

QF = QF (7%
+

They also satisfy QF Hy = HQE and are isometric.
If RanQ, = Ran(),,, then the renormalized scattering operator

mn’
— Ot*O—
Srn - an an

is unitary and HySy, = Sy Ho-

Note that the alternative approach is more suitable for quantum field theory
than the standard. In particular, as we will see, it works well in the case of van
Hove Hamiltonians.

Let

Hy :/h(f)aZaEdé,

i1 = [ merazacde + [Slercte + [ a(onias + | ‘Z}L(fé))lz

(In other words, H is a van Hove Hamiltonian of type II). Suppose that h has an
absolutely continuous spectrum and the assumption (5) is satisfied. Then it is not
difficult to show that the unrenormalized Abelian wave operators exist. One can
compute explicitly the wave and scattering operators:

Qf = 2'%U, OfF =U, Swm=1.

n

de.

where U is the dressing operator and

"z
h2(€)
Unfortunately, the scattering operator is trivial.
Note in parenthesis that scattering theory for operators similar but more
complicated than van Hove Hamiltonians can be quite interesting [DG1, DG2].

Z = exp

de.

5. Bogoliubov Hamiltonians

In this section we describe mathematical theory of Bogoliubov Hamiltonians fol-
lowing [BD]. Again, it is not obvious how to define those Hamiltonians. The expres-
sion (3) is not very convenient for their rigorous definition. In order to formulate
a definition that is natural and as general as possible, it is convenient to think
in terms of the classical phase space underlying the given bosonic Fock space. To
this end we need to recall some notions from linear algebra and the formalism of
second quantization.

Let Z be a complex Hilbert space. We will write Z for the space complex
conjugate to Z. The real vector space

Vi={(2,2) : 2€2}CZDZ
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equipped with a natural symplectic form
(Z],Z])W(Zz, 22) = Im(zl|zQ).

has the meaning of the dual of the classical phase space of the quantum system
described by the bosonic Fock space I's(Z).
For y = (2,%) € Y we define the corresponding Weyl operator

W(y) := oilo”()+ia)
Note that W (y1 )W (y2) = e~ 2¥19% W (y; + ys).
A map r on Y is called symplectic if
(ryn)w(ryz) = ywya.
For such r,
W (ry )W (ryz) = e 20599 W (r(y: + o)),

and thus the commutation relations of Weyl operators are preserved.
Every linear map r on Y can be uniquely extended to a complex linear map
on Z @ Z and written as
=]
q p

p'p—q'q=1, —-p'q+q¢p=0,
pp*—q¢" =1, qp* —pg" =0.

r is symplectic iff

We have the decomposition

L]l ]

with symmetric operators d := ¢p~ !, ¢ := p~'q. (We say that d is a symmetric

operator iff d =d".)
Theorem 3 (Shale Theorem). [Sh] Let r be symplectic. There exists a unitary U,
which we call a Bogoliubov implementer, such that
UWU* =W(ry), ye,
iff Trq*q < oo.
The map B(I's(Z)) > A — UAU*, where U is a Bogoliubov implementer,
will be called a Bogoliubov automorphism. For a given r, a Bogoliubov implementer

is determined up to a phase. There exists a distinguished choice, denoted Upag,
satisfying (Q|Unat©2) > 0, given by

Unat = | dctpp*‘f% e~ 207 (d) r(pe) exale)
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An important role in our considerations will be played by strongly continuous
1-parameter groups of symplectic transformations. If R 3 ¢ — r(t) is such a group,
we introduce the maps ¢ — p(t), q(t) defined by

_ | p@® a®)
=5 5 | (10
If h is a self-adjoint operator on Z and ¢ is a bounded symmetric operator
from Z to Z then L
. g
r(t) = expit [ 7 h } (11)
is a 1-parameter symplectic group.

Let us consider for a while the case of finite-dimensional Z. In this case theory
of Bogoliubov Hamiltonians, while not quite trivial, is well understood. (We still
keep the notation Z = L?(Z), but now = has to be a finite set and the integration
over Z is just summation.)

Clearly, in finite dimension every continuous 1-parameter symplectic group
is of the form (11). Consider a classical quadratic Hamiltonian

H(z,z2) = /h(€)3525d5
+5 [o6Omezedsa + 5 [ 916 &)zezeacas

It is a function on the classical phase space
Vi={(z2) : z€ 2} CZ Z.
The Weyl quantization of H(Z, z) equals

1 1
1= [ @azacds + 5 [ n@)acazae
45 [ ot atagaa + 5 [ (6 ¢acagacag

and corresponds to the choice of ¢ in (3) given by

1 1
c=3 /h(g,g)dg = iTrh7
H is essentially self-adjoint on finite particle vectors. We have
eitH _ (detp(t))fé e—éa*(d(t)) F(p(t)*—l) e%a(c(t)) .
Note that the set of operators of the form
(detp)’% e~2a"(d) F(p*’l)e%"(“) (12)

is closed wrt the multiplication. It is called the metaplectic group Mp(Y).

Let us now relax the condition dim Z < oo and ask about possible general-
izations of the above construction to the case of an arbitrary number of degrees
of freedom. Clearly, (12) is well defined provided that p — 1 is trace class, or
equivalently, » — 1 is trace class. The set of operators of this form is also closed



98 J. Derezinski

wrt multiplication. Thus, as noticed by Lundberg, the metaplectic group can be
defined also in the case of an infinite number of degrees of freedom.

We say that a strongly continuous 1-parameter group of symplectic trans-
formations ¢ — r(t) is implementable iff there exists a strongly continuous 1-
parameter unitary group t — U(t), called the implementing unitary group, such
that

UOW U t) =W(rt)y), yel. (13)

Only now, after so much preparation, we introduce the rigorous definition of
a Bogoliubov Hamiltonian: A self-adjoint operator H is called a Bogoliubov Hamil-
tonian if there exists a 1-parameter strongly-continuous implementable symplectic
group ¢ — r(t) such that H := 7'1% U(t) o’ where ¢ — U(t) is its implementing
unitary group.

The following theorem is proven in [BD]:
Theorem 4. t — 7(t) is implementable iff Trq*(t)q(t) < oo and
thH(l) Trq*(t)q(t) = 0.

Once again, given an implementable Bogoliubov dynamics we have a 1-
parameter family of Hamiltonians, formally differing by the constant ¢. We would
like to discuss some of their natural choices.

Let us describe our first choice. Let ¢ +— 7(t) be an implementable symplectic
group. Let p(t) be defined by (10). We say that ¢ — 7(t) is of type Iiff %p(t)‘ =

t=0

ih, p(t) e~ —1 is trace class and ||p(t) e7*" —1||; — 0.

Theorem 5. In the type I case

1

Ur(t) := det(p(t) e~ ") "2 &= 3 OV D(p(t) 1) exe(el)
is a strongly continuous 1-parameter unitary group.

A type I Bogoliubov Hamiltonian is defined as
.d
HI = 7IEUI(t)‘t=O'

Let t — 7(t) be implementable. We say that it is of type ITiff the implementing
1-parameter group has a generator, which is bounded from below. In this case we
define the type II Hamiltonian to be

d
Hyp = —i—=Un(t .
=i
such that inf spHyr = 0 and Uri(t) implements 7(t).

For a finite number of degrees of freedom it is easy to see that we have a
complete characterization of type I and IT Bogoliubov Hamiltonians:
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Theorem 6. Let Z be finite dimensional. Then
(1) 7(t) is always type I and

Hy = dT'(h) + %a*(g) + %a(g)-

(2) r(t) is type I iff its classical Hamiltonian is positive definite
1 1
zZhz + 525]2-&- 52?]2 >0,

and then

1 s _ 1/2 i
B h"—gg hg—gh ( ) 0>
Hy=H—-T 9 -
11 - <hggh 1 — g5 0 h

In the case of an infinite number of degrees of freedom, our results about
Bogoliubov Hamiltonians are only partial. Let us give some examples taken from
[BD]:

Theorem 7. Let g be Hilbert-Schmidt. Then

Hy=dI'(h) + %a*(g) + %a(g)
is essentially self-adjoint on the algebraic Fock space over Dom(h) and et im-
plements r(t) given by (11).
Theorem 8. Let h be positive,
1h= 2002 gllrz(z) <1,
Hh_I/ZQHB(Zz) < 0.

Then La*(g)+3alg) is relatively dI'(h)-bounded with the bound less than 1. There-
fore, in this case, both the type 1 and type 11 Bogoliubov Hamiltonians are well
defined.

There is one class of Bogoliubov Hamiltonians, that we were able to analyze
rather completely: those satisfying the condition gh = hg. In this case, without
loss of generality we can assume that they are diagonal in a common orthonormal
basis eq, e2,...:

hen = hpen, hn €R; gén = gnen, gn €C.
We will say that such Hamiltonians are diagonalizable.
Theorem 9. [BD] Suppose h, g are diagonalizable in the above sense.
(1) 7(t) is well defined iff for some b, a < 1, |gn| < alhn| +b.

(2) r(t) is implementable iff 3, l‘i"; < 00.
n "

2

(3) r(t) is type I iff > 1‘fl",ln‘ < o0.

2
(4) r(t) is type I iff |gn| < hn and > h‘fjr‘h% < 00.
n
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Theorem 9 shows that there exist implementable 1-parameter symplectic
groups, which are not type II, even though their classical Hamiltonian is positive
definite. Thus there exist Bogoliubov Hamiltonians unbounded from below with
positive classical symbols. This is an example of an interesting infrared behavior
of Bogoliubov Hamiltonians.

Theorem 9 shows also that there exist implementable 1-parameter symplectic
groups, which are not type I. This means that, in order to express them in terms of
creation and annihilation operators, one needs to add an infinite constant — perform
an appropriate renormalization. This is an example of an interesting ultraviolet
behavior of Bogoliubov Hamiltonians.

There remain various open questions concerning Bogoliubov Hamiltonians.
For instance, it would be interesting to give sufficient and necessary conditions for
symplectic group r(¢) to be of type II in terms of its generator.

Note that Bogoliubov Hamiltonians were studied by various authors, among
them Friedrichs [Frie], Berezin [Be|, Ruijsenaars [Rul, Ru2], Araki and his collab-
orators [A, AY], Matsui and Shimada [MS], Ito and Hiroshima [IH]. Nevertheless,
the approach contained [BD], briefly described above, seems to be the most general
and flexible.
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Abstract. This paper investigates the existence of spectral gaps, and eigen-
values within these spectral gaps, for Jacobi matrices obtained by specific
types of oscillating perturbations of unbounded Jacobi matrices with smooth
weights. Some results on absolute continuity for such operators are also pre-
sented.
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1. Introduction

This paper investigates the spectral properties of a class of infinite Jacobi matrices
of the following form:

0 a 0 O
al 0 as 0 ..

C= 0 ay 0 a3z ... (1.1)
0 0 a3 O

Do ={x={z,} € ?:Czxc(*}

where it is assumed that for 0 < o« < 1 and all m» € N, a, > 0, a, = n® +
¢n. Additional conditions are then imposed on the perturbation sequence {cy},
specifically on the two difference sequences {ca,—1 — can} and {copt2 — can}, to
create a spectral gap. Under suitable conditions on the sequence {a,} results are
presented on the existence of a spectral gap, possible eigenvalues within the gap,
and the absolute continuity of the spectral measure outside the spectral gap. The
results in this paper are related to those in [3] where the difference sequence {c,,}
is periodic so that {can—1 — c2n} is a constant sequence and ca,42 = con. The
results below allow the perturbation sequence {c¢,} to be unbounded.
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The sequence {c¢,} may be bounded or unbounded. However, the conditions
imposed on the perturbation sequence {c,} will guarantee that the matrix opera-
tor C defined on the indicated maximal domain is a cyclic, self-adjoint operator.
Specifically, Carleman’s condition ) -, ﬁ = oo will be satisfied. (See [1].) In
this case it follows from the spectral theorem that C is unitarily equivalent to a
multiplication operator M, : D — L?(u) defined on a dense subset D of L%(u1) by
M, : f(z) — af(z).

If C = [ AdE, is the spectral decomposition of C' then pu(8) = ||E(8)¢1]?
where ¢; is the first standard basis vector in ¢2. The vector ¢; is a cyclic vector
for C since a,, > 0. In general, the standard basis vectors {¢,} in £2 correspond
to a sequence of polynomials {P,(z)} in L?(;1) determined by the sequence {ay}
as follows:

IPn (z) - anflpn—l (I)

Qan

PIL+1 (:E) =

, n> 2.

There is a fairly extensive literature related to the study of bounded and un-
bounded Jacobi operators. See, for example, [9]. It should be noted that every
cyclic self-adjoint operator has a tridiagonal matrix representation with respect
to the basis generated by the cyclic vector. The diagonal entries vanish when the
spectrum is symmetric with respect to the origin. It should be possible, therefore,
to model various types of spectral behavior within this class of operators. Results
of this type are found, for example, in [3], [6], [7], [8] and [9].

2. Eigenvalues and spectral gaps

This section uses a lemma from [3] to establish the existence of a spectral gap,
and to count eigenvalues within the spectral gap, for a class of Jacobi operators of
type (1.1). Note that the perturbation sequence {¢,} may be unbounded. But the
conditions on the difference sequences imply that Y o | i = o0 so that the corre-
sponding Jacobi operator is self-adjoint. (Sufficient conditions for self-adjointness
can be found in [1].)

Theorem 2.1. For 0 < o <1, let ap, = n® +c¢,, n=1,2,..., where the sequence
{cn} is chosen so that ¢, > 0, and the two difference sequences {can — Con—2}
(with ¢o = 0), and {can—1 — con} are non-negative, bounded and increasing for
n >N > 1. If p = lim p, where p, = cap — Con—2 and w = lim w,, where
Wy, = Cop—1 — Cap, then (—w — g, w + g) is a gap in the essential spectrum for
the operator C defined in (1.1). The interval (—(wn + %), (wn + 5+)) forn >N,
contains at most 2n — 1 eigenvalues.

Proof. It was shown in [3] that if C' = [ AdE\ and ¢ € D¢ such that E(0, c0)¢ = 1
(or E(—00,0)y) = ¢), and if ¢, = (1, ¢,), then it follows that Y o0, 3, =
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o2 %3, 1. For such a vector #, it is also true that E(0,00)Cy = C¢ (or
E(—00,0)C = C). Thus

(Cep, Cb)

N =

1
5 <02¢7 1/1> =

|azk—1tok—1 + azkibari1]?

8

=
Il
—

|ask—1%or—1 + azitbori1|?

T
=z

[((2k — 1) + cor—1)tor—1 + ((2k)* + con)tbar41]?

o

i
&

o

[((2k — 1)™ + car)ar—1 + ((2k)* + cak)ak+1

=
=z

Con—1 — Cop)Vap—1*

+

= D 12k = 1) + cor)ar—1 + ((26)* + cor) ¥y [

=N
+ 3 2(can-1 — ) [((2k — )™ + car)ar1

k=N
+ ((20) + cor)ariaon—1 + D (cor1 = cor) Y3y

k=N
The right-hand side will now be viewed as a sum S; + S2, where S; =

S n 2k — 1) + cop)har—1 + ((2k) + cor)b2s41|?. Lower bounds will be given
for each of these two pieces. Then

> + Cop
S=3 ((% —1)e 4 M) Bt + ((2K)™ + con) o
k=N

2
+ (70% k2 ar—1]?
2
> Cok + Cak 2
= Z '((Qk -1)*+ %) Yak—1 + ((2k)Y + cor)h2k+1
k=N
o [ Cop — Cop—2 Col + Cop—2
2 _ 2k — 1) 4 —————= _
+ k:ZN( ) ) K( )"+ 3 )1/1219 1

oo ot — Con )2
+((2k)" + car)Varr1] Yor—1 + Z wwgkfl
k=N
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o0
Cok — C2k—2 Cok + Cop—2
5 (e [ ey 2t g,

k=N

-2 Z <w> ((2k)* + car) <%w§k+1 + %¢gk—1>

k=N
oo c c 2
2k — C2k—2 2
§ 7/)21671
2
=N

+

k
. [ cor — Can—a o 1 a "2k2

>2 ) () (k-1 - 520+ By
k=N
- Cokg—2 — C2k—4 1

= (f) ((2k = 2)" + ea2) V3

k=N+1

0o 2

Co — C2k—2

N C=CN

k=N

Since it was assumed that {car, — cox—2}, k¥ > N > 1 is an increasing sequence, it
follows that

sz Y () (- - Jone - Jer-2)

k=N+1

oo c c 2
2k — C2k—2 2
5 ()
k=N
S

2
Cofp — C2k—2 2
= Z (72 ) Yop_1-
k=N

It now remains to determine a lower bound for Ss. The strategy is similar to
that used above.

o]

Sy = Z 2(car—1 — c21)[((2k — 1) + car)ar—1 + ((2k)* + car)V2k+1]|P2k—1
k=N
+ Z (con—1 — cor)* 3y
k=N
> Z 2(car—1 — c21)((2k — 1) + cor )by
k=N
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= 1
> Z 2(cor—1 — Cak) ((Qk = )%+ cop — - (2k)" — <’2k> Va1
k=N 2

oo
1
=2 ) (cor-3—ca2)((2k—2)" + CZk—2)§¢§k_1
E=N+1

+ Z (con—1 — cor )31

k=N
Since it was assumed that {cox—1 — car}, ¥ > N > 1, is an increasing sequence,

o]

Sy > Z 2(cak—1 — cak)
k=N+1
1. 1 1 1
X <(2k —1)* - 5(Qk) r 5(2k —2)% 4+ 502k — 5(:%,2) ¥

+ 2(can—1 — C2n)

1 1 1 1
X ((2N - 1)Q - 5(2]\’)& - 5(2]\/ - 2)(1 + §CQN - §CQN,2> 71’%1\/71

oo
+ ) (eanmt — can)* ¥y

k=N
oo oo
2 Z (car—1 — car)(con — CQk—Q)wgkfl + Z (cok-1— C2k)2'¢'§k—1'
k=N k=N

o]

2
—(02¢ )25 +52 2 Z [ . CZk ) | (cak—1 = Czk)] Yk

> (%V +wN> Z w%;H-
k=N
Also, if (1, ¢1) =0, (1, ¢3) =0,..., (1), dan_1) = 0 for n. > N, then
1 n P
5(CP0) > (pz“ +wn+1> > s

k=n-+1
and it follows that (C2,¢) = |C||* > (25 + wn1)?[|9]|*. This argument does
not apply to an eigenvector corresponding to a zero eigenvalue (when such an
eigenvector exists). It does show that for n > N, C? has at most n — 1 non-zero
eigenvalues in the interval (0, (wy+ 5+)?) and thus leads to the conclusion that for
n >N, (=(wn+ ), (wn+5)) is a gap in the essential spectrum of the operator
C' containing at most 2n — 1 eigenvalues.

Corollary 2.2. For 0 < a <1, let ap, =n*+c,, n=1,2,..., where the sequence
{cn} is chosen so that ¢, > 0. Suppose that for n > N > 1, co, — cop—2 = p with
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p>0, and cop—1 — cor = w withw > 0. If p4+w >0, then (—(w+5), (w+5)) is
a gap in the essential spectrum containing at most 2N — 1 eigenvalues.

It is easy to adapt the proof of the previous theorem to establish the following
result, which allows c2 to be negative if 0 < o < 1.

Theorem 2.3. For 0 < a <1, let a, = n“ +¢p, n=1,2,..., where the sequence
{cn} is chosen so that ca > —(2—2%), con = Con—2z forn > 2, and {can—1—C2n 152,
is non-negative, bounded and increasing. If w, = infy>y (cok—1—Cak) = Con—1—Con,
and w = lim wy, then (—w,w) is a gap in the essential spectrum. The interval
(—wn, wy) contains at most (2n — 1) eigenvalues.

Proof. In this case the argument used in the previous proof shows that

o0
51 = Z [((2k — 1)* + can)an—1 + ((2k)* + cop)t2t1|* > 0
k=1
and that

oo
Sy > Z(Cqu - C2k)21/}22>k717
k=1

and hence that (—wy, wy) is a gap in the essential spectrum containing at most
(2n — 1) eigenvalues.

Corollary 2.4. If cop — co—2 = 0, k > 2, co > —(2 —2%), and cop—1 — co, =
w>0, k=1,2,... then (—w, w) is a gap in the essential spectrum containing no
nonzero eigenvalues.

In the following result, a spectral gap is created by choosing the perturbation
sequence {cy, } so that the difference sequences {can—1 — cant1} and {can — con—1}
are decreasing.

Theorem 2.5. For 0 < o <1, let ap, = n“ +c¢,, n=1,2,..., where the sequence
{cn} is chosen so that an, > 0 for all n, and the two difference sequences {can—1 —
Cont1} for n > N, and {cap, — can—1} for n > N, are non-negative, bounded and
decreasing. If p = inf,(con—1 — cont+1) and w = inf,(cap — cop—1), and p > 0 or
w >0, then (—(w+ %), (w4 §)) is a gap in the essential spectrum containing at
most 2N + 1 eigenvalues.

Proof. As in the proof of the previous theorem, choose ¢ € D¢ such that
E(0,00)p=¢ (o B(—o0,0) = ).
Then if ¢, = (¢, ¢,) it follows that

(o ] oo
2 2
Z Yon = Z Yon_1-
n=1 n=1
For such a vector v it is also true that

E(0,00)C% = C¢ (or E(—00,0)C¢ = Cv).
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Thus

S(C%,4) = (Cv,Cy)

N | =

o0
= Z lask—1%2k_1 + aoptoprs|?

x>~
Il
A

lazk—1tok—1 + azktopi1]?

i
z

[((2k = 1)™ + cap—1)tbar—1 + ((2k)* + con)ors1 |

ot

=~
Il
z

[((2k — 1) + can—1)2r—1 + ((2k)" + con—1)¥2r11

b

i
z

(cor — con—1)2n41]?

((2k — D)™ + cop—1)%an—1 + ((2k)* + car—1)Vars1 |

Mg 4

k

Il
z

+ Z 2(car, — car—1)[((2k — 1)* + cor—1)thar—1
k=N

+ ((2k)Y + cop—1)V2k+1]V20+1 + Z (car — C2k71)21/f%k+1-
k=N

The right-hand side will now be viewed as a sum Sy + Sy, where S; =
ZzO:N ‘((Q,Ii — 1)(1 + C2k—1)w2k—1 + ((Qk)a + CQk—l)w2k+1|2~ Lower bounds will be
found for each of these two pieces which will lead to the stated result.

oo
g + _
S1 = Z ‘((Qk — 1)+ cop—1)V2r—1 + <(2k)" + Cohil T O%k-L 3 2k 1) Yokt1
2

C2k—1 — C2k+1
+ <%> Yok+1

2

> Cok—1 + C2k
‘((216 —1)% + cop—1)¢an—1 + <(2k)a + w> Yak+1
k=N

+2 k;v (%) [((2k — 1)® + cape1) W1

o, C2k—1tcC
+ <(2k) 4 2oL T Tk 3 2k+1>¢2k+ﬂ7/12k+1

> (e —c )2
+ Z C2k—1 “2k+1

2
Do
4 d2k+1

k=N
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oo
>9 Z C2k—1 ;02k+1> |:(2k)a i C2k—1 ; 02k+1j| ¢§k+1
k=N

o0
Cok_1 — Cok o 1 1
-2 Z (%) ((2k = 1)* + c2-1) <5¢§k—1 + id}§k+1>
k=N
i (021«71 - 52k+1)2 2

+ 1 VIks1
k=N
2. [ Cor1 — Copt1 o 1 o | C2k+1
>2 Y (@ opye - Liop 1y g 2t lyg,
k=N

- C2k—1 — C2k+1 1
- 2];\, < D) ) [(2k —1)* + C2k‘*1]§'¢'§k—1

0 2
(02k71 - 62k+1) 2

E Y Vakt1

k=N

([ Cok—1 — Cokt1 o L. o | C2k+1
zzz(f) [k = o - 2

k=

— 1
_9 Z <M> [(2k + 1) +02k+1]§¢§k+1

k=N-1

+

+ i (02k71 - 62k+1)2 2

1 Vaptr-
k=N

Using the fact that {c2,—1 — cant1} is a non-negative decreasing sequence, it
follows that

> Cok—1 — C 1 1
5 22 (%) [(2&:)&—5(%—1)—5(2“1)& W
k=N

(can—1 — can1)[(2N = 1)* + con 1]y

© . . 2
+ (CQk—l - C2k+1) 2
D E . THEE
k=N

l\D\»—A

The strategy for determining a lower bound for S is similar.

]38

Sy = 2(car, — con—1)[((2k — 1)* + con—1)t2r—1 + ((2k)* + cor—1)V2k+1]|Y2k+1

k

Il
=z

o0
+ Z (c2k — c2r-1)* V3 is
k=N
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> )" 2(can — k1) ((20)* + car1)¥3p 1
k=N

oo
N 1 1
-2 Z cak = cak-1)((2k = 1)% + c2p-1) [§¢§k+1 + 51@_1}

+ ) ek — car1)?V3hpy

Mh

Il
=z

>2

(e .

1 1
(cak — car—1) <(2k)a + 3C2k-1 = 5(2/? - 1)a> Yt

k

Il
2

> 1
-2 Z Cort2 — Cokt1) (2K + 1) + Czk+1)§¢§k+1
k=N-1

+ Z (Cor — Con—1)*12ps1-
=N

Since it was assumed that {ca, — c2n—1} is a decreasing sequence for n > N,
it follows that

S > —(can — can—1)[(2N — 1)® + cony 1 |¥03n_y

+2 Z (o — Cor—1)

k=N

1 1 1 1
X ((2k) + scapo1 — 5(2k = 1) = S(2k + 1)* — Scapyr | Y3pa
2 2 2 2
=+ Z Cok — C2k— 1 1/)21c+1'
k=N

Combining the two pieces it follows that if (¢, ¢1) = 0,..., (¥, pan—1) =0
then (C?4,v) = |C||* > (§ +w)?||¢]|%. As in the proof of the previous theorem
this argument does not apply to an eigenvector corresponding to a zero eigenvalue
(when such an eigenvector exists). Hence it leads to the conclusion that (—(w +

£), (w+ %)) is a gap in the essential spectrum of the operator C' containing at
most 2N + 1 eigenvalues.

Corollary 2.6. For 0 < o < 1, let a,, = n* 4+ ¢, n=1,2,..., where the sequence
{cn} is chosen so that a,, > 0 for all n. Suppose that for n > N, cap—1 — cany1 = p
with p > 0, and cap —Con—1 = w withw > 0.If p > 0 or w > 0, then (—(w+5), (w+

g)) is a gap in the essential spectrum containing at most 2N+1 eigenvalues.
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3. Absolute continuity

This section presents some results on absolute continuity in the special case a = 1.

Theorem 3.1. Let a,, = n+ ¢y, n = 1,2,... where the sequence {c,} is chosen
so that for all n, a, > 0, for n > 2, cap, — con—2 = p, p > 0, and forn > 1,
Cop—1 — Cop =w, 0 <w < 1.

1. If027p+%(17w) >0, then (—w—14, w+%) is a gap in the essential spectrum
and the spectral “measure is absolutely continuous on (—o0,0) U (0,00).

2. If 14 co < §, then (—w — 5, w+ §) is a gap in the essential spectrum and
the spectral measure is absolutely continuous on (—00, —w — ) U (w+ §,00).
There exists a non-zero eigenvalue in the spectral gap.

Proof. Under these assumptions, the existence of the spectral gap follows from
Theorem 2.1 above. In addition, using the notation from Theorem 2.1 in [6], a =
ap=14¢; >0,and forn=1,2,....

0= agp — Agp—1 =1 — w,

d = agny1 — a2n = 1+ Cony1 — Cont2 + Cont2 — Con = 1+ p+w.

Since w = ¢1 — ¢g, it follows that a1 = 14+ w + ¢o. If co — p+ %(1 —w) > 0 then
a—d+ g > 0 and it follows from Theorem 2.1 in [6] that the spectral measure is
absolutely continuous on (—o0,0) U (0, 00). This establishes (i). To prove (ii), let
a=a; =7r(w+5), r> 0. Then from Theorem 2.1 in [6] it is sufficient to show
2
thata7d+g+%-%#>0.
o w 2

But a—d+2+2- L — w4 8) — (1+w+p) +1(1—w) + 5 (1+w+p).

Viewing the right-hand side as a function of r, it can be shown that the minimum

occurs when r = [II”%]% > 1. If 1+c¢ < 4, then 0 < r < 1, and in this case
2
£\2
a—d+ g + g . % > 0. This establishes absolute continuity outside the spectral

gap. It was shown in [6] that zero is an eigenvalue if and only if § > d. For the case
in question zero is not an eigenvalue. Note that A\=a; =1+c¢;=14+w+c2isa
root for Ps(N). If s(A) = {P,(\)} then the modified Wronskian W, (s(A), s(—A)) =
(—=1)"2an Py (A)P,(—A) has at least one node, and it follows from results in [11]
that the interval (—A, ) contains a non-zero eigenvalue.

Theorem 3.2. Let a, = n + ¢, n = 1,2,... where the sequence {c,} is chosen
so that for all n ap, > 0, can—1 — Cant1 = p with p > 0, cap — Con—1 = w with
0<w<1—p. Ifcy +p+%w+% > 0 then (—w—15, w+%) is a gap in the essential
spectrum, and the spectral measure is absolutely continuous on (—oo,0) U (0, 00).
Proof. Tt follows from Theorem 2.5 above that (~w — 5, w + §) is a gap in the
essential spectrum containing at most 3 eigenvalues. Theorem 2.1 in [6] again
leads to a result on absolute continuity. Using the notation from Theorem 2.1
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inf6l,a=a1=1+c¢; >0,and forn=1,2,....
5:a2nfa2n,1:1+w,
d=agnt1 —az2p =1+ Cont1 — Con—1+Con—1 —Con =1 —p —w.
It follows that
0 1 3 1
a7d+§:(1+01)7(17w7p)+§(1+w):cl+p+§w+§>O.

Thus it follows from Theorem 2.1 in [6] that the spectral measure is absolutely
continuous on (—oo, 0) U (0, 00).
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Abstract. We prove semi-classical estimates on moments of eigenvalues of the
Aharonov-Bohm operator in bounded two-dimensional domains. Moreover,
we present a counterexample to the generalized diamagnetic inequality which
was proposed by Erdés, Loss and Vougalter. Numerical studies complement
these results.
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1. Introduction
We shall study inequalities for the eigenvalues of the Aharonov-Bohm operator
H?:= (D —-alAp)?  in Ly(Q). (1.1)

Here Q C R? is a bounded domain, D := —iV and aA(z) := a|z|~2(—z2,21)7
is a vector potential generating an Aharonov-Bohm magnetic field with flux «
through the origin. We shall assume that this point belongs to the interior of the
simply-connected hull of Q and that a & Z, for otherwise aA can be gauged away.
On the boundary of  we impose Dirichlet boundary conditions. More precisely, the
operator (1.1) is defined through the closure of the quadratic form ||(D — aAg)u||?
on G5 () {0}).

Before stating our main results we would like to recall some well-known semi-
classical spectral asymptotics and estimates for the Dirichlet Laplacian —A® and
its magnetic version (D — A)2, A being an arbitrary vector potential. If Q2 is
bounded then the spectrum of —A® is discrete, and by a classical result due to
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Weyl (see, e.g., [ReS]) one has, as A — oo,
1 1
tr—AQ—AZN—// oA dede = ——— QAT (1.2
( 7~ G [ O =AY dmde = it )

for all v > 0. Note that the right-hand side involves the symbol |£|? on the phase
space Q x R2. The asymptotics (1.2) are accompanied by the estimate

Q 1
WAt A) <R [ (e Asas 9z ()

with a universal constant R, independent of  and A, and one is interested in
the sharp value of this constant R,. In view of (1.2) the sharp constant obviously
cannot be smaller than 1, and by an argument of Aizenman and Lieb [AL], it is
a non-increasing function of 4. Pélya [P] proved the estimate (1.3) for v = 0 with
constant 1 under the additional assumption that Q is a tiling domain. His famous
conjecture that this is true for arbitrary domains is still unproved. Berezin [B1]
and independently Li and Yau [LiY] (see also [La]) proved (1.3) for v > 1 with the
sharp constant R, = 1. This also yields the so far best-known bound on the sharp
constant for v = 0, namely Ry < 2. Indeed,

1
(=A% =02 < (u- )T er(-AT ) < (- ATl > A (1)

and the claim follows by optimization with respect to ;. We note that the estimate
(1.3) for v = 0 and v = 1 is closely related to the estimates

N
AL > podn|QTIN and Z)\? > p127|Q 71N
j=1

for the eigenvalues )\g-l of the operator —A®. The form (1.3), however, shows the
close connection with the Lieb-Thirring inequality, see [LT] and also the review
article [LaW2].

We now turn to the ‘magnetic’ analog of (1.3), i.e., where —A% is replaced by
the Dirichlet realization of the operator (D —A)2 in Ly(€2) and A is a (sufficiently
regular) magnetic vector potential. Note that the value of the right-hand side in
(1.3) does not change if £ is replaced by & — A(z). Hence one is interested in the
estimate

(D — A)3 — A) < R (2;)2 / /ﬂ (- dmde az00 (1)

with a universal constant RY'*® independent of 2, A and A. It is a consequence
of the sharp Lieb-Thirring inequality by Laptev and Weidl [LaW1] that RY*& =1
for v > 3. Not much is known about (1.5) in the case v < 3. The Laptev-Weidl
result and an argument similar to (1.4) yield the (probably non-sharp) estimate
RMa8 < (3)3/2(y/(y +1))7 for v < 3. For v = 0 and v = 1 in particular one finds
the values 2.1517 and 1.0758, respectively. In [ELoV] the estimate (1.5) is shown
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to hold for v > 1 with constant 1 in the special case of a homogeneous magnetic
field
B
Az) = 5(—1'2,:1;1)T. (1.6)

It was recently shown in [FLoW] that (1.5) does not hold with constant 1 if
0 < v < 1, not even when Q is tiling. Moreover, the authors determined the
optimal constant such that (1.5) holds for all A and all Q under the constraint
that A is given by (1.6).

In this paper we shall consider A corresponding to an Aharonov-Bohm mag-
netic field and we shall prove the estimate

W A < Oy [ (P -Adras a1 )

with a constant C,(c) given explicitly in terms of Bessel functions. Even though
our bound is probably not sharp, it improves upon the previously known estimates.
Indeed, numerical evaluation of our constant shows that (1.7) holds for all o with
constants Cp(a) = 1.0540 and Cy(a) = 1.0224 if v = 0 and 1, respectively, see
Section 4. We complement our analytical results with a numerical study of the
eigenvalue of the operator (1.1) for five domains: a disc, a square and three different
annuli. In all cases the estimate (1.7) seems to be valid with constant 1. We
refer to Section 5 and Figures 1-10 for a detailed account of the outcome of our
experiments.

For the proof of our eigenvalue estimate we proceed similarly as in [ELoV].
Indeed, by the Berezin-Lieb inequality, (1.7) is an immediate consequence of the
generalized diamagnetic inequality

trxo(Ha—A) xa < Ry(a) tr xa(—A—A)Y xa for all bounded Q C R2. (1.8)

Here H, := Hy denotes the Aharonov-Bohm operator in the whole space. In
[ELoV] an analogous estimate was proved in the case (1.6) with constant 1 when
~ > 1. The authors conjectured that such an inequality is not true for an arbitrary
magnetic field, but their counterexample contains a gap; the condition 2) on p. 905
can not be satisfied by a non-trivial radial vector field, as it was first pointed out
by M. Solomyak. This gap can be removed by a minor change in the argument,
since the assumption of radial symmetry is not essential in the proof [ELo]. In
the present paper we show that (1.8) does not hold with constant 1 in the case of
the Aharonov-Bohm operator. We feel that our example is of independent interest
and sheds some light on the particularities of the Aharonov-Bohm operator. We
even calculate the sharp constant in (1.8), see Theorem 3.1. We establish this by
a thorough study of the local spectral density of the operator H,, see Section 2.

We mention in closing the papers [BaEvLe|, [EKF], [H], [MOR], where Lieb-
Thirring estimates for the Schrédinger operator H, + V' were obtained. Our esti-
mates can be seen as a refinement of these estimates in the special case where the
potential V' is equal to a negative constant —A inside and equal to infinity outside
a bounded domain Q C R2.
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2. The Aharonov-Bohm operator in the whole space

2.1. Diagonalization

In this section we recall some well-known facts about the Aharonov-Bohm operator
in the whole space, see, e.g., [AhBo], [Ru]. We denote by H, the self-adjoint
operator in Lo(R?) associated with the closure of the quadratic form

/R (D — aAo)ul?de,  ue C(R2\ {0}).

Here D := —iV, Ag(z) := |2|"2(~22,71)T and a € R. Moreover, J, denotes,
as usual, the Bessel function of the first kind of order v, see [AbSt]. With polar
coordinates x = |z|(cos ;,sin 6,) and similarly for &, we define

1 in(f0¢ —
Falgow) =53 Jin-al(€llee™ @), gz e R

nez
and put
(Fou)(€ /]—'fzu )da, ¢ e R?

for u € C§°(R?). Note that Fo(&,z) = (2m)"le ™ [AbSt, 9.1.41], so Fo is the
ordinary Fourier transform, which diagonalizes Hy = —A. Similarly, one has

Lemma 2.1. For any a € R, F, extends to a unitary operator in Lo(R?) and
diagonalizes H,, i.e.,

(Faf(Ha)u)(§) = FUEP) (Fau)(©),  €€R?
for any u € La(R?) and f € Loo(R).

We sketch a proof of this assertion for the sake of completeness.

Proof. The orthogonal decomposition

L®) =@ 90 = {2l 29z : g€ LRy},

nez

reduces H,. The part of H, in $),, is unitarily equivalent to the operator
d? n—a)?-1/4
E =) -1/
dr? r2
which is defined as the Friedrichs extension of the corresponding differential ex-
pression on C§°(Ry). (We emphasize that in our notation Ry means the open
interval (0, 00).) The operator

Rip—al = — in Lo(Ry),

(Bg)(k) = R ik, (rk)g(r) dr,  k ERy,

initially defined for g € C§°(R4), extends to a unitary operator in Ly(R) and
diagonalizes h,, i.e.,

(@uf(h)g)(k) = F(K*)(@ug)(K), Kk €Ry,
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for any g € Ly(R4+) and f € Loo(R) [Ti, Ch. VIII]. The assertion of the lemma is
a simple consequence of these facts. O

The proof of the preceding lemma shows in particular that the operators
H, and H.,, with m € Z are unitarily equivalent via multiplication by e*™%=
(a gauge transformation). Hence, without loss of generality we shall assume that
0<a<l.

Lemma 2.1 implies that f(H,), at least formally, is an integral operator with
integral kernel

FH)w9) = [ Fale fS)Fa €. de

1 %0 o
= 5r X | T (lal) T i~k

neL
1 © o
== / PO il (V] T (VA )™ =0 .
nez’0

On the diagonal this is

f(H)w0) = 1 [ TVl (2.1
where
palt) =Y Jh ),  t>0. (2.2)
neL

In particular, ﬁ pa(VX|z]) is the local spectral density at energy . In the following
subsection we collect some basic information about this function, and in Subsec-
tions 2.3 and 2.5 we prove some results about the precise asymptotic behavior of
(2.1) as || — oo for special choices of functions f. This will allow us to prove that
the generalized diamagnetic inequality is violated.

2.2. The spectral density

Our results are based on a detailed study of the function p, from (2.2). We note
that if & = 0 then pg = 1 by [AbSt, 9.1.76]. An expression in terms of elementary
functions is also available [AbSt, 5.2.15] for a = 1/2,

2 [?sins
t)=— ——ds. 2.3
p1/2(t) ”/o s (2.3)

Ast — 00, p1/2(t) tends to 1 in an oscillating manner. As we shall see, this behavior
appears for all 0 < o < 1. The starting point of our study of p, with non-trivial
flux « is the following

Lemma 2.2. For any 0 < a < 1, py is a smooth function on Ry with pa(0) = 0,
palt) = 1 ast — oo and

(@) = Ja)Jaz1(t) + Ji—a(t)J_a(t), t>0. (2.4)
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Proof. By [Lu, 11.2(10)] and [AbSt, 11.4.42] one has, for all ¢ > 0,
ot
ult) = [ U(5)Ias(8) + Hoal9)-a(s) s
0

— 1 [ Va9 ana(s) 4 Sl ale) ds,
t
which implies the assertion. O

Our next result will not be needed in the sequel, but it helps to clarify the
behavior of p, and demonstrates the methods which we shall use later on.

Lemma 2.3. Let 0 < a<1. Ast — oo,

sin am cos 2t

palt) =1— +0(t2).

Proof. The asymptotics [AbSt, 9.2.5]

2 T oum 42 —1 . T oum s
J,,(t)—\/ﬁ<cos<t7277)f Py sm(thf?)JrO(t )),

the formula (2.4) and elementary manipulations show that

2 200 — 1)?sina s 2t
o (t) = s <sin amsin 2t + (20 — 1)7sina cos + O(t_2)> .

4 t

Using that pa(t) = 1 — [;~ pl,(s)ds by Lemma 2.2, we obtain the assertion by
repeated integration by parts. O

2.3. Moments of the spectral density
For any v > —1 let us define

Oanq (1) = /0 (1 = A) pa(VAr)dA, r > 0. (2.5)

We are interested in the asymptotic behavior of this quantity or, more precisely,
in the way it approaches its limit.

Theorem 2.4. Let 0 <a <1 andy> —1. Asr — oo,

1 sin ar sin(2r — %WW) L3y
Gan(r) = 7g ~TO+ D= 5= + 0.
For the proof we note that by Lemma 2.2 and dominated convergence
! 1
7121010 Tan(r) = /0 (1=XN)7d\= P

In view of

1 o0
Oay(r) = TF1 —/ To(8)ds,
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Theorem 2.4 follows via integration by parts from
Proposition 2.5. Let 0 < a <1 and v > —1. Asr — oo,

I(y+1)sinar T\ di o —2
aw() — (—2005(27‘—7)—7sln(2r—7)+(9(r )
(2.6)

where dy = (1 —4((yv + £)? + (1 — 20)?).

We defer the rather technical proof of this proposition to the following sub-
section. We would like to point out that (2.6) can be proved in an elementary way if
a= % due to the formula (2.3). Indeed, if we simplify further by taking v = 1, then

1 1
012, (r) = 3/0 (1 — N sin(2VAr) dA = % /0 k(1 — k%) sin 2kr dk

™

2 (sin2r  3cos2r _4
,f< S o ))

by integration by parts. This is (2.6) in this special case.

s

2.4. Proof of Proposition 2.5
We shall need

Lemma 2.6. Let v > —1/2 and v > —1. Then

1 1
/ Jus172(kr) 1 o (kr)k? (1 — k*)Y dk = c.y/ Joy (2kr) k(1 — K27+ 24k
0 0

with
e LIO+D
TTVRIG Y

Proof. By virtue of the series representations [AbSt, 9.1.10, 9.1.14] for a > 0,

AR (=1)"T'(2a + 2n) )"
Ja®)a-1(t) = <2> ;n!F(a+n)F(a+n+1)F(2a+n) (2) ’

the statement is equivalent to

o 20—1 2 (—1)™(r/2)>"T(2v + 2n) N ,
(5) nzn!F(2u+n)r(u+n)r(y+n+1)/ RPN — k%)Y dk

(2.7)

Pl T (y+1 1)nr2n 1 o
VT F((7+ )anr 20 1) / B2 — K2 2k, (2.8)
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an equality which actually holds termwise. This follows by the beta function iden-
tity

! ' F(a) (8)
2/ E27H(1 — k)P Ldk :/ t“ 11— t)’~'dt = B(e, B
[ e O
and the duplication formula /7T'(2a) = 22*~'T'(a)l (a + &) [AbSt, 6.1.18]. O

Lemma 2.7. Let 8> 0 and —2 < v < 2. The following decomposition holds:

[ A 27 = fau0) 4 500 29)
where gg,—,(r) = —gg,,(r) and
Foulr) = g(—ﬁ_z <§>ﬁ“/2 {cos(r —r)+ Lsingr—r) 4 06|, 7o oo,
with
r0:=g<ﬁ+u+%) and dlzzé—ﬂzgyz. (2.10)

The function gg, has a power-like, non-oscillatory behavior at infinity and
dominates fg, when 8 > % Its odd parity with respect to v is, however, the

property vital to us, since it leads to a useful cancellation.

Proof. The left-hand side in (2.9) can be expressed as a generalized hypergeometric
function. Recall that for p,q € No, p < g and a1, ..., 0p,01,...,04 € R\ (—Np),

Q1,Q2,...,Q, o = (al)n(a2)n"‘(a1))nﬁ
w0 Z>‘Z%<ﬁl>n<ﬁz>n~wq>n TR

where (), =T'(a+n)/T'(a) =a(a+1)---(a+n—1). By [Lu, 13.3.2(10)],

-1 /2
/ T (kr)k(1 — £2)P~1dk = J,(rsin @) cos* 1 9 sin 6 d
0 0
B rT(B)(v/2+1) v/2+1 o
T DTB+r2+ ) P\ v+ LB +r/24+1 4 )

Next we use the asymptotics of the generalized hypergeometric function [Lu,
1.3.3(5, 7, 8, 13)],
T(v/2+1) " v/2+1 o
T+ DIB+v2+ )" 2\ v+1,8+v/2+1 4
il [N,
~— | Z dy, (ir) 7" 4 e7HrT) Zd” (—ir)
Zﬁ n=0 n=0
v(2/r)vt? 1+v/2,1—-v/2,1-8| 4
S F b 9 o N
+ 2T(5) 3to 72 )0 T — 00,
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with ro, di as in (2.10) and dg = 1. We emphasize that the ~ sign means equality in
the sense of asymptotic expansions, and that 3Fp is not a well-defined function but
denotes an asymptotic expansion. We define v~ 172gg ,(7) as a finite approximation
to 3Fp. Namely, let K denote the smallest non-negative integer such that 2K >
65— % and put

K

.0) = 5 o w20 = v -5, S (2)

n! r

n=0

This function is antisymmetric in v and
1
Foulr) = / T (kr)k(L — K27 dk — g, ()
0

_rT(B) (2/r)P TR T d i(r—ro) &
72'””76 do+g +e do*;

R R ()

:1;(_\2 <§>ﬁ+1/2 [do cos(r — o) + % sin(r — 7o) + (’)(rfz)}

as claimed. O

Now everything is in place for the

Proof of Proposition 2.5. By Lemmas 2.2 and 2.6,

1
ol (r) = 2/0 k21 — k27 pl (kr)dk

= 2/1(.Ia(kr)(la,1(kr) + Ji—a(kr)J_o(kr)E2 (1 — k*)"dk
0

1
= 2(:7/ (Joa—1(2kr) + J1_0a(2kr) k(1 — E2)Y+1/2dk
0
with ¢, from (2.7). Now we apply Lemma 2.7 with 8 =~ + 2 and v = +£(20 — 1).
Using the antisymmetry of g, we find that

U&‘W(T) = 2c, (f~,+3/2,2a71(T) + f’y+3/2,1—2n(T)) )

and the assertion follows after elementary manipulations from the asymptotics of
fs,v given in Lemma 2.7. O

2.5. The Laplace transform of the spectral density

In this subsection we are interested in the quantity
)
Oa,c0(r) = / e_’\pu(\[\r)d/\7 r>0.
0

Note that this is essentially the Laplace transform of the function p(v/*).
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Theorem 2.8. For all 0 < a < 1 the function o4, is strictly increasing from 0 to
1 on [0,00). In particular, 04,00(r) <1 for all 7 > 0.

This theorem shows that the oscillations we observed for o, , are no longer
present.

Proof. Since p, = p1—o and hence 0400 = 01-a,00, it suffices to treat the case
0 < a < 1/2. By the properties of p, (see Lemma 2.2) and dominated convergence
we get 0q,00(0) =0 and 04 ,00(r) — 1 as 7 — co. Again by Lemma 2.2,

Oy oo (1) = 2/0 k2 ol (kr)dke

-9 / g2 (Jo(kr)Jo_1(kr) + Ji_a(kr)J_o(kr)) dk,
0

—7~2>
-

1 3
- F 2
ot —a) 1( 2 - 2a

In the special case a = 1/2 we note that

2 1 2 2
U;/2,oo(r):ﬁlFl< 1 ’—T2> :ﬁe .

If 0 < @ < 1 we can apply the Kummer transformations [AbSt, 13.1.27] (note
1

2
5—0(

that 1 F1(a,b;2) = M(a,b, z) in [AbSt]) to get
L 2
e (5 7))

1-2a 1
/ 1-2a ,—r? 2 a—3
= F 2
Teoo(r) =T ¢ {7"2(1*2&)I‘(a) e < 2
By elementary properties of the gamma function this can be rewritten as
2 sin ar 1
Oty oo(T) = 77"172“67T2U <§ —a,2— 2a,r2>

and hence according to [Lu, 13.4.1(10)],

21—20 o+ 1
’ _ 12« 2
Taoo(r) =T {772(1‘2“>F(a)1F1 < %

+

where [AbSt, 13.1.3]

U is positive by the integral representation [AbSt, 13.2.5], and this proves the
theorem. |

1 T ! i "
Ul=z-a,2-20,7) = i 2
<2 @ “r ) sin 2am r2(1—2a) {F(% —a)l(2a) " ( 2

F2(1-20) 1_g
s e e FAN WP
(o — 3)T(2 - 20) 2 -2
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3. Counterexample to the generalized diamagnetic inequality

Following [ELoV] we consider the question: Which non-negative convex functions
 vanishing at infinity satisfy

tr xae(Ha)xa < trxap(—A)xa for all bounded domains Q C R?? (3.1)
By (2.1) the statement (3.1) is equivalent to the pointwise inequality

/oo ©N)pa(VAF) dX < /OO e(A)dX, for all r € [0, 00). (3.2)
0 0

Note that (3.1) is true for the family of functions p(\) = e™**, ¢ > 0; we shall prove
this (even with strict inequality) in Remark 3.2 below. Alternatively, it follows from
the ‘ordinary’ diamagnetic inequality (see, e.g., [HuS]),

|exp(—tHq)u| < exp(—t(—A))|ul a.e., u € Ly(R?),
and [S, Thm. 2.13], since
2

t
w41
2 2

We point out that the validity of (3.1) for ¢(\) = e, t > 0, actually implies
that it holds for any function of the form

o(\) = /0 T e tuydt, w0, (3.3)

In connection with a Berezin-Li-Yau-type inequality one is particularly inter-
ested in the functions

= trxo exp(—tHoa)Xa.

P = (A=A, =1 A0, (3.4)
Note that these functions cannot be expressed in the form (3.3).
Theorem 3.1. Let 0 < oo < 1 and let ¢ be given by (3.4) for somey > 1, A > 0.
Then the generalized diamagnetic inequality (3.1) is violated. More precisely, there

exist constants Cq,Cy > 0 (depending on « and vy, but not on A) such that for all
|lz| > C1ATY/2,

sin(2v/Alz| — 7) - AG=1)/2

SD(HCZ)(T' 1“) - W(—A)("L‘, .Z') + AQ«,’Y(A) ‘I|2+,Y = |I‘3+7 (35)

with Aa~(A) == (27)72A7/2T (v + 1) sin ar.

Proof. By (2.1) and the scaling A — A\,
+1

Pl ) = 2

where we used the notation (2.5). Note that ¢(—A)(z,z) = (4r(y + 1)) AY+L.
The expansion (3.5) is thus a consequence of Theorem 2.4. To prove that the
generalized diamagnetic inequality (3.1) is violated, one can consider the domains

1 41
| A=A o (VAN dr = S (VRRD, (30)
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Q, = {2z € R?: |VAlz| —rs| < €}, n € N, with r, := 7(n + (v — 1)) and
sufficiently small but fixed € > 0. It follows easily from (3.5) that (3.1) is violated
for all large n. O

Remark 3.2. The analogous statement (with the same proof) is valid for —1 <
~v < 1. Moreover, for exponential functions Theorem 2.8 implies that

1 AV a
exp(—tHy)(x, z) = It Pa (\/Xﬁ> d\ = yp taa <\ 7
is strictly less than (47t)~! = exp(—t(—A))(z, z).
The following substitute for (3.1) will be useful later on.

Proposition 3.3. Let 0 < a < 1 and let ¢ be given by (3.4) for some v > —1,
A > 0. Then for all open sets Q C R?

trxap(Ha)xe < By(a) trxop(—A)xe 3.7)
with
Ry(a) :=(y+1) sti%/o (1= A)pa(VAr) dA. (3.8)

Indeed, this is an immediate consequence of (3.6). This shows as well that
the right-hand side of (3.8) yields the sharp constant in (3.7).

Remark 3.4. The constant R, («) is strictly decreasing with respect to v. Indeed,
following [AL] we write, for v >+ > -1l and 0 <A <1,

1-X
Bly—+,Y +1)(1 =X = / (I=A=p) W= dpu
0

and find, for any r > 0,

B(y=+.9"+ 1)/ (1= 2)7pa(VAr) dA

0

:/01 </0H(1 = 1) pa (V) d/\> W dp

1 —, ! !
= [ VT = 0
0

where w(s) := fol(lf)\)V’pa(ﬁs) d\. Since w(s) < R/ (a)(y'+1)~! one concludes
that

1
Ry(a) < Ry(a)(y + ) (v + 1)B(y =+, 7 + 1) / (1= )" =" "ty
0

=Ry(@)(y' + 1) (v + DB(y =77 + 1)7'B(y = 7,7 +2) = Ry (a).
That this inequality is actually strict, follows from the fact that the supremum in
(3.8) is attained for some ry € (0,00) (see Theorem 2.4) and that w(rgy/1 — u) is
non-constant with respect to p.
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We close this section by giving numerical values for R, («). Note that

R, (o) =2(y+ 1) sup /O](l — k%) po(kr)k dk

r>0

1
:SllpT/ (1 — k2l (kr) dk
0

r>0

1
—supr / (1= B2 (k1) Tt (k1) + Ji (k)T (k7)) d.
r>0 0

The integral can be evaluated by some quadrature algorithm and by Theorem 2.4

the supremum is attained for finite 7. This allows us to compute approximate
values of R,(a) (= Ry(1 —a)),

| By(0.1) R,(02) R,(03) R,(04) R,(0.5)

1.01682 1.03262 1.04422 1.05151 1.05397
1.01027 1.02050 1.02781 1.03241 1.03395
1.00650 1.01351 1.01833 1.02138 1.02238
5 | 1.00417 1.00920 1.01250 1.01457 1.01524
v=2]1.00267 1.00642 1.00874 1.01019 1.01065

In addition to the monotonicity in y (see Remark 3.4) the constant R, (c) seems
to be strictly increasing in «, but we have not been able to prove this.

= 222
Il
I Fl= O

4. A magnetic Berezin-Li-Yau inequality

As in the introduction, let Q C R? be a bounded domain and define HS! in Lo(£2)
through the closure of the quadratic form (D — aAg)ul|? on C§°(2\ {0}). For
eigenvalue moments of this operator we shall prove

Theorem 4.1. Let 0 < a < 1,v>1 and Q C R? be a bounded domain such that
the operator HS has discrete spectrum. Then for any A > 0,

1

tr(H? — A)? —
= =D

T < Ry(a)

|Q|AYH (4.1)

with the constant R,(a) from (3.8).

As explained in the introduction,

1 1
— QA = 2_ AN ded
o = s [ (e — a2 deas

is the semi-classical approximation for tr(HS! — A)Y . Unfortunately, we can only
prove (4.1) with an excess factor R, (), which is strictly larger than one by The-
orem 2.4. Based on numerical calculations (see next section) we conjecture that
(4.1) should be valid with R, () = 1.
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Proof. We first note that
tr(HY — A)- < trxa(xaHaxa — A)-xo- (4.2)

Indeed, let (w;) be an orthonormal basis of eigenfunctions of H. Then the exten-
sion @; of w; by zero belongs to the form domain of xqH.xa and

tr(HS = A)- = > ((H = Mwj,w;)- = > ((xaHaxo — M), ;)

J J

<Y ((xaHaxa — A)-&;,&;) = tr xa(xaHaxa — A)-xa.
J

Now let ¢ be a convex function of the form p(A) = [(A — p)—w(u) dp for some
w > 0. Then it follows from (4.2) that

tro(H) < trxap(xaHaxa)xe,
and hence by the Berezin-Lieb inequality (see [B2], [L] and also [LaSal, [Lal),
tr(Hg) < trxap(xaHaxa)xe < trxo@(Ha)xa.

As already noted in Remark 3.4, the function p(\) = (A—A)7 is of the considered
form. Noting that in this case tr yo@(—A)xa = (47(y+1))"HQJAY T, the assertion
follows from Proposition 3.3. O

5. Numerical experiments

5.1. Numerical evaluation of the magnetic Berezin-Li-Yau constant

In this section we present a numerical study, somewhat in the spirit of [LT, Ap-
pendix A], of the constant R, («) appearing in (4.1) for HS on various domains.
We consider the unit disc, a square and three annuli:

A={x:|z| <1}, C:={z:1<z| <11},
B := {z : max(|z1], |z2]) < 1}, D:={x:1<|z| <2},
E:={z:1<|z| <11},

To expose possible diamagnetic effects we perform identical experiments for a = 0

and o = 0.2 throughout. If the eigenvalues Aj, Ag,... are known, the task is to
determine
dr(y+1)
R, = sup ry(A), where 7, (A) = QAT i ;A(A =) (5.1)
- J

Since the sum is simply the counting function if v = 0, ry is decreasing for all
A but the eigenvalues. In the physically important case v = 1, the quotient r; is
continuous but 7 has jump increases at the eigenvalues. Figures 1 and 2 show,
respectively, the schematic behaviour of 7, near the bottom of the spectrum and for
large A in the case where R, = 1 (in fact, the spectrum of HE has been considered).
Figure 3 depicts ro(A) for an operator with R, > 1 (see [H, Thm. 3.2]), namely
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the Schrodinger operator H, — |z|71. The x symbols on the z axis indicate the
eigenvalue loci.

5.2. Computation of the eigenvalues

By separation of variables the spectrum of H/ is the union of the spectra of the
family of one-dimensional problems

(n—a)?— 1/4u _ )

2 u, u(l) =0, ue L(0,1),

7u/l +
parametrized by n € Z. ﬁ,]‘n_a‘(ﬁr) is an eigenfunction provided A is chosen
to that J|n,a‘(ﬁ) =0, i.e., the eigenvalues are squares of the zeros of the Bessel
function of the first kind. Using standard numerical procedures for this task we
compute all eigenvalues below 10,000 (approximately 2,500) of Hé4 and all eigen-
values below 50,000 (approx. 12,000) of H{'y. The lowest eigenvalues of the two
operators can be viewed in Figure 4. The reader interested in the dependence of
the eigenvalues on the parameter o may find Figure 6 useful, where the lowest
eigenvalues of HZ as functions of o € [0, ] are shown. We recall that HZ and
H{* , share the same spectrum.

Similarly, the eigenvalue problems for HS, HP and HE are reduced to
n—a)?—-1/4
—u”-‘r%u:)\u, u(r1) =0 = u(re), u € L2(ry,79).
In order that the general solution v/ (c1Jjn—q (V) + c2Y|n_q (V1)) satisfy the

Dirichlet conditions we need to fix the ratio ¢1/co and take A such that
J\n—a| (\/Xrl)yhz—a\ (\/XTQ) = J\n—a\ (\/X",Q)Yv\n—(ﬂ (\/XTl)'

Equivalently, A = 22 /r? is an eigenvalue whenever z is a zero of the cross-product
J, ()Y, (ut) — J, (ut)Y, (t) for u = ro/r1, v = |n — al. Since the amplitude of the
oscillation grows approximately as u” /v, the computation of the zeros is nontrivial
for large orders. By searching in the negative t direction and making use of the
simple fact that the asymptotic spacing of the zeros is m/(u — 1) [AbSt, 9.5.28],
we circumvent much of these difficulties in comparison to routines such as MATH-
EMATICA’s BesselJYJYZeros. This allows us to compute, for &« = 0 and 0.2, all
eigenvalues below 10,000 (approx. 400) of HS , all eigenvalues below 1,000 (approx.
550) of HY and all eigenvalues below 300 (approx. 9,000) of HZ.
HE is simply the Dirichlet Laplacian on [—1, 1], so for all k,/ € N,

1 1
sin (lmz; ) sin <lTryJ2r )

is an eigenfunction and %Q(kg +12) an eigenvalue. For a # 0 the absence of radial

symmetry prevents us from solving the eigenvalue problem for HZ exactly. We
therefore resort to the finite element method as implemented in CoMsOL MUL-
TIPHYSICS to compute approximate eigenvalues. A 8,800-element mesh, gradually
refined near the singularity, is used to compute the 250 lowest eigenvalues, all less
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than 840. Providing an a priori bound on the computational error would be beyond
the scope of this article; it is an encouraging fact, however, that the approximate
eigenvalues of Hg'y do not differ from the exact ones by more than 0.8 %. Figure 5
is the analogue of Figure 4 for HZ.

5.3. Outcome of the experiments

We are obviously constrained to computing (5.1) with A restricted to a finite
interval but provided this interval is sufficiently large it should be possible to tell
the behaviors depicted in Figures 2 and 3 apart. Particularly if the function 7,
tends steadily to 1 from below we can conclude with certainty that its supremum
will eventually be this number in virtue of the eigenvalue asymptotics. It turns
out that all the operators we consider, whether o = 0 or 0.2, seem to obey a
semi-classical eigenvalue estimate with unit constant for both v =0 and 1.

What however differs is the rate of convergence to 1, e.g., ry increases slower
for HS than for HE since |C| < |E|, implying that the point spectrum of the
former operator is sparser. To see the influence of & on 7, we invite the reader to
compare Figures 7, 8 and 9. Note that r., has the most irregular behavior in the
cases @« = 0 and o = 0.5 due to the high degree of degeneracy of the eigenvalues,
cf. Figure 6. Moreover we have the impression, from looking at Figures 1, 7 and 10,
that the shape of the domain has a limited influence on r,. All three plots suggest
that Ry = 1 but this has not been proved so far even for Hg', the Laplacian on
the unit disc!
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The Ablowitz—Ladik Hierarchy Revisited

Fritz Gesztesy, Helge Holden, Johanna Michor and Gerald Teschl

Abstract. We provide a detailed recursive construction of the Ablowitz—Ladik
(AL) hierarchy and its zero-curvature formalism. The two-coefficient AL hi-
erarchy under investigation can be considered a complexified version of the
discrete nonlinear Schrodinger equation and its hierarchy of nonlinear evolu-
tion equations.

Specifically, we discuss in detail the stationary Ablowitz—Ladik formal-
ism in connection with the underlying hyperelliptic curve and the stationary
Baker—Akhiezer function and separately the corresponding time-dependent
Ablowitz—Ladik formalism.

Mathematics Subject Classification (2000). Primary 37K15, 37K10; Secondary
39A12, 35Q55.
Keywords. Ablowitz—Ladik hierarchy, discrete NLS.

1. Introduction

The prime example of an integrable nonlinear differential-difference system to be
discussed in this paper is the Ablowitz—Ladik system,

—icy — (1 —af)(a™ +a™) +2a =0,

=i+ (1—aB)(B” +87)-28=0
with a = a(n, t), B = B(n,t), (n,t) € Z x R. Here we used the notation f*(n) =
f(n+1), n € Z, for complex-valued sequences f = {f(n)}nez. The system (1.1)
arose in the mid-seventies when Ablowitz and Ladik, in a series of papers [3]-[6]
(see also [1], [2, Sect. 3.2.2], [7, Ch. 3], [17]), used inverse scattering methods to
analyze certain integrable differential-difference systems. In particular, Ablowitz
and Ladik [4] (see also [7, Ch. 3]) showed that in the focusing case, where § = —a,
and in the defocusing case, where 8 = @, (1.1) yields the discrete analog of the

(L1)

Research supported in part by the Research Council of Norway, the US National Science Foun-
dation under Grant No. DMS-0405526, and the Austrian Science Fund (FWF) under Grant No.
Y330.



140 F. Gesztesy, H. Holden, J. Michor and G. Teschl

nonlinear Schrédinger equation

—iay — (L% |a)®) (@™ +at) +2a=0. (1.2)
We will refer to (1.1) as the Ablowitz-Ladik system. The principal theme of this
paper will be to derive a detailed recursive construction of the Ablowitz—Ladik hier-
archy, a completely integrable sequence of systems of nonlinear evolution equations
on the lattice Z whose first nonlinear member is the Ablowitz—Ladik system (1.1).
In addition, we discuss the zero-curvature formalism for the Ablowitz—Ladik (AL)
hierarchy in detail.

Since the original discovery of Ablowitz and Ladik in the mid-seventies, there
has been great interest in the area of integrable differential-difference equations.
Two principal directions of research are responsible for this development: Origi-
nally, the development was driven by the theory of completely integrable systems
and its applications to fields such as nonlinear optics, and more recently, it gained
additional momentum due to its intimate connections with the theory of orthogo-
nal polynomials. In this paper we will not discuss the connection with orthogonal
polynomials (see, however, the introduction of [31]) and instead refer to the recent
references [13], [20], [37], [38], [42], [43], [44], [47], [48], [49], and the literature cited
therein.

The first systematic discussion of the Ablowitz—Ladik (AL) hierarchy appears
to be due to Schilling [45] (cf. also [51], [55], [58]); infinitely many conservation laws
are derived, for instance, by Ding, Sun, and Xu [21]; the bi-Hamiltonian structure
of the AL hierarchy is considered by Ercolani and Lozano [23]; connections between
the AL hierarchy and the motion of a piecewise linear curve have been established
by Doliwa and Santini [22]; Bécklund and Darboux transformations were studied
by Geng [26] and Vekslerchik [56]; the Hirota bilinear formalism, AL 7-functions,
etc., were considered by Vekslerchik [55]. The initial value problem for half-infinite
AL systems was discussed by Common [19], for an application of the inverse scat-
tering method to (1.2) we refer to Vekslerchik and Konotop [57]. This just scratches
the surface of these developments and the interested reader will find much more
material in the references cited in these papers and the ones discussed below.
Algebro-geometric (and periodic) solutions of the AL system (1.1) have briefly
been studied by Ahmad and Chowdhury [8], [9], Bogolyubov, Prikarpatskii, and
Samoilenko [14], Bogolyubov and Prikarpatskii [15], Chow, Conte, and Xu [18],
Geng, Dai, and Cao [27], and Vaninsky [53].

In an effort to analyze models describing oscillations in nonlinear dispersive
wave systems, Miller, Ercolani, Krichever, and Levermore [40] (see also [39]) gave a
detailed analysis of algebro-geometric solutions of the AL system (1.1). Introducing

[z o« . (z=1-aB” a-az!
vo=(5 1) ve=i(C N e T) 0
with z € C\ {0} a spectral parameter, the authors in [40] relied on the fact that
the Ablowitz-Ladik system (1.1) is equivalent to the zero-curvature equations

U +UV-VTU =0. (1.4)
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Miller, Ercolani, Krichever, and Levermore [40] then derived the theta function
representations of «, § satisfying the AL system (1.1). Vekslerchik [54] also stud-
ied finite-genus solutions for the AL hierarchy by establishing connections with
Fay’s identity for theta functions. Recently, a detailed study of algebro-geometric
solutions for the entire AL hierarchy has been provided in [31]. The latter reference
also contains an extensive discussion of the connection between the Ablowitz—Ladik
system (1.1) and orthogonal polynomials on the unit circle. The algebro-geometric
initial value problem for the Ablowitz—Ladik hierarchy with complex-valued initial
data, that is, the construction of o and [ by starting from a set of initial data
(nonspecial divisors) of full measure, will be presented in [32]. The Hamiltonian
and Lax formalisms for the AL hierarchy will be revisited in [33].

In addition to these recent developments on the AL system and the AL
hierarchy, we offer a variety of results in this paper apparently not covered before.
These include:

e An effective recursive construction of the AL hierarchy using Laurent poly-
nomials.

e The detailed connection between the AL hierarchy and a “complexified” ver-
sion of transfer matrices first introduced by Baxter [11], [12].

o A detailed treatment of the stationary and time-dependent Ablowitz—Ladik
formalism.

The structure of this paper is as follows: In Section 2 we describe our zero-
curvature formalism for the Ablowitz—Ladik (AL) hierarchy. Extending a recursive
polynomial approach discussed in great detail in [29] in the continuous case and
in [16], [30, Ch. 4], [52, Chs. 6, 12] in the discrete context to the case of Laurent
polynomials with respect to the spectral parameter, we derive the AL hierarchy
of systems of nonlinear evolution equations whose first nonlinear member is the
Ablowitz—Ladik system (1.1). Section 3 is devoted to a detailed study of the sta-
tionary AL hierarchy. We employ the recursive Laurent polynomial formalism of
Section 2 to describe nonnegative divisors of degree p on a hyperelliptic curve K,
of genus p associated with the pth system in the stationary AL hierarchy. The cor-
responding time-dependent results for the AL hierarchy are presented in detail in
Section 4. Finally, Appendix A is of a technical nature and summarizes expansions
of various key quantities related to the Laurent polynomial recursion formalism as
the spectral parameter tends to zero or to infinity.

2. The Ablowitz—Ladik hierarchy, recursion relations,
zero-curvature pairs, and hyperelliptic curves

In this section we provide the construction of the Ablowitz—Ladik hierarchy em-
ploying a polynomial recursion formalism and derive the associated sequence of
Ablowitz—Ladik zero-curvature pairs. Moreover, we discuss the hyperelliptic curve
underlying the stationary Ablowitz—Ladik hierarchy.

We denote by C? the set of complex-valued sequences indexed by Z.
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Throughout this section we suppose the following hypothesis.

Hypothesis 2.1. In the stationary case we assume that «, 3 satisfy
a,8€C%  aln)f(n) ¢ {0,1}, n € Z. (2.1)

In the time-dependent case we assume that o, 3 satisfy
al-,t),B8(-,t) €CE teR, aln,-),B(n, -) € CHR), n € Z, (2.2)
a(n,t)B(n,t) ¢ {0,1}, (n,t) € Z x R.

Actually, up to Remark 2.11 our analysis will be time-independent and hence
only the lattice variations of o and § will matter.

We denote by S* the shift operators acting on complex-valued sequences
[ = {f(n)}nez € CZ according to

(S¥)(n) = flnE1), nel. (2.3)
Moreover, we will frequently use the notation
fE=5%f fecCZ (2.4)

To construct the Ablowitz—Ladik hierarchy we will try to generalize (1.3) by
considering the 2 x 2 matrix

z o«
U(z) = (z[), 1), z€C, (2.5)
and making the ansatz

- <Gp(z) ~F, (2)

Hy(z) ~K;(2)

Vi(z

> , b= (p*ﬂp+) € N(2)7 (26)

where Gy, Kj, Fp, and H), are chosen as Laurent polynomials® (suggested by the
appearance of z~! in the matrix V in (1.3))

p- Py
Gg(z) = Z Ziegpf T Z Zzgzur—ﬂﬁra
=1 £=0

P P+
Fp(z) = Z RN IR Z Zlfmff«,%
(=1 £=0

(2.7)
P P+
Hy(z) = Z 2 hy o+ Z 2'hy 04,
=1 =0

[ P+
Ky(2) = Z 2y o+ Z 2hp, 04
=1 =0

1n this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less
than its lower limit.
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Without loss of generality we will only look at the time-independent case and add
time later on. Then the stationary zero-curvature equation,

0=UV, -V, U, (2.8)
is equivalent to the following relationships between the Laurent polynomials
2(G, = Gp) +2Fp +aH,  Fp—2F; —a(Gp+ K,)

U — P P
UV, -V,'U l(zﬂ(Gp—&-Kp)—sz-&-Hp —2fF; —aH, + K, - K, |

(2.9)
respectively, to
2(G, — GE) +20F, + aH, =0, (2.10)
z[;F; +aHng£+K;’ =0, (2.11)
—Fp + 28, +a(Gp + K,) =0, (2.12)
zﬁ(GB_ + Kp) —zHg—i-HE_ =0. (2.13)

Lemma 2.2. Suppose the Laurent polynomials defined in (2.7) satisfy the zero-
curvature equation (2.8), then

fo+=0, ho—=0, gox=9os, koxt="koy, (2.14)
kew =k =902 =9y, L=0,...,p2 =1, gpo v —9p, 4y =kp v — K, .
(2.15)

Proof. Comparing coefficients at the highest order of z in (2.11) and the lowest in

(2.10) immediately yields fo+ = 0, ho,— = 0. Then go,+ = go 1, ko,— = ko _ are

necessarily lattice constants by (2.10), (2.11). Since det(U(z)) # 0 for z € C\ {0}
by (2.1), (2.8) yields tr(V,') = tr(UV,U ") = tr(V}) and hence

Gp-G, =K, - K,, (2.16)

implying (2.15). Taking £ = 0 in (2.15) then yields go,— = g, _ and ko,+ = ko . O

In particular, this lemma shows that we can choose
ke+ =ge+, 0 0<ps—1, kyp, 4 =0p, + (2.17)

without loss of generality (since this can always be achieved by adding a Lau-
rent polynomial times the identity to V},, which does not affect the zero-curvature
equation). Hence the ansatz (2.7) can be refined as follows (it is more conve-

nient in the following to re-label by, + = h,_ 1, and k,, , = g,_ _, and hence,
9p_,— = g;ll+,+)7
p— py—1
Fp(2) =Y fotz "+ D forre42h, (2.18)
=1 =0

P P+
Gp(2) = gp 02"+ gp, 012 (2.19)
(=1 =0
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p-—1 P+

Hy(2) = Z hp —1-g—2""+ th_[d_z[, (2.20)
£=0 =1

Ky(2) = Gy(2) since gp_,— = gp, + (2.21)

In particular, (2.21) renders Vj, in (2.6) traceless in the stationary context. We
emphasize, however, that equation (2.21) ceases to be valid in the time-dependent
context: In the latter case (2.21) needs to be replaced by

P P

Kg(z) = ng* 71’72—2 + ng+—£,+ze = Gg(z) + 99— — 9pi+- (2.22)
(=0 =1

Plugging the refined ansatz (2.18)—(2.21) into the zero-curvature equation

(2.8) and comparing coefficients then yields the following result.

Lemma 2.3. Suppose that U and V), satisfy the zero-curvature equation (2.8). Then
the coefficients { fo,+ }e=o,....ps—1, {ge,x Ye=o, . ps, and {he st }e=o, .. pp—1 Of Fp, Gp,
Hy, and K in (2.18)~(2.21) satisfy the following relations

go+ = 304+, fo+=—coqrat, hos =co4B, (2.23)

Ge+14 — Yoy1,4+ =y + B4, 0<0<py—1, (2.24)
foos =for — a9+ +9,, ), 0<L<py—2, (2.25)

hevi4 =hy o+ B(ger14+ + Gpr4)s 0L <py —2, (2.26)

and

go,— = %coy,, fo,— =co,—a, ho_=—co_pT, (2.27)

Get1,— = Gpyq, = ahe— + ﬁf[ﬁ7 0<l<p_-1, (2.28)
ferr,— = fo_talgerr,—+ 954, ), 0 L<p_—2, (2:29)

hyyy — =he—— B(ges1,— + ggjrlf), 0<t<p_-—2. (2.30)

Here co,+ € C are given constants. In addition, (2.8) reads
0=0UV, - V;U

7a(gp+,+ + g;,,f)
+fp+—1,+ - f;,—L—

0

0

_ (2.31)
2(B(9p, .+ + 9p_.—)
—hp,—l,— + fl,;+_1,+)

Given Lemma 2.3, we now introduce the sequences {fr+}eeng, {ge,+}eeny,
and {he + }een, recursively by

go+ = 5¢0.+, for=—cora’, hoy =cof (2.32)
ge+1,+ — g[+1,+ = ah2+ + ﬂfﬂﬁrv ¢ € No, (233)
fzjr1,+ = fe+ — alges1,+ + 9;+1,+)v ¢ € Ny, (2.34)
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hopre = hy o+ B(ger1,+ + 90414 ), €€ No, (2.35)
and

go,— = 3¢0,—, fo,— =co—c, ho_=—co_fB7", (2.36)
Ger1,— = Ypy1,_ = he— +Bf; ., €Ny, (2.37)
ferr,— = fo_ talges1,—- + 9541, ), €Ny, (2.38)
hiy_ =he—— B(ge+1,— + g[ﬂﬁ), { € Ny. (2.39)

For later use we also introduce
foax=h_14=0. (2.40)

Remark 2.4. The sequences {fr 1 }eeng, {9ge,+Feeny, and {he 4 }ren, can be com-
puted recursively as follows: Assume that fo 1, gr,+, and he + are known. Equation
(2.33) is a first-order difference equation in ge11,4 that can be solved directly and
yields a local lattice function that is determined up to a new constant denoted
by cey1,4 € C. Relations (2.34) and (2.35) then determine fryq1,+ and hetq 4, etc.
The sequences { fo,— }reng, {ge,— }een,, and {he _}ren, are determined similarly.

Upon setting
y=1-af, (2.41)

one explicitly obtains

Jo+ = co+(=a),
fie=cor(—7Tatt +(@")’8) + a1 (—at),
9o,+ = %CU,+7
g1+ = cot (ot B) + Ser g,
g2+ = CO,+((04+5)2 —ytattp - “/(1+ﬁ7) + C1,+(—O¢+ﬂ) + %02,4»1

ho,+ = co,+0,
hig =co+(¥8” —at %) + 14,
(2.42)
fo,— =co,-a,
fi-=co-(va —a®B) + a1 0,
go,— = %CO‘—a

91— = co—(—aBh) + %01,—7

go2,— = (301_((0z[3+)2 —yTaptt — 'yoz_ﬁ"') +er—(—aBT) + %ch_,
ho,— = co,~ (=B%),

b =co— (=BT +a(B)?) + 1, (=5"), ete.

Here {c¢ 4 }een denote summation constants which naturally arise when solving
the difference equations for g, + in (2.33), (2.37).
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In particular, by (2.31), the stationary zero-curvature relation (2.8), 0 =
UV, — V,FU, is equivalent to

—algpi++ 9y, )+ fo—14—fp —1- =0, (2.43)

ﬁ(!];r,-;. +9p_-)+ h;+717+ —hp_—1,-=0. (2.44)

Thus, varying p+ € N, equations (2.43) and (2.44) give rise to the stationary
Ablowitz-Ladik (AL) hierarchy which we introduce as follows

—algpi++ 9y )+ fo—14 = fp 4 —)
-ALy (o, ) = - Py ) =0,
s 2(0[ f) < ﬁ(9p+,+ +gp_—)+ hp+71,+ —hp_—1,-

p=(p—.ps) €NL.

(2.45)

Explicitly (recalling v = 1 — a8 and taking p_ = p, for simplicity),

- _ (—cona _
s-AL0,0)(cv, B) < C(o,o)ﬂ) 0,

_ (—(co—a” +coqpat) —cana) _
S_AL(l’l)(a’ﬂ) B ( W(Co,+/37 + Co,fﬁﬂ + C(1,1)ﬂ =0,
—(co4attyt +co,—a "y —alcoyat BT + co,—a” BT)
—B(co,—(a7)? + co,+(a™)?))
Y(co,— BTyt +co 48777 — Bleorat B+ co,—a” )
—a(co4+(67)? +co—(81)?)
—y(er,—a” +aqat) —ce 2)a>
: : 2% Z0, etc., 2.46
+ ( Y4B +a,-BT) +cpns o (246)

represent the first few equations of the stationary Ablowitz—Ladik hierarchy. Here
we introduced

S-AL(z.z)(Oéa ﬁ) =

¢ = (cp— +cp+)/2, px €No. (2.47)

By definition, the set of solutions of (2.45), with p+ ranging in Ny and ¢+ € C,
¢ € Ny, represents the class of algebro-geometric Ablowitz-Ladik solutions.

In the special case p = (1,1), co,+ = 1, and ¢(1,1) = —2, one obtains the
stationary version of the Ablowitz—Ladik system (1.1)
—y(a™ +at) + 2a>
_ =0. 2.48
(7(6 +6%) - 28 (2.48)

Subsequently, it will also be useful to work with the corresponding homoge-
neous coefficients fy +, g¢,+, and hg +, defined by the vanishing of all summation

constants ci + for K =1,...,¢, and choosing cp.+ =1,
for==a foo=a, fox=foileoizteiz0g=1,00 (EN, (249
Got =3, Gtx =Gotleos=1,c,4=0j=1,..0, LEN, (2.50)

hot =8, ho-=—-p%, hps= hetleo =1, ¢ 1=0,j=1,..c, £ E€N. (2.51)
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By induction one infers that

¢ ¢ ¢
fo+= Zcé—k,ifk,iy ge+ = Zcé—k,i.@k,iy he+ = ch—k,ihk,i~ (2.52)
k=0 k=0 k=0

In a slight abuse of notation we will occasionally stress the dependence of fo +,
ge,+, and hy 1 on a, 3 by writing fo+(a, 5), ge.+(a, 3), and he+(a, B).

Remark 2.5. Using the nonlinear recursion relations (A.29)-(A.34) recorded in
Theorem A.1, one infers inductively that all homogeneous elements fg,i, Je,+, and
fuﬁi, ¢ € Ny, are polynomials in «a, 3, and some of their shifts. (Alternatively,
one can prove directly by induction that the nonlinear recursion relations (A.29)—
(A.34) are equivalent to that in (2.32)-(2.39) with all summation constants put
equal to zero, cp.+ =0, £ € N.)

Remark 2.6. As an efficient tool to later distinguish between nonhomogeneous and
homogeneous quantities fo+, g¢+, he+, and fo+, go.+, he+, respectively, we now
introduce the notion of degree as follows. Denote

T T T S+ 7'7 T 2 07
M =80¢  f={f(n)}tnez €C? 8" = {ES?T .o r € Z, (2.53)
and define
deg (a(r)) =7, deg (,6(”) =-r, rez. (2.54)

This then results in
deg (f,_fl)) =0+1+7, deg( }Tf)) =—l+r, deg (gyi) =+, (2.55)
deg (ﬁér_a_) ={—7r, deg (iLir_) =—(—-1-7r, €Ny, rez, .
using induction in the linear recursion relations (2.32)—(2.39).

In accordance with our notation introduced in (2.49)—-(2.51), the correspond-
ing homogeneous stationary Ablowitz—Ladik equations are defined by

s-ALy (o, ) = s-ALy(, )| p=(-.ps) N3 (256)

co+=1,c0,+=0,0=1,....p1+’
We also note the following useful result.
Lemma 2.7. The coefficients fo+, go.+, and he+ satisfy the relations
9o+ — 9oy = ey +8f,, €N, (2.57)
9e— — Gy = ozh[ﬁ + Bfe—, €N

Moreover, we record the following symmetries,

fe(cos,a,8) = hox(coz, B,Q),  Gex(co+,a,B) = des(coz f,a), €eNo.
(2.58)
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Proof. The relations (2.57) are derived as follows:

O‘hl-%-l,-%— + ﬁfe;1,+ = ah2+ + 045(92+14,+ + 9;+1,+) + ﬁf2,+ - aﬂ(gl-%-l,-%- + 9;+1,+)

=ah;  +Bfe+
= 90414+ ~ Yo1,4 (2.59)
and
ahyy _ + Bfe,— =ah— —ap(ger1,— + gy ) + Bf_ +aB(ger1,— + 940, -)
=ahy— +Bf, _
=ge+1,— T Yo, (2.60)

The statement (2.58) follows by showing that he+(8,) and go+(8, @) satisfy

the same recursion relations as those of fgi(a,ﬂ) and g¢ +(a, 3), respectively.
That the recursion constants are the same, follows from the observation that the
corresponding coefficients have the proper degree. O

Next we turn to the Laurent polynomials Fj,, Gp, Hp, and K, defined in
(2.18)—(2.20) and (2.22). Explicitly, one obtains
Fo,0 =0,
Fupy =co-az ' +co(—a
Foo) = co_az 2+ (coﬁ,('yof — a2ﬁ+) + clﬁ,a)z

+ o4 (=T att +(a")?8) + ey (—at) + o (—at)z,

+)?
-1

G(o,o) = %CO,+,

Gy =3co—2" + ot (—aB) + te1 4 + 300,42,

Ga,2) = 3c0,—27 2+ (co— (—aBT) + 2e1,_)z7!
+ CU,+((a+ﬂ)2 -yttt - 'yoﬁB*) + Cl,+(*0¢+ﬁ) + %02,+
+ (co+(—a™B) + e1,4) 2 + 2co 27,

H,0) =0,

H1yy = co—(=B%) + co1 82,

Hpoy =co—(—87)z7 " +co— (=7 BT + a(BT)?) + 1, (-8T)
+ (co+ (8™ — ™ B%) + c1,48) 2 + co,+ 822,

1,
K(o,o) = 5€0,—>

(2.61)

Kaqyy = %co 2 ey (—afT) + %0177 + %CO,«FZ?

’

Koo = %co,,z*2 + (co,—(—aBt) + Ley )27t

+co,— (@BT)? =7 Taftt —ya™B%) + 1, (—afT) + Leo -

+ (co(—a™B) + 3e1,4) 2 + dco, 2%, ete.
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The corresponding homogeneous quantities are defined by (¢ € Ny)

¢
Foz(2)=0, Fy-(z)=) fe-r-2" Foi(z Zfe 1k 2

k=1
N N 4
Go(2)=0, Go(2)=) Gor-2"

k=1
R ¢
Go(2) =5, Ger(2) =D den+2",

k=

- , (2.62)
Hoz(2)=0, He(2)=3 heip-27" Hyi( Z k2

k=0 k=1
~ o~ e ~
Ko, () , Ko (2)=) ger-2"=Ge—(2)+Gge.—,

k=0
~ ~ l ~
Ko(2) =0, Koy(z) =) grr+2"=GCGoi(2) = o

k=1

Similarly, with Fy, 4, G¢, +, He, +,and Ky, 4 denoting the polynomial parts

of Fy, G¢, Hy, and Ky, respectively, and F;,_ _, Gy_ _, Hy_ _, and K, _ denoting
the Laurent parts of Fy, G¢, Hy, and Ky, £ = ((_, {4 ) € Ny, such that
Fiz)=Fo_ _(2)+ Fe, 4(2), Gu(z)=Gr (2)+Gr, +(2), (2:63)
Hy(z) = Ho_ —(2) + He, 1 (2),  Ko(2) = Koo - (2) + Key 4(2), '
one finds that
L4 £
Frow =Y coonxFrs, Hiox= coop+Hpx,
k=1 k=1
o o
Ggi)_ = Z‘/’L—k,—Gk,—v GL”_;_ :Zcbr—kd-de—ﬂ (264)
k=1 k=0
o o4
Ky = Zce,fk,ka,ﬂ K¢+ = ZCZ+—k,+Kk,+~
k=0 k=1
In addition, one immediately obtains the following relations from (2.58):
Lemma 2.8. Let £ € Ng. Then,
Fos(ofzn) = Hyz(B.a,27" ), (2:65)
H[,i(aaﬁv TL) :ﬁf (570‘ z 1’”)7 (266)
Grela,B,2,n) = Gez(B, 0,27 n), (2.67)
Kis(a,p.zn) = Kez(B,0,27" ). (2.68)



150 F. Gesztesy, H. Holden, J. Michor and G. Teschl

Returning to the stationary Ablowitz—Ladik hierarchy, we will frequently
assume in the following that «, 3 satisfy the pth stationary Ablowitz-Ladik system
s-AL, (v, 8) = 0, supposing a particular choice of summation constants e+ €C,
0=0,...,ps, p+ € Ny, has been made.

Remark 2.9.

(i) The particular choice co 4+ = co,— = 1in (2.45) yields the stationary Ablowitz—
Ladik equation. Scaling ¢ + with the same constant then amounts to scaling
Vp with this constant which drops out in the stationary zero-curvature equa-

tion (2.8).
(ii) Different ratios between co 4 and co,— will lead to different stationary hierar-
chies. In particular, the choice co4 =2,¢co—- =---=¢p__1,- =0,¢,_ _ #0,

yields the stationary Baxter—Szegé hierarchy considered in detail in [28]. How-
ever, in this case some parts from the recursion relation for the negative co-

efficients still remain. In fact, (2.39) reduces to g, ,— —g, _ = ah, 1.,
hp_—1,— = 0 and thus requires g, _ to be a constant in (2.45) and (2.87).
Moreover, f,_—1,— = 0in (2.45) in this case.

(iii) Finally, by Lemma 2.8, the choice ¢g . = -+ =¢p, —1,4+ =0, ¢p, 4 # 0, co,— =

2 again yields the Baxter—Szeg6 hierarchy, but with a and § interchanged.

Next, taking into account (2.21), one infers that the expression Ry, defined as

R, =G} — F,Hy, (2.69)
is a lattice constant, that is, R, — R, = 0, since taking determinants in the
stationary zero-curvature equation (2.85 immediately yields

(= (G,)* + F, H, + G2 — F,H,)z = 0. (2.70)

Hence, R,(z) only depends on 2, and assuming in addition to (2.1) that

cox € C\ {0}, p=(p-.p+) € NG\ {(0,0)}, (2.71)

one may write R, as?

2 2p+1
C
Ry = () TLG-Bw) (Bn}i2d CCNOh p=p- +ps~ 1€ No

B 227~ m=0
(2.72)
Moreover, (2.69) also implies
2p+1
hm 42°P~Ry(2) = ¢ 4 H =c_, (2.73)
m=0

2We use the convention that a product is to be interpreted equal to 1 whenever the upper limit
of the product is strictly less than its lower limit.
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and hence,
2p+1 2
_ 0,—
11 &n = e (2.74)
m=0 0,+

Relation (2.69) allows one to introduce a hyperelliptic curve K, of (arith-
metic) genus p = p_ + p; — 1 (possibly with a singular affine part), where

Kp: Fplz,y) = y? - 40&12273‘ RE(Z)

2p+1 (2.75)
=y~ [[(z=En)=0, p=p_ +p; -1

m=0

Remark 2.10. In the special case p— = py and ¢4 = ¢¢,—, £ = 0,...,p_, the
symmetries of Lemma 2.8 also hold for F},, G, and H, and thus Ry(1/z) = Ry(2)
and hence the numbers E,,, m = 0,...,2p + 1, come in pairs (Ey,1/Ey), k =
1,...,p+ 1.

Equations (2.10)—(2.13) and (2.69) permit one to derive nonlinear difference
equations for Fy, GE , and H2 separately. One obtains
(et + zoz)ng - z(oﬁ)zﬁ/Fp’)2 — 220’y ((at + zoz)zFE + z(oﬁ)zpr’)Fgr
+ 220" (72 (F)? = 4(eat)* (et + a2)’R,, (2.76)
(at +za)(B+28M)(z+aB)(1 + zaﬁJr)G;
+2(a™yGy + 209" G (28T7G, + BYTGY)
—2((af B+ 22apt) (2 —7") +2:(1-7")(2-7))G, G,
27" (221 =72 =71 + (@B +2%a87)(2-7))G; G,

= (a*B — 2%af")R,, (2.77)
(BT Hy — B2y HS ) = 2:(8+ 257) (BT Hy + 82y HY ) Hy
+(B+28%) HE = 422(B61)2(8 + 5 2)* R, (2.78)

Equations analogous to (2.76)—(2.78) can be used to derive nonlinear recur-
sion relations for the homogeneous coefficients fg,b Je,+, and ng,i (i.e., the ones
satisfying (2.49)—(2.51) in the case of vanishing summation constants) as proved
in Theorem A.1 in Appendix A. This then yields a proof that fz,i, Je,+, and fu,i
are polynomials in «, 3, and some of their shifts (cf. Remark 2.5). In addition, as
proven in Theorem A.2, (2.76) leads to an explicit determination of the summa-
tion constants ¢1,+,...,¢p, + in (2.45) in terms of the zeros Ey, ..., Eapyq of the
associated Laurent polynomial R, in (2.72). In fact, one can prove (cf. (A.42))

cox =corc(EY), €=0,...,ps, (2.79)
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where

CO(Eil) =1,

cw(EX") (2.80)

_ Z (2]0)! co (2]2p+1)! EOiJU EQijz;iﬂ

Jor om0 2%k (jo!)2 -+ (J2p+1)2(2j0 — 1) -+ (2j2p+1 — 1) il
Jot-+izpr1=k
keN,

are symmetric functions of E*!' = (B!, .. Ezipﬂ) introduced in (A.5) and (A.6).

Remark 2.11. If «, 3 satisfy one of the stationary Ablowitz-Ladik equations in
(2.45) for a particular value of p, s-ALy(a, 8) = 0, then they satisfy infinitely many
such equations of order higher than p for certain choices of summation constants
¢+ This can be shown as in [29, Remark 1.1.5].

Finally we turn to the time-dependent Ablowitz—Ladik hierarchy. For that
purpose the coefficients a and (3 are now considered as functions of both the
lattice point and time. For each system in the hierarchy, that is, for each p, we
introduce a deformation (time) parameter t, € R in «, 3, replacing a(n), B(n) by
a(n,tp), B(n,tp). Moreover, the definitions (2.5), (2.6), and (2.18)-(2.20) of U, Vs
and Fp, Gy, » Hp, Kp, respectively, still apply; however, equation (2.21) now needs
to be replaced by (2.22) in the time-dependent context.

Imposing the zero-curvature relation

U, +UV, = V,fU=0, peN;, (2.81)
then results in the equations
0=0U, +UV, - V;U

Gp) + 2BF, + oH, —iay, + Fp — 2F; —o(Gp + K)
—zzﬁtp +z[)’(G + K, ) ZHB+H£ —zﬂFE’ —ozHg—&-KE—KB’
0 —iay, —o(gp, + +9, )
+.fp+—1.+ - p_7,1 _

’ ’ s 2.82

lﬂt,, + ﬁ(gp+ + T 9, -) 0 ( )
7hp -1,-+ h‘p+ 1 +)
or equivalently,

ay, = i(2F, +a(Gp + K,;) = Fp), (2.83)
B, = —i(ﬁ(Gg’ +Kp) — Hy + z*ng), (2.84)
0=2(G, — Gp) +z0F, + aH,, (2.85)

0=20F, +al,+ K, — K, (2.86)
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Varying p € N2, the collection of evolution equations

ALy(a,) = (*iatz —a(gpy ++ 9y )+ o1 — f]l71‘7> _

=B, +B(9p, 4+ T 9p_ =) —hp_—1,— + by, 14
tp €R, p=(p_,ps) €N,

then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly, taking p_ =
p4+ for simplicity,

I T SO ) LA
AL = L (0.0 =0
(0,0)(067 ﬂ) ( Zﬂt(o,o) c(()ﬁ())ﬁ) ’

—ioy —(co,—a™ +copat) —cq l)a)
AL (o, 8) = (" Maw _ta, DY) o,
anlef) <—zﬂt(1,1) ot B+ o) +enB
AL 2)(a, B) (2.88)
—ia, ) — (o ratTyT oo amTyT = oz(c(:)gra'*'ﬁ_ + co,—a” 1)
—B(co,—(a7)* +co.+(a™)?))
—iBtq0 +7(c0 BT+ o877y - Bleo B~ +coma”fF)
—afco+(B7)% + Co,—(ﬁ+)z))
—y(er,—a” +eqat) — C(z‘z)a>
- ta, DY) _ 0, ete.,
( V(146 +e1,-67) + b e

represent the first few equations of the time-dependent Ablowitz—Ladik hierarchy.
Here we recall the definition of ¢, in (2.47).

(2.87)

The special case p = (1, 1)720,i =1, and ¢1,1y = —2, that is,

—iag, =@ +at)+ 22\
<—wtﬁl,1§ T w) =0 (2.89)

represents the Ablowitz—Ladik system (1.1).
The corresponding homogeneous equations are then defined by

AL, (o, f) = ALy (a, )] =0, p=(p_,ps) €N (2.90)

By (2.87), (2.33), and (2.37), the time derivative of v =1 — af3 is given by

co,+=1,¢p,+=0,0=1,...,p+

Yy = 1Y ((Ips ot = Gpy ) = G~ = 6, -))- (2.91)

(Alternatively, this follows from computing the trace of U, U 1= Vt=U VBU’l J)
For instance, if «, (3 satisfy AL;(«, 3) = 0, then

Yy = iy (clco,~ BT + co,+87) — Bleo,+at + co—a7)). (2.92)

Remark 2.12. From (2.10)—-(2.13) and the explicit computations of the coefficients

fe.+, 9o+, and hg 4, one concludes that the zero-curvature equation (2.82) and
hence the Ablowitz—Ladik hierarchy is invariant under the scaling transformation

a—ac={cam)nez, B— Pc={Bn)/clnez, c€C\{0}. (2.93)
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Moreover, Ry, = Gz - H,F, and hence {E,}2P3) arc invariant under this trans-
formation. Furthermore, choosing ¢ = €™#', one verifies that it is no restriction
to assume ¢, = 0. This also shows that stationary solutions «, 3 can only be
constructed up to a multiplicative constant.

Remark 2.13.
(i) The special choices 3 = +@, co,+ = 1 lead to the discrete nonlinear Schrédin-
ger hierarchy. In particular, choosing ¢(; 1) = —2 yields the discrete nonlinear

Schrédinger equation in its usual form (see, e.g., [7, Ch. 3] and the references
cited therein),

—iay — (1F |a]*) (@™ +at) +2a =0, (2.94)
as its first nonlinear element. The choice § = @ is called the defocusing case,
[ = —a represents the focusing case of the discrete nonlinear Schréodinger

hierarchy.
(i) The alternative choice 8 = @, co,+ = Fi, leads to the hierarchy of Schur
flows. In particular, choosing c(1,1) = 0 yields

a;—(1—la®) (et —a")=0 (2.95)

as the first nonlinear element of this hierarchy (cf. [10], [24], [25], [36], [41],
(50]).

3. The stationary Ablowitz—Ladik formalism

This section is devoted to a detailed study of the stationary Ablowitz—Ladik hi-
erarchy. Our principal tools are derived from combining the polynomial recursion
formalism introduced in Section 2 and a fundamental meromorphic function ¢ on
a hyperelliptic curve /IC,,. With the help of ¢ we study the Baker—Akhiezer vector
W, and trace formulas for o and S3.

Unless explicitly stated otherwise, we suppose in this section that

a,BeC?  an)bn) ¢{0,1}, neZ, (3.1)
and assume (2.5), (2.6), (2.8), (2.18)~(2.21), (2.32)-(2.39), (2.40), (2.45), (2.69),

(2.72), keeping p € Ny fixed.
We recall the hyperelliptic curve

2p+1
Kp: Folz,y) = y? — 40&12217* Rg(z) =y?— H (z— En) =0,
m=0
c 2 2p+1 (3‘2)
Ry = (£25) TLG—Buh (BN OO p=pops =1,

m=0
as introduced in (2.75). Throughout this section we assume the affine part of K,
to be nonsingular, that is, we suppose that

E, # Ep for m#m/, m,m' =0,1,...,2p+ 1. (3.3)
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KCp is compactified by joining two points P, , P, 7# Ps_, but for notational
simplicity the compactification is also denoted by K. Points P on K, \{Psc. , Pso_}
are represented as pairs P = (z,y), where y( - ) is the meromorphic function on K,
satisfying F,(z,y) = 0. The complex structure on K, is then defined in the usual
manner. Hence, IC;, becomes a two-sheeted hyperelliptic Riemann surface of genus
p in a standard manner.

We also emphasize that by fixing the curve KC,, (i.e., by fixing Ep, ..., Eapy1),
the summation constants ¢i +,...,¢y, + in fp, +, gp, 4+, and hy, + (and hence in
the corresponding stationary s-AL, equations) are uniquely determined as is clear
from (2.79), (2.80), which establish the summation constants c¢,+ as symmetric
functions of B, ... ,E;*;I_H.

For notational simplicity we will usually tacitly assume that p € N and hence
p € N2\{(0,0),(0,1), (1,0)}. (The trivial case p = 0 is explicitly treated in Example
3.5.)

We denote by {p;(n)}j=1,..p and {v;(n)};=1,..p the zeros of (- )P~ F,(-,n)
and (-)P-"1H,(-,n), respectively. Thus, we may write

P
Fy(2) = —cora 2 [[(z = ), (34)
j=1
,
Hy(2) = o4 27T [ (2 = vy), (3.5)
j=1

and we recall that (cf. (2.69))
R, — G} = —F,H,. (3.6)

The next step is crucial; it permits us to “lift” the zeros p; and v; from the complex
plane C to the curve KC,,. From (3.6) one infers that

Ry(2) = Gp(2)* =0, 2 € {1, v }jh=1,... (3.7)

We now introduce {/i;};=1,.., C Ky and {j};=1,..., C K, by

l]‘j (n) = (:uj (Tl), (2/00,+)M]' (n)p7 Gg(ltj (n)1 n))v .7 =1,... ;P nE Zv (38)
and
vi(n) = (v;(n), —(2/co+)vj(n)P~Gp(vi(n),n)), j=1,....,p, n€Z. (3.9)

We also introduce the points Py + by

(:g il
PO.,i = (07i(00,*/00‘+)) € }Cm (2; = H Ep,. (310)
0,4+ m=0

We emphasize that Py + and P, are not necessarily on the same sheet of .
Next, we briefly recall our conventions used in connection with divisors on
Kp. A map, D: K, — Z, is called a divisor on K, if D(P) # 0 for only finitely



156 F. Gesztesy, H. Holden, J. Michor and G. Teschl

many P € K,,. The set of divisors on KC,, is denoted by Div(K,). We shall employ
the following (additive) notation for divisors,

Dqy,@ =Dq, + Dg, Dq =Dq, ++ -+ Dq,,, (3.11)
Q={Q1,...,Qn} €Sym™K,, Qoek,, meN,
where for any Q € ICp,

Dg: Kp = Ny, P Dg(P)=

{1 for P = Q, (312)

0 for P ek, \{Q},

and Sym" K, denotes the nth symmetric product of K,. In particular, Sym™ K,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of degree
m. Moreover, for a nonzero, meromorphic function f on K,, the divisor of f is
denoted by (f). Two divisors D, £ € Div(K,) are called equivalent, denoted by
D ~ &, if and only if D — & = (f) for some f € M(K,)\ {0}. The divisor class [D]
of D is then given by [D] = {€ € Div(K,,) | € ~ D}. We recall that

deg((f)) =0, f € M(Kp) \ {0}, (3.13)
where the degree deg(D) of D is given by deg(D) =3 peyc, D(P).

Next we introduce the fundamental meromorphic function on /IC, by

co,+/2)z7 P Gp(z,n

S(Pm) = (co+/ )Fp(;l;; p(z,n) (3.14)
_ —}}E(z.,n)

(co,+/2)27P-y — Gp(z,n)’

P=(z,y)ek,, nelZ,
with divisor (¢(-,n)) of ¢(-,n) given by

(3.15)

(¢(-,n)) =Dp, _5mn) — Prs_p(n), (3.16)
using (3.4) and (3.5). Here we abbreviated
po=A{p1, ... p}, 2=A{b1,...,0p} € SymP(KCp). (3.17)

(The function ¢ is closely related to one of the variants of Weyl-Titchmarsh func-
tions discussed in [34], [35], [46] in the special defocusing case § = a.) Given
¢(-,n), the meromorphic stationary Baker—Akhiezer vector ¥(-,n,ng) on K, is
then defined by

_ wl(P,n,no)
H(E o) = <w2(P, n,no)>’
HZ’:noJrl (Z +a(n')o™ (P, n,))a n>ng+ 1,
Y1(Pyn,mo) = 4 1, n = no, (3.18)

e (2 a@)e (Pn) T, n<ng -1,
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I o1 (28(n)p~(Pn/)" 1 +1), n>ng+1,
Y2 (P,n,mo) = ¢(P,mo) 4 1, n = n,
H:f:nH (zﬁ(n’)¢_(P, ')~ 4 1)_17 n<mng—1.
(3.19)
Basic properties of ¢ and ¥ are summarized in the following result.
Lemma 3.1. Suppose that o, B satisfy (3.1) and the pth stationary Ablowitz-Ladik

system (2.45). Moreover, assume (3 2) and (3.3) and let P = (z,y) € Kp \
{Ps,,Pso_,Po4,Po—}, (n,ng) € Z°. Then ¢ satisfies the Riccati-type equation

ag(P)¢™(P) — ¢~ (P) + 2¢(P) = 2B, (3.20)
as well as
s(Prop) = 1) (321)
Fg(z) '
o(P) + o(Pr) = 22 (3.22)
Fg(z) '
B(P) = 6(P*) = co 127" ;ﬂii)). (3.23)
The vector U satisfies )
U(z)0~(P) =¥(P), (3.24)
Vy(2) U (P) = —(i/2)eo, 2Py ¥~ (P), (3:25)
Ya(P,n,no) = ¢(P,n)P1(P,n,no), (3.26)
Fy(z,n
1 (P, m,no)1 (P*,n,ng) = Z7L7nO%F(TL,7L0), (3.27)
y . I;E(z, n)
Yo (P,m,mo) 2 (P*,n,ng) = 2 “mr(n,no), (3.28)
T/Jl(P, n, N())I/)Q(P*,n, Tl()) + ¢1 (P*7 7; ’I’L())’lﬂz(P, n, TZ()) (329)
g Gp(z,n) r
=2z 7Fg(z,no) (n,n0),
1 (P,n,no)e (P, n, ng) — 1 (P*,n,no) 2 (P, n,ng) (3.30)
= *Co,+2"7n°7p’ I'(n,no),

( z,m0)
where we used the abbreviation
[Thng1 7)), n=mo+1,
L(n,n0) = { 1, n = no, (3.31)
[yt n<ng—1.
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Proof. To prove (3.20) one uses the definition (3.14) of ¢ and equations (2.10),
(2.12), and (2.69) to obtain

ag(P)¢™(P) = ¢(P)” + 2¢(P) — 2

1 . - —_—
T Rfy (QGEGE +(co+/2)z P ya(Gy + Gy) + aRy

—(Gy + (co,+ /227~ y)Fy + 2(Gp + (co.+ /2)2 P y) Fy — zﬂFgFE’)

1 _ _ _ _
- RE (aG (Gp +Gy) + Fy(—aH, — G, — 28F;) + 2F, GE) =0. (3.32)
Equations (3.21)—(3.23) are clear from the definitions of ¢ and y. By definition of
1, (3.26) holds for n = ngy. By induction,

wZ(Pvnan) _ Zﬁ(n)¢_(P7 n)_l +1 w;(P7 n, TL()) _ Zﬁ(n) + ¢_(P7 TL)
Yi(Pn,ng)  z+am)e(Pn) oy (Pn,ng) z+an)e (Pn)
and hence 12 /9); satisfies the Riccati-type equation (3.20)

_ QZJQ(P,TL,TLO) wz(P,n,Tlg)
oI P o) Ur(Ponono)

This proves (3.26).
The definition of 1) implies

wl(Pvnv Tlo) = (Z + a(n)¢7 (Pv ”)W’f (P’ n, TL())

(3.33)

—¢ (Pn)+2 —zB(n)=0.  (3.34)

= 21/)1_ (P,Tl,no) +0‘(”)¢’2_ (P,H,TL())7 (335)
wz(PvnvnO) = (z,@(n)qﬁ‘ (Pvn)_l + 1)¢5 (P7n’7n0)
= zB(n)Y7 (P,n,no) + 5 (P,n,ng), (3.36)

which proves (3.24). Property (3.25) follows from (3.26) and the definition of ¢.
To prove (3.27) one can use (2.10) and (2.12)

Yi(P)1(P7) = (z + a¢™ (P)) (2 + ad™ (P))vy (P)y (P7)
_ —(2*F, +220G, +aH, )¢y (P)yy (P")

Fp
- Fl,( 2Fy — 208F, + 2a(Gy + Gy )y (P (P*)
FI’ _ —
= ey 2L (P (P). (3.37)
P

Equation (3.28) then follows from (3.22) and (3.24). Finally, equation (3.29) (resp.
(3.30)) is proved by combining (3.22) and (3.26) (resp. (3.23) and (3.26)). O

Combining the Laurent polynomial recursion approach of Section 2 with (3.4)
and (3.5) readily yields trace formulas for fy+ and hy 4 in terms of symmetric
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functions of the zeros p; and vg of (-)P~F, and (-)P~~1'H,, respectively. For

simplicity we just record the simplest cases.

Lemma 3.2. Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz-Ladik
system (2.45). Then,

a P 2p+1 —1/2
— = Huj( 11 Em) 7 (3.38)
j=1 m=0
ﬁ+ p 2p+1 —1/2
= (Il E) (339)
s j=1 m=0
P ++
« C
domp=atpo gt (3.40)
=1 [ed Co,+
/4 —
— ot B 1+
vi=a f—y— — ——. 3.41
Z j B—x 3 ot ( )

1

J
Proof. We compare coefficients in (2.18) and (3.4)

2P- Fp(Z) =fo—+- -+ zpdrmfi’ler 4 2177+p+*1f07+

P p
= CO,JFO(JF ((_1)P+1 H i+ SP—tP+—2 Z’uj _ ZP—+P+*1>
j=1

j=1

(3.42)

and use fo— = co—ov and f14 = co4((a™)?8 — v a™") — aTe 4 which yields
(3.38) and (3.40). Similarly, one employs ho,— = —co,— 3+ and h1 4 = o+ (V8™ —
o 3%) + fBey, 4 for the remaining formulas (3.39) and (3.41). O

Next we turn to asymptotic properties of ¢ and ¥ in a neighborhood of Py,
and Py +.

Lemma 3.3. Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz-Ladik
system (2.45). Moreover, let P = (z,y) € Ky \ {Pso., Poo_, Po.+, Po,—}, (n,n0) €
Z2. Then ¢ has the asymptotic behavior

= ﬁ+ﬁ77C+O(C2)¢ P—»Poo+’ B
S {<a+>1<1 F@h) Patty 400, PoPe, T YE
(3.43)
- a 1= (172()47’7( + O(Cz)’ P— Py, B
¢(P) C:O {ﬂ+< _ ﬁ++7+42 + O(Cf;), P P(),f, ¢ =z (3_44)

The components of the Baker—Akhiezer vector W have the asymptotic behavior

B C7L07n(1+0(c))-, P—)POC+,
¢1(P7 n, 'I’L()) N {5:((:0))F(7L,7’L()) J,»O(C)7 P — Poc,7

= C=1/5  (3.45)
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2ln) 1 0(¢) PPy,
— a(ng) ) Pt} — 9
niBmma) =, {gﬂnor(n,.,no)(l +0(C), P—Py_, (=2 (3.46)
_ ﬂ(n)Cno—n(] + O(C))7 P — Poo+7 _
B 2, {—M%no)r(n,no)cl(l vo@), Porpo, CTYE
(3.47)
1
_ Jamy TOQ©), P—Pg
vaPimo) =, {—m(n)r(n, ) (1 OWQ), PPy,
(3.48)
The divisors (1;) of ¥, j = 1,2, are given by
(¥1(+,1,m0)) = Da(n) — Do) + (n = 10)(Ppy _ — Dp.,, ), (3.49)
(th2(+,n,n0)) = Di(n) = Dp(no) + (0 = n0)(Pp, - = Dpy, ) + Dy~ — Dp,, -
(3.50)

Proof. The existence of the asymptotic expansion of ¢ in terms of the local coordi-
nate ¢ = 1/z near Py, respectively, ¢ = z near Py 1 is clear from the explicit form
of ¢ in (3.14) and (3.15). Insertion of the Laurent polynomials F), into (3.14) and
H, into (3.15) then yields the explicit expansion coefficients in (3.43) and (3.44).
Alternatively, and more efficiently, one can insert each of the following asymptotic
expansions

¢(P) = ¢-1z+got+ bz + 0(z72),

0o

#(P") = do+ ¢z +0(27?),

#(P) o do + ¢12+ 0(2?),
o(P*) o b1z + 2% + 0(23)

(3.51)

into the Riccati-type equation (3.20) and, upon comparing coefficients of powers
of z, which determines the expansion coefficients ¢y in (3.51), one concludes (3.43)
and (3.44).

Next we compute the divisor of ¢1. By (3.18) it suffices to compute the divisor
of z + a¢~ (P). First of all we note that

z+0(1), P — P,
+
a = %’Y+O(zil)7 P — Poofa
2+ a¢™ (P) &4 0(), P— Py, (3.52)
vz + O(2%), P—-D._,

which establishes (3.45) and (3.46). Moreover, the poles of the function z4a¢™(P)
in Kp\{Po,+, P, } coincide with the ones of ¢~ (P), and so it remains to compute
the missing p zeros in K, \ { P +, Poo_ }. Using (2.12), (2.21), (2.69), and y(4;) =
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(2/00#)/1?’ Gp(py) (cf. (3.8)) one computes
(co+/2)z7P~y+ G,
Fy

Iyt a((cq4/2)z7Py — Gp)
Fy
F, (co4/2)227%P-y? — G
TR R (L /2yt Gy)
:&<1+ aH), > _ Fy(z)
Fy (coy+/2)z*P*y+G£ Py FB_(z)
Hence the sought after zeros are at fi;, j = 1,...,p (with the possibility that a

zero at fi; is cancelled by a pole at ﬂj_)
Finally, the behavior of ¥y follows immediately using 13 = ¢p1. |

z4+ap”(P)=z+«

o(1). (3.53)

In addition to (3.43), (3.44) one can use the Riccati-type equation (3.20) to
derive a convergent expansion of ¢ around P, and Py + and recursively determine
the coefficients as in Lemma 3.3. Since this is not used later in this section, we
omit further details at this point.

Since nonspecial divisors play a fundamental role in the derivation of theta
function representations of algebro-geometric solutions of the AL hierarchy in [31],
we now take a closer look at them.

Lemma 3.4. Suppose that o, B satisfy (3.1) and the pth stationary Ablowitz-Ladik
system (2.45). Moreover, assume (3.2) and (3.3) and let n € Z. Let Dy, 1 =
{fn -y fip}, and Dy, 0 = {Dy,...,1,}, be the pole and zero divisors of degree p,
respectively, associated with o, 3, and ¢ defined according to (3.8) and (3.9), that
i,

fi(n) = (115 (n), (2/co,4 )15 ()P~ Gp(pj(n),n)), j=1,....p,
5(n) = (vj(n), =(2/co.+ v (n)P~ Gp(vi(n),n)), j=1,....p.
Then D&(n) and Dy, are nonspecial for all n € Z.

Proof. We provide a detailed proof in the case of Dy, By [30, Thm. A.31] (see
also [29, Thm. A.30]), Dy(n) is special if and only if {fi1(n),..., fip(n)} contains
at least one pair of the type {/i(n), i(n)*}. Hence Djy(n) is certainly nonspecial as
long as the projections puj(n) of fi;(n) are mutually distinct, pi(n) # up(n) for
j # k. On the other hand, if two or more projections coincide for some ng € Z, for
instance,

Mj1(”0) = ::ujN(nO) =, NE€E {21"'71)}3 (355)
then Gp(po, o) # 0 as long as po ¢ {Eo, - . ., Eapt1}. This fact immediately follows
from (2.69) since F,(u,n0) = 0 but Ry,(uo) # 0 by hypothesis. In particular,
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fj, (no), ..., fijy (no) all meet on the same sheet since

ﬂjr(no) = (Nov(2/00#)#'{))76;3(”07”0))7 r=1,...,N, (3'56)
and hence no special divisor can arise in this manner. Remaining to be studied is
the case where two or more projections collide at a branch point, say at (Ey,,0)
for some ng € Z. In this case one concludes F,(z,ng) = O((z = Epm,)?) and

= 2= B

Gp(Emg,m0) =0 (3.57)

using again (2.69) and Iy (Emy,no) = Rp(Em,) = 0. Since Gp(-,n9) is a Laurent
polynomial, (3.57) implies Gp(z, no) = O((z — Epm,))- Thus, using (2.69) once
- mo

z—

more, one obtains the contradiction,

O((z = En)?) _= Ryl2) (3.58)
o 2 2p+1
T+
- <2Efn;> - EMO)< nl;[o (Fmo = En) + 0tz - Em>>
m#mo

Consequently, at most one fi;(n) can hit a branch point at a time and again no
special divisor arises. Finally, by our hypotheses on «, 3, fi;(n) stay finite for fixed
n € Z and hence never reach the points Py, . (Alternatively, by (3.43), fi; never
reaches the point P, . Hence, if some ji; tend to infinity, they all necessarily
converge to Ps,_.) Again no special divisor can arise in this manner.

The proof for Dy, is analogous (replacing Fj, by H), and noticing that by
(3.43), ¢ has no zeros near P, ), thereby completing the proof. ]

The results of Sections 2 and 3 have been used extensively in [31] to derive
the class of stationary algebro-geometric solutions of the Ablowitz—Ladik hierarchy
and the associated theta function representations of «, 3, ¢, and W. These theta
function representations also show that y(n) ¢ {0,1} for all n € Z, and hence con-
dition (3.1) is satisfied for the stationary algebro-geometric AL solutions discussed
in this section, provided the associated divisors D and Dy, stay away from
Py, P+ foralln € Z.

We conclude this section with the trivial case p = 0 excluded thus far.

a(n)

Example 3.5. Assume p = 0 and co.y = co,— = co # 0 (we recall that gp, + =
gp_.—). Then,
~ —~ 1
Fo.0) = Foo =Hoo =Hoo =0, Gpoo =Koo = 5%
~ = 1 1
Go,0) = K,0) = bR Ro,0) = 10(2)7
a=£F=0, (3.59)

[z 0 _ic (10
U‘(o 1)’ Vioo) = 5 <0 —1>'
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Introducing
Pl 0
Wy (z,n,n0) = < 0 > . Y_(z,n,ng) = <1> , n,ng €7, (3.60)
one verifies the equations
_ ic
Uy =¥y, Vooli=+ Oxyi (3.61)

4. The time-dependent Ablowitz—Ladik formalism

In this section we extend the algebro-geometric analysis of Section 3 to the time-
dependent Ablowitz—Ladik hierarchy.

For most of this section we assume the following hypothesis.
Hypothesis 4.1.
(i) Suppose that o, 8 satisfy
a(,t),B(-,t) €CE teR, a(n, ), Bn, ) € C'(R), n€Z,
a(n,t)B(n,t) ¢ {0,1}, (n,t) € Z xR,
(i) Assume that the hyperelliptic curve IC, satisfies (3.2) and (3.3).

(4.1)

The fundamental problem in the analysis of algebro-geometric solutions of
the Ablowitz—Ladik hierarchy consists of solving the time-dependent rth Ablowitz—
Ladik flow with initial data a stationary solution of the pth system in the hier-
archy. More precisely, given p € N3\ {(0,0)} we consider a solution a(®), 3
of the pth stationary Ablowitz—Ladik system s-AL,(a(?,3)) = 0, associated
with the hyperelliptic curve K, and a corresponding set of summation constants
{ce,x}o=1,..py C C. Next, let r = (r_,r;) € N3; we intend to construct a so-
lution a, B of the rth Ablowitz-Ladik flow AL, (e, 8) = 0 with a(ty,) = a®,
B(tor) = B for some ty, € R. To emphasize that the summation constants in
the definitions of the stationary and the time-dependent Ablowitz-Ladik equa-
tions are independent of each other, we indicate this by adding a tilde on all the
time-dependent quantltles Hence we shall employ the notation VT7 FT7 GT7 -
KT7 fa 45 s ks hs, 4, Cs,4, in order to distinguish them from Vo, Fp, Gp7 H,, Kp,
fo+, 9o+, he+, ce.+, in the following. In addition, we will follow a more claborate
notation inspired by Hirota’s 7-function approach and indicate the individual rth
Ablowitz—Ladik flow by a separate time variable ¢, € R.

Summing up, we are interested in solutions «, 3 of the time-dependent alge-
bro-geometric initial value problem

N —ia, — (Gr 1+ + G )""fr L = fr —1,-
ALy (o, B) = | .= S o -
) <—lﬁtr+ﬁ(9r+,++9r,) ~hr_a - "'_h“r*“r

(@.0)],_,, = (®.5®),

(4.2)
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0 - _
s-AL, (a(o)’ﬁm)) _ 7?0() )(gp+,+ +9, )t 14— fip,q,f -0 (4.3)
- B (gp+,++gp7<,7) —hp_—1,- +hp+—1,+

for some o, € R, where @ = a(n, t,.), 5 = B(n,t,) satisfy (4.1) and a fixed curve
K, is associated with the stationary solutions a(®), 8 in (4.3). Here,
p=(p-p+) EN\{(0,0)}, r=(r—,r4) €N}, p=p_+pi—1 (44)

In terms of the zero-curvature formulation this amounts to solving
Ur,(z:t) + Uz, t0)Va (2, t2) = Vi (2, t0)U (2, 8) = 0, (4.5)
U(Z7 tg,i)‘/g(z, tO,z) - VEJr(Z, tg)l)U(Z, toyf) =0. (46)

One can show (cf. [32]) that the stationary Ablowitz—Ladik system (4.6) is actually
satisfied for all times ¢, € R: Thus, we actually impose

Us, (2,t,) + Uz, t) V(2. t,) = Vi (2, 8)U (2,1,) = 0, (4.7)
Uz, t)Vp(z,tr) = V;(z, t)U(z,t,) =0, (4.8)

instead of (4.5) and (4.6). For further reference, we recall the relevant quantities
here (cf. (2.5), (2.6), (2.18)—(2.22)):

U(z) = (jﬂ j“) ,

Gy —Fp@)) o G-(z) —F(: (4.9)
Vr(z)—i( 2 U), Vr(z)—i<~’() ~7()>7

Hy () ~Gj(2)

(&S]

and
py—1 P

p—
Fy(2) = fotm2 '+ D framimerzt = —copatz P [ (2 - ),
=1 =0 j=1

P P+
Gp(2) =Y gp e Y gy 02
=1 =0

p——1 P+ P
Hy(2) = Z hp —1—0—2"¢+ Z Ry 42" = co Bz P11 H(z —vj),
=0 =1 j=1
T ry—1
Fr(2) =Y froca2 "+ > fric1oas, (4.10)
s=1 s=0

T_ Ty
Gz(z) = Zgr_fs,fzis + Zgufs&zsv

s=1 s=0

r_—1

T4
ﬁz(z) = Z il’v‘,—l—s,—z_s + Z ;L”,s#zs,
s=0 s=1
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T— T4+
KL(Z) = Zg'ﬁf—a',—zis + Zg7'+—5,+zs = GL(Z) + grﬂ— - g'r'+,+ (4'11)
s=0 s=1

for fixed p € N2\ {(0,0)}, r € NZ. Here fo+, f;b 9o+, Js,+, hex, and il.-;,i
are defined as in (2.32)-(2.39) with appropriate sets of summation constants ¢y +,
¢ € Ng, and ¢+, k € No. Explicitly, (4.7) and (4.8) are equivalent to (cf. (2.10)—
(2.13), (2.83)—(2.86)),

ar, = i(2F;, +a(Gy + K;) — F,), (4.12)
By, = —i(B(G; + K,) — H, + 2" H;), (4.13)
0=2(G; — Gy) + 2BF, + aH,, (4.14)
0=28F" +aH, + K —K,, (4.15)
0= z(GI; —Gp) + zﬂf;g +aH,, (4.16)
0= 26F; +aH, —Gy+ Gy, (4.17)
0= 7F27+ 2B, +a(Gp + G;*), (4.18)
0:25(G£+G£) —zHy,+ H,, (4.19)

respectively. In particular, (2.69) holds in the present ¢,-dependent setting, that is,

G, — FyHy = Ry, (4.20)
As in the stationary context (3.8), (3.9) we introduce

ﬁ’] (”‘7 tﬁ) = (/“.7’ (7L, tﬁ)ﬂ (2/0014—)/1‘_7' (77’7 tL)IL GB(/‘J' (TL, tﬂ)ﬂ n, tﬁ)) € ’CP’

4.21
J=lop () €ZxR, P

and
ZA/J'(n7 t7) = (Vj (n7 tT)7 7(2/60“#)’/]' (TL7 tT)p7 GQ(UJ (’IL, tT)7 n, t7)) € }CP7

4.22
i=l...p (ni)ezxr, %)

and note that the regularity assumptions (4.1) on «, 8 imply continuity of x; and
v with respect to t, € R (away from collisions of these zeros, 1; and vy, are of
course C™).

In analogy to (3.14), (3.15), one defines the following meromorphic function
(-, n,ty) on KCp,

(c0.4+/2)z7"y + Gp(z,m, 1)
FP(Z7 n, tv)

7;111('2?"71‘/1) 404
 (co.4/2)z7Py — Gyplz,m,ty)] (4.24)

P=(z,y) € Kp, (n,ty) € Z xR,

o(P,n,ty) = (4.23)
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with divisor (¢(-,n,t,)) of ¢(-,n,t;) given by
(@(-,n5tr)) = Dpy _p(npt,) — Dpry_j(nit)- (4.25)

The time-dependent Baker—Akhiezer vector is then defined in terms of ¢ by

_ (1 (Pynyno, by, to,r)
(P, n,no,trtor) = <w2(R nono tyrtos)) (4.26)

t B
P1(P,n,ng, by, to,r) = exp <l / ds(Gr(z,m0,8) — Fr(z,m0, 8)p(P, no, 5)))
Jtor
Hz’zno+1 (Z + a(ﬂ//,t£)¢7(P, n/:tz))v n 2 no + 1-,
x <1, n = ng, (4.27)
[Ty (24 a0/, t)o (P, tl))_l7 n<ny—1,

ty N _
Y2(P,m, no, tr, to,r) = exp <z/ - ds(Gz(z,ng,s) — Fy(z,n0, 5)p(P,no, s))>

to.r

Hn':nn+1 (Zﬂ(” t)o™ (Pon/ 1) 7! + 1), n>mno+1,
x ¢(P,no,ty) {1, n = no,

1001 (2800 )¢~ (P t,) ™ + 1)1 n<ng — 1,
(4.28)

P =(zy) € Co\{Ps,,Po_,Po+,Po}, (n,t,) €Z xR,
One observes that
1/’1(})771»”07151,{1) = wl(P¢ ng, no, tr, Eg)wl(Rn?no,tth),

_ 4.29
P=(z,y) € K\ {Po,,Po_,Pot,Po_}, (n,no,tr, ) € Z* x R2. (4.29)

The following lemma records basic properties of ¢ and ¥ in analogy to the
stationary case discussed in Lemma 3.1.

Lemma 4.2. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. In addition,
let P=(z,y) € Ky \ {Pooy, Poo_}, (n,n0, by, tor) € Z2 x R2. Then ¢ satisfies

ag(P)¢~ (P) — ¢~ (P) + 2(P) = 2P, (4.30)
1, (P) = iF,¢*(P) — (G (2) + Ko (2)) 6(P) +iH,(2), (4.31)
o (2 ;
d(P)p(P") = ) (4.32)
o G(2)
(P)+¢(P*) =2 £ (4.33)
B(P) — o(P*) = o 27 L) (43)

Fy(2)
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Moreover, assuming P = (z,y) € Ky \ {Pso., Poo_, Po,+, Po,—}, then ¥ satisfies

Y2 (P, n,no, tr, tor) = ¢(P,n, t, )1 (P, n,no, tr, to,r), (4.35)

U(2)¥™(P) = ¥(P), (4.36)

Vy(2) U (P) = —(i/2)co 27~ y¥~(P), (437)

Uy, (P) =V (2)¥(P), (4.38)
- _ Fy(z,n,t)

1 (P, n,no, tr, tor) 01 (P*,n,no, tr, tor) = 2" ”"mf(nmmtl), (4.39)
_ I}p(z,th)

Y2 (P, n,no, tr, tor )2 (P*,n,n0, tr, to,) = 2" "0 ——————=T'(n,n0, t,), (4.40)

Fy(z,m0,t0,r)
1 (P, n, no, tr, to,r )02 (P*, n, no, tr, to,r) + 1 (P*,n, o, tr, to,r )02 (P, 1o, by, to )
Gg(z, n,t)
F,(z,n0,t0,r)

1 (P n,mo, tr, o) 2 (P*,m,no, by to,r) — 1 (P, m,n0, s to,r )2 (P, 1, nos s o, r)

e T (.o, 442
Fy(2,m0,t0.r) (.m0, 1), 42)

=2z" N0 T'(n,no, tr), (4.41)

= —Co,+%

where

Hz’zmﬁrl "/(n/7t£)7 n Z no + 17
L(n,no,tr) =4 1, n =ng, (4.43)

Hz?zn+1 'y(n’,t,,)_l’ n<ng-—1.

In addition, as long as the zeros pj(no,s) of ()P~ Fp(-,no,s) are all simple and
distinct from zero for s € I,, T, C R an open interval, V(- ,n,no,ty,to,) is
meromorphic on Kp \ {Poo, , Poo_, Pot, Po,~} for (n,tr,to,) € Z x I2.

Proof. Equations (4.30), (4.32)—(4.37), and (4.39)—(4.42) are proved as in the sta-
tionary case, see Lemma 3.1. Thus, we turn to the proof of (4.31) and (4.38):
Differentiating the Riccati-type equation (4.30) yields

0= (adp™ — ¢~ +20—28),
=y, 00" + (g™ + 2)¢r, + (ad — 1)d, — 25,
= ((ap™ +2) + (g — 1)Si)¢t£ +ipd~ (oz(éI + I~(£) + zﬁ: — ﬁl)
+izB(Gy + K,) +i(zH, — Hy), (4.44)
using (4.12) and (4.13). Next, one employs (3.20) to rewrite

1

(ap™ +2) + (ap —1)S™ = 3

(2B+¢7)+ f,(ﬁ —¢)ST.  (4.45)
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This allows one to calculate the right-hand side of (4.31) using (4.14) and (4.15)
((a¢™ +2) + (a6 = 1)S7) (Hy + Fr6* — (G, + K,)9)
= (a¢™ +2)H, + (ad = D)H, +¢(zB+ ¢ )Fp+ 267 (8 - §)F,
— (28467 )G+ Ky) — 2(8 - 0)(G; +K,)
=06~ (Fp — 2F, )+ zH, — Hy + ¢~ (aH, + 2BF;) + ¢(aH; + 23F,)
—28(Gr + K, + G, + K, ) = 20(G; + K. ) — ¢ (Gr + K,)
=06~ (Fr — 2F )+ zH, — HT — 28(G; + K,) + (26 — ¢~ — 2B)(G, + K;)
= ¢¢~(Fp — 2F )+ zH, — HY —28(G; + K,) — app™ (G + K,).  (4.46)

Hence,

(é(Zﬁ +67)+ (8- 9)S )(% —iH, —iF¢? +i(Gr + K, )¢) =0. (4.47)

=
Solving the first-order difference equation (4.47) then yields
¢, (Pyn,ty) — (z n, t,)6(P,n,t,)?

+i(Gr(z,n, ) + Ky (2,m,,)) (P, ) — iHy(2,m, L)

Hn’ lB(P n' ot )/A(Pa 7L,,t£), nz 1¢
=C(Pt)1 1, n=0, (4.48)
H,(,)L,:,,H_l AP,/ t,)/B(P,n',t,), n<-1

for some n-independent function C(-,t,) meromorphic on KCp,, where

A=¢" B+07), B=—2¢")""(B-9) (4.49)
The asymptotic behavior of ¢(P, n,t,) in (3.43) then yields (for ¢, € R fixed)

B(P) I i

AP) p, LA OGET). (4.50)

Since the left-hand side of (4.48) is of order O(2"+) as P — Ps,, and C is
meromorphic, insertion of (4.50) into (4.48), taking n > 1 sufficiently large, then
yields a contradiction unless C'= 0. This proves (4.31).

Proving (4.38) is equivalent to showing

Ui, = i(Gy — 6F )1, (4.51)

Y16y, + $1, = i(Hy — 9K, ), (4.52)
using (4.35). Equation (4.52) follows directly from (4.51) and from (4.31),
Y1y, + P1 e, —L/fl(lH +iF, 4152*&(0 +K)¢+Z( — ¢F, w)9)

= i(H, — oK)t (4.53)
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To prove (4.51) we start from
(z4+ap™ ), =, 0 + gy,
= ¢ i(2F, + (G, + K ) — F,) +ai(Hy +F; (¢7)* = (G + K[ )¢™)
=ia¢™ (G, — Gy ) +i(z + a¢™ )6~ F —i¢™F, +iak,

= i(z+a¢7) (G, — ¢F, — (G; — ¢ F,)), (4.54)
where we used (4.14) and (3.20) to rewrite
iaH, —i¢~F, = i2(Gy, — G ) — agdp™ Fy, — 26F,. (4.55)
Abbreviating
tr - .
o(P,no,ty) = z/ ds(Gl(z,no7 s) — Fy(z,n0, $)p(P, 71075)), (4.56)
0

one computes for n > ng + 1,

n

v = (o) IT oo

n’=ng+1 tr

= 04,91 + exp(o) Z (z+ ™), () H (2 +ag™)(n")

n’'=no+1 n'/=1
n' #n'
=11 (Utz +i Z ((éz - ﬁz@)("/) - (éz - ﬁz(b)(n( - 1)))
n’'=ng+1
= i(Gy — Frg)thr. (4.57)

The case n < ng is handled analogously establishing (4.51).
That ¥(-,n,no,t,to,) is meromorphic on Kp \ {Pocy, Po,+} if Fp(+,m0,1y)
has only simple zeros distinct from zero is a consequence of (4.27), (4.28), and of
=iFy(zm0,9)0(Pno,s) = 0sIn (Fy(z,mo,9) +O(1), (4.58)
— i (no,s =

using (4.21), (4.25), and (4.59). (Equation (4.59) in Lemma 4.3 follows from (4.31),
(4.33), and (4.34) which have already been proven.) O

Next we consider the ¢,-dependence of F,, G, and H,,.

Lemma 4.3. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. In addition,
let (z,n,t,) € C x Z x R. Then,

Fy, = =2iG,Fy +i(Gy + K, ) F, (4.59)
GEJL = iFgﬁL - ngﬁzy (4.60)

Hyy, = 2iGpH, —i(Gr + K;) Hy. (4.61)
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In particular, (4.59)—(4.61) are equivalent to
Vo = [Ve Vol (4.62)
Proof. To prove (4.59) one first differentiates equation (4.34)
b1, (P) = ¢, (P7) = —Co,+27p’?/F£2Fg,tL~ (4.63)
The time derivative of ¢ given in (4.31) and (4.33) yield
00.(P) = 60 (P") = i(Hy + Fo9(P)? — (Go+ Kr) 9(P))
- i(gi + Fp(P*)? - (éz + IN{z)‘ﬁ(P*))
= iF,(@(P) + ¢(P*))($(P) — 6(P"))
—i(Ge + Kr) (4(P) = 9(P"))
= 2icoy+z’p*ﬁTyGﬂFp’2 —icg, 42 P (é, + I?T)pr’l, (4.64)

and hence

Fpi, = —2iGpFy +i(Gr + K;) Fp. (4.65)
Similarly, starting from (4.33)
b1, (P) + ¢4, (P*) = 2F, 2(F,Gp, — Fp1, Gp) (4.66)
yields (4.60) and
0= Ry, =2GpGpr, — Fpu, Hy — FpHpy, (4.67)
proves (4.61). O

Next we turn to the Dubrovin equations for the time variation of the zeros
pj of (-)P=F, and vj of (-)P~~'H, governed by the AL, flow.

Lemma 4.4. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold on Z x I,
with Z, € R an open interval. In addition, assume that the zeros p;, j =1,...,p,
of (- )P~ F,(-) remain distinct and nonzero on ZxZL,. Then {ji;}j=1,..p, defined in
(4.21), satisfies the following first-order system of differential equations on Z x Ly,

p
pi, = =i Fp )y (i) @) Ty — )™ G=1,-,p, (4.68)
=
with
ﬂj(na ) € COO(ZN«7’CP)~, j=1...,p, nEL (469)

For the zerosvj, j=1,...,p, of (- )p*_ng( -), identical statements hold with p;
and Z,, replaced by vj and Z,,, etc. (with Z, C R an open interval). In particular,
{Dj}j=1,....p, defined in (4.22), satisfies the first-order system on Z x I,,,
P
Ve, = iHo (vy)y(0;) (Br) " [[ i =)™ d=1,....p, (4.70)

k=1
k#j
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with

vj(n,-) € C°(T,,Kp), j=1,...,p, n€Z. (4.71)
Proof. Tt suffices to consider (4.68) for 1, . Using the product representation for
F) in (4.10) and employing (4.21) and (4.59), one computes

P
Fpu,(g) = (Co,+f¥+/l_,-p I - /lk))ltj,tr = —2iGp(u;) Fr(p5)
113;} (4.72)

= —icor; "y Fe(py), §=1,...,p,
proving (4.68). The case of (4.70) for v, is of course analogous using the product
representation for H), in (4.10) and employing (4.22) and (4.61). O

When attempting to solve the Dubrovin systems (4.68) and (4.70), they must
be augmented with appropriate divisors Dp(ng,t,,) € Sym? K, to,, € Z,, and
Dy (nosto,,) € Sym? Kp, Lo, € I,,, as initial conditions.

Since the stationary trace formulas for fy + and hy 4 in terms of symmetric
functions of the zeros y; and vy of ()P~ F, and (-)P~ ~'H, in Lemma 3.2 extend
line by line to the corresponding time-dependent setting, we next record their ¢,-
dependent analogs without proof. For simplicity we again confine ourselves to the
simplest cases only.

Lemma 4.5. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. Then,

a P 2p+1 —1/2
— = Hw( 11 Em> : (4.73)
j=1

m=0
ﬁ+ P 2p+1 —1/2
a = (71)1)#»1 H V}( H Em) 3 (474)
ﬁ j=1 m=0
P ++
« c
ZH;’ZOﬁﬂ*’W - - At (4.75)
=1 « Co,+
P —
ot g G+
vi=a f-y— — —. 4.76
Z j B—x 3 ot ( )

Il
—

J

Next, we turn to the asymptotic expansions of ¢ and ¥ in a neighborhood of
Py, and Py +.

Lemma 4.6. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. Moreover,
let P = (2,y) € Ky \ {Pooy>Poo_,Po.+,Po,—}, (n,n0,tr,t0,) € 72 x R2. Then ¢
has the asymptotic behavior

{ﬂ+ﬂv<+0(@)> P— Py,

¢(P) CiO *(Oﬂ')_lC_l +(a+)‘2a++7++0(<), P— P,

¢= 1/Z7
(4.77)
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== (4.78)

o(P) — {ala?avcwm P— Ry,
¢—0

=BT =BT+ O0P),  P— PR,
The component 11 of the Baker—Akhiezer vector ¥ has the asymptotic behavior

i S .
1(P,n,no, tr, tor) Ci() exp < + i(tl —tor) Z Cry—s,4C > (1+0(¢))

s=0
grom, P P,
F(nity) _
X . t.l“(n , 1o, tr)m P—»Poo77 <—1/Z7
X exp (z L(]LL ds(gr +(no, s) — gr_—(no, s))),
(4.79)
’L/)l(PTL ng, tr, to 'r) = exp iz(tr*to r)iér 797<7s (1+O(<))
b k) ¥y \r C—)O 2 r P - S,
s=0
a(n,ty)
a(no,tor)’ P— PO,+7
X T'(n,no, t,)¢"" "m0 (=z.
(n,n0, ) ) Pop
xexp (i fi2 ds G, (n0,5) — G (n0,5)));
(4.80)

Proof. Since by the definition of ¢ in (4.23) the time parameter ¢, can be viewed as
an additional but fixed parameter, the asymptotic behavior of ¢ remains the same
as in Lemma 3.3. Similarly, also the asymptotic behavior of ©1(P,n,no,t,,t,) is
derived in an identical fashion to that in Lemma 3.3. This proves (4.79) and (4.80)
for to, = t,, that is,

C"O’"(l-i-O( ), P— P,
l/)l(Pvnanatzvt) = (n,t,) ’ ¢=1/z
I'(n,no, tr )W +0(), P— Px_,
(4.81)
a(n,tr)
= (0] P — P
D1(P,n,ng, by, t,) = a(no,tr) +0(¢), — 10,4, (==
o0 (T o, )¢ (14 0(C), P — B,
(4.82)

It remains to investigate

tl ~ ~
1 (P, ng, no, tr, to,r) = €xp <Z/ dt(Gy (2, no, t) — Fy.(2,n0, t)p(P, noi)))-

to,r
(4.83)
The asymptotic expansion of the integrand is derived using Theorem A.2. Focusing
on the homogeneous coefficients first, one computes as P — P,

. ~ . ~ Gp+(co+/2)z7 Py
Gsy —Fs =G5 4 — F‘;;f»gf
P
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~ ~ 2,7 G 92,p— F,\ ~
- GS.+ - FS,+< ; _g * 1> < ; _2>
' co+ Y o+ Y
1

_ L go+:|:2 - _
C:()i?C +— f0+ f€++O(C) P Pooi»( 1/z- (4'84)

Since

Zcm w+Far +0(). G, ch «+Ger +0(Q),  (485)

- (Ho - gag

one infers from (4.77)
Gy — Fr¢ ET+,5,+§_S+O(§), P— Py ,(=1/z (4.86)
=0
Insertion of (4.86) into (4.83) then proves (4.79) as P — P, .
As P — P,,_, we need one additional term in the asymptotic expansion of

R
:2

IT“D that is, we will use

T4 r_
FL CiO Z 57'+—s7+Fs,+ + Z &7',—5,—.](5—1,—( + O(CQ) (487)
s=0 s=0

This then yields

Gy —

ZC” 9+< s ((X ) 1(fr+,+_fr,—1,f)+0(€)' (488)

Invoking (2.34) and (4.2) one concludes that

fT;—l,— - f’r'+,+ - ZO(, +a (g'r'+,+ - gv;,—) (489)
and hence
zatr

_F¢<:0 Zc” 540 = =+ G — G- +O(0) (4.90)

Insertion of (4.90) into (4.83) then proves (4.79) as P — Py _
Using Theorem A.2 again, one obtains in the same manner as P — Py 4,

. ~ 1. . . Go—t 3%,
Gs-—Fs_¢p = +=(C°—gs.— + ——=fs._ +0O(Q). 4.91
T T s AER O N RS
Since
Fl (fogér;—s,—F&,— +fr'+—1,++0(<)7 P—>P0,i: szv (492)
ch,S,,GS,-&-g”Jr-i-O(C) P— Py, (=2 (4.93)

C*).90
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(4.91)-(4.93) yield

SO 1 e _ o ~ Go_+ L -
R e (A )
- s=0 0,—
(4.94)
where we again used (4.78), (2.52), and (4.2). As P — P, _, one thus obtains
. ~ 1 e _ . B
Gr—Frd = 3 ;Cr,—s,fc + Gt —Grs P—=Po, (=z (495)

Insertion of (4.95) into (4.83) then proves (4.80) as P — Py _.
As P — Py 4, one obtains

-~ 1o e ~ 1 - _
Gz - F.¢ CiU 5 ;Ocrf—s,féh +9ri 4 = Gro— — &(fr+—1,+ - fh,*) + O(O7
1= s lou,
) gcr,fs,fc T 400, PPy, (=2 (4.96)
using fr_ = fi _, _+a(G - —§,_.—) (cf. (2.38)) and (4.2). Insertion of (4.96)
into (4.83) then proves (4.80) as P — Py ;. O

Next, we note that Lemma 3.4 on nonspecial divisors in the stationary context
extends to the present time-dependent situation without a change. Indeed, since
t, € R just plays the role of a parameter, the proof of Lemma 3.4 extends line by
line and is hence omitted.

Lemma 4.7. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. Moreover,
let (n,t,) € Z xR. Denote by Dy, o = {jin, ..., f1p} and Dy, 0 = {D1,..., 0}, the
pole and zero divisors of degree p, respectively, associated with o, 3, and ¢ defined
according to (4.21) and (4.22), that s,

l]‘j (’Vl, tL) = (:uj (Tl, tl)ﬂ (Q/COHr)Nj (TL, tz):lb Gg(luj (71, tl)% n, tL))v ] = 1a PRy 2

ﬁj(n?ti) = (Vj(na tl)v 7(2/60&)1’]'(”5 tl)piGp(Vj(nv tﬁ)v nﬁti))v J =1,...,p.

Then Djy(n,t,) and Dy(n,,) are nonspecial for all (n,t,) € ZxR.

Finally, we note that
I'(n, no, tr) = T'(n,no, to,r)
tr
e (i [ s s 0.9) = 00 =098 0.5) ).
to.r
(4.99)
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which follows from (2.91), (3.31), and from

F(”’”Ovtz)tL: Z V(jvtz)tl H Y(jstr) (4.100)
j=no41 k=ng+1

ki
=i(Gry,+(ntr) — Grp o+ (0 te) — Gr_,—(Myte) + Gr_— (R0, t2))T'(1, n0, 1)
after integration with respect to t,.

The results of Sections 2-4 have been used extensively in [31] to derive the
class of time-dependent algebro-geometric solutions of the Ablowitz—Ladik hierar-
chy and the associated theta function representations of o, 3, ¢, and W. These theta
function representations also show that y(n,t,) ¢ {0,1} for all (n,¢,) € Z x R,
and hence condition (4.1) is satisfied for the time-dependent algebro-geometric AL
solutions discussed in this section, provided the associated divisors D; and

Dy(n,,) stay away from Py, , Py + for all (n,t,) € Z x R.

fu(n,tr)

Appendix A. Asymptotic spectral parameter expansions and
nonlinear recursion relations

In this appendix we consider asymptotic spectral parameter expansions of Fy /Y,

Gp/y, and H,/y in a neighborhood of P, and Py i, the resulting recursion

relations for the homogeneous coefficients fg, Ge, and izl, their connection with the
nonhomogeneous coefficients fi, g¢, and hy, and the connection between ¢y + and
ce(ﬁil). We will employ the notation

EF = (E5', ... EiL,). (A1)

We start with the following elementary results (consequences of the binomial

expansion) assuming 7 € C such that || < min{|Eo|~?,.. ., [Baps1| 1}
2p+1 -z
< IT (- Emn)> =D aEn', (A2)
m=0 k=0
where
co(E) =1,
N (2jo)! -+ (2j2p+1)! L a1
e(E) = Z sanne o rako Bty keN (A.3)
J0seesd2p+1=0 225 (jol)? -+ (zp1!)
Jot++iepr1=k
The first few coefficients explicitly read
| 2 2p+1 g 21
Go(E)=1, &1(E Z Ep,, é2(E Z Ep B, + = Z Em, ete.
ml mo=0 m=0
mi<mgz

(A4)



176 F. Gesztesy, H. Holden, J. Michor and G. Teschl

Similarly,
2p4l 2
P - B . R
[[0-Bwm)] =S @it (A.5)
m=0 k=0
where
CO(E) = 17
k . . j J2p+1
250 -+ (2 IEJ . B2t
en(E) = Z (270)! - -+ (2j2p+1) 2p+1 keN. (A6)

o 20 2R G0? (Gap)(250 — 1) (2j2p41 — 1)
Jot++iep+1=k

The first few coefficients explicitly are given by

1 2t 2p+1 | 2t
co(E) =1, a(E) = 3 Z En, c2(E) = Z En, B, — Z E'Z’7 ete.
m=0 m1 mo=0 m=0
mi<msz
(A7)
Multiplying (A.2) and (A.5) and comparing coefficients of 7* one finds
k
3" ek e(E)er(E) = b0,k € No. (A8)

=0

Next, we turn to asymptotic expansions of various quantities in the case of
the Ablowitz—Ladik hierarchy assuming o, 3 € C%, a(n)B(n) ¢ {0,1}, n € Z.
Consider a fundamental system of solutions ¥4 (z, -) = (¥1,1(z, - ),¥2,4(2, -)) T
of U(z)¥L(z) = ¥4(z) for z € C (or in some subdomain of C), with U given by
(2.5), such that

det(W_(2), W4 () £ 0. (A.9)
Introducing
q&i(z,n):w7 z€C, neN, (A.10)
"Z’l,i(z%n)
then ¢4 satisfy the Riccati-type equation
ap+oy — ¢y + 20+ = 23, (A11)
and one introduces in addition,
2
- A12
= e (12
_ O+t oo
A3
“ oo (A1)
b — 2¢ ¢ (A.14)

by — -
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Using the Riccati-type equation (A.11) and its consequences,

(P47 — ¢—¢7) = (95 — ¢°) + 2(d4 — ¢-) =0, (A.15)
(P41 +¢-07) — (0L + ¢2) + 2(d+ + ¢-) = 225, (A.16)
one derives the identities
z(g” —g)+2Bf+ah” =0, (A.17)
2B +ah—g+g” =0, (A.18)
—f+2" +al@g+g”) =0, (A19)
zB(g” +9)—zb+h” =0, (A.20)
g°—fh=1. (A.21)

Moreover, (A.17)-(A.20) and (A.21) also permit one to derive nonlinear difference
equations for f, g, and b separately, and one obtains
(ot +20)%f = 2(a*)?7F7)" = 22027 (0T + 20)%f + 2(a™) )
+2%at ()2 (1)? = 4(aat)? (0" + az)?, (A22)
(0" +20)(B+26%) (2 + o B)(1 + zaf7)g?
+2(ayg” +2artgt) (28 v + By et)
—2y((@" B+ 22aBM)2—7") +2:(1-1")(2-))e g
=277 (2:(1 =2 = 7") + (@" B +2%af7)(2 - ))a" g

= (a8 - Z2apt)?, (A.23)
28290~ — B2T51)7 =228+ 28N)2((84)%9h + 82 hH)p
+(B+ 28%)*% = 42%(B81)* (B + BT 2)%. (A.24)

For the precise connection between f, g, h and the Green’s function of the
Lax difference expression underlying the AL hierarchy, we refer to [30, App. C],
[33].

Next, we assume the existence of the following asymptotic expansions of f, g,
and b near 1/z = 0 and z = 0. More precisely, near 1/z = 0 we assume that

F -1
fe+27"70 = —Zgl+z )

fz) =

\z|—>oo

zeCr =0 zeCn
- (A.25)
h(z) = —> beszt,

|2|—o00
z€CR

~
Il
<}

for z in some cone Cg with apex at z = 0 and some opening angle in (0, 27],
exterior to a disk centered at z = 0 of sufficiently large radius R > 0, for some set
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of coefficients fg_Jﬁ g¢,4, and 65 +, £ € Ny. Similarly, near z = 0 we assume that

= fo*ev a(z) = —def

ZEC zEC’7
oo
b(z) = —> b2
[2[—0 '

z€C, £=0

(A.26)

for z in some cone C, with apex at z = 0 and some opening angle in (0, 27],
interior to a disk centered at z = 0 of sufficiently small radius r > 0, for some set
of coefficients fo,_, g¢,—, and bg,_, £ € Np. Then one can prove the following result.

Theorem A.1. Assume a, 8 € C%, a(n)B(n) ¢ {0,1}, n € Z, and the existence of
the asymptotic expansions (A.25) and (A.26). Then f, g, and Y have the following
asymptotic expansions as |z| — oo, z € Cr, respectively, |z| — 0, z € Cy,

= —qu-z ez = —de+2

[z|—00

zECR 2€CRr (A 27)
Nyt
(Z) 2| =0 Z L2
2€Chr £=0
and
¢ L ~ £
= - (AR = 9o, -2,
oy ; o 0 =
. (A.28)
h(Z) _ —ZIA’L[.,ZHI,

where f'g,i, GJo+, and ]A'Lgyi are the homogeneous versions of the coefficients fo +,
9o+, and hy 1 defined in (2.49)~(2.51). In particular, fr+, e+, and he+ can be
computed from the following nonlinear recursion relations®
fo,+ =—a’, f1,+ = (a+)25 - 7+04++7
for = =@ +4(a™)?87 + 4T ((aT)28F — 4ottt £ 2aTattp),
-4

-1
R 1 S I
‘ot foq = 3 ((Oé+)4 E fsfoom—ay +a? E fmfo—m+
m=1

m=0
-3 N R R R
- 2(a+)2 Z 7"1+( - 2aa+fe*7”*3<+ + (a+)27-fl:'rrb—3,+ + a27+fl+—m—3,+)
m=0

3We recall, a sum is interpreted as zero whenever the upper limit in the sum is strictly less than
its lower limit.
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~

-2

+ > (@O e+ @ (@)

m=0

- 2a2’y+~fltm721+)

- Zaa+fm,+(_30404+f27m72¢+ + 2(0‘+)27fzim,72,+ + 20‘2’7+f£tm72,+))

-1
- 20 Z fma (= 200" foomor 4 + (0‘+)2'Yfz:m71,+ + 0‘2“Y+f;:m—1,+))7
m=0
(>3, (A.29)
fo,f =a, fl,— =~a~ —a?gt,
fom = (BT —yTa?BTT —y((@7)?B— 7 a"" + 207 aBt),
1 (-4 X -1
o) i ==y (0 X Fo oo £ @S Fo oo
m=0 m=1
= X X
- 20’ Z T T (0‘+)2’Yf/3_—m—3,— +a’y s )
m=0
(-2
+ IO A
m:O
+ (@) o (@) s - =207 5 )
— 2007 frn (=300 fr_m_a_ +2(a™)? ’yfgfm72_’7+2a 'y+f[tm72ﬁ))
—
Z — 200" foomo1,— + (Oﬁ)z’Yfe:mfl,f + 0‘2"/+fztm71,7)>7
(>3, (A.30)
. 1
go,+ = bR 91,4+ = —a+ﬂ7
g2+ = (@"B)? —Fattp - ’Ya+/3+

-1
(a5+)2§£,+:*< +) ﬁ2zgm+gf m— 4++CV ﬁ+)2zgm +9t—m,+

m=0 m=1
-3

+ aJr/B Z (’Y’Y+g'r_n,+gz-—7n_31+ + .@m,+((1 + aﬁ)(l + a+5+)g27m73,+
m=0

- (7 + O‘+ﬁ+7)g;7mf3,+ + (72 + ’Y)’Y+§ztm73,+))

-2

+ Z (O¢+5+72Q;L,+g/:m72,+ + aﬁ(7+)2!};z,+?]¢tm 2+

m=0
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+ gm (0t BT + 2ot 3261 + aB(1 + ot B))jr—m—2,+

=2 (1+aB)B Vi moar + B +a" B gl 5 0)
-1

+ B (G s+ G (L aB) (L + @t ) geom1 4

m=0

—(v+ a+5+7)9/31m71,+ +(-2+ 7)7+!A71.tm717+))>7 >3,
(A.31)

£—4 -1
(025 = - <a2(6+)2 Gt @S G
m=0 m=1
-3

— (V0BG s+ (240 s )
+ 5 (@ B0 o+ BOT)2G G s

+ gm,— (BT + 28261 + aB(1 + ot B7)?)gr—m—2,—

—2(a (14 aB)B VG ps_ +aB1+aT BV G, )
-1
+ aJr/g Z (’Y’YJrg;L,fgz;mfl,f + gm,*((l + aﬂ)(l + O‘+ﬂ+)glfmfl,—

m=0

- (’Y + a+ﬁ+7)g;—7nfl,f + (72 + ’Y)’Y+§¢tm—1,f)) ’ 4 2 37

(A.32)
ilo.,+ =B, i11,+ =8 —atp?,
hay = (a™)?B® — *aHﬁQ (B =B+ Qa*ﬁ’ﬂ),
—

ﬂ(ﬁ+)4h€,+ 77([?4 Z hm +hé m— 4++ 5+ Z m+h€7m,+

-3 "

— 203" b (= 288 hemms s + (BY) 9 _s + B )
m=0

£—2

+ Z (ﬁ4( ) h:;LJthm 2,+

m=0
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+(ﬁ+)27il;z +((ﬁ )’Yhz —m— 2+*252 +hz m— 2+)
—268% hn 4 (3688  hemoy +2(67)2vh; 2 2077 TR )

£—1
- 2(/8+)2 Z il’er 2/8ﬂ+h5 m—1,+ + (/6+) Z m—1,+ +ﬂ2ﬁy hl m—1 +)>’

m=0
>3, (A.33)
ho— = =%, hi— =B +a(B),
}Al — —042(ﬁ+) +“/Oé (ﬁ+)2 +,Y(O(+(ﬁ++)2 _ ++ﬁ+++ +20¢ﬁ+ﬁ++),
£—1
ﬂ+ﬂ4hl, §< ﬁ+ Z hm 7h/ m—4,— + /84 Z hm,fhﬁ m,—

m=1

£-3
+)thm,— (=288 hemm—s,— + (B vy, s T O R 5-)
m=0

-2
+ Z (ﬁ4(’}/ hIJ:L —hj’r m—2,—
m=0
+ (B Y (BH) 2y s = 28%7 R, 5 )
— 288 hm, (=387 hi—m—2,— +2(B%)? 'Yhz—m—2,— + 2,62'y+lﬂlltm72ﬁ))
-1

- 2ﬂ2 E iLm,—( - Qﬂﬂ+hf—7n—1,— + (ﬂ+)27iLZ_7n_1,_ + ﬂ27+iLz’_m_1v_)>7
m=0
£>3. (A34)

Proof. We first consider the expansions (A.27) near 1/z = 0 and the nonlinear
recursion relations (A.29), (A.31), and (A.33) in detail. Inserting expansion (A.25)
for f into (A.22), the expansion (A.25) for g into (A.23), and the expansion (A.25)
for b into (A.24), then yields the nonlinear recursion relations (A 29), (A.31), and
(A.33), but with fg +5 Ge,+, and }Lg + replaced by f[ 4 gg +, and bg T respectlvely
From the leading asymptotic behavior one finds that fU +=-a", go+ =1, and
ho,+ = B.

Next, inserting the expanbions (A.25) for f, g, and b into (A.17)—(A.20), and
comparing powers of z~¢ as |z| — oo, z € O, one infers that f, 4, ge.+, and by +
satisfy the linear recursion relations (2.32)—(2.35). Here we have used (2.21). The
coefficients fo +, 80,4, and bo + are consistent with (2.32) for ¢o 4+ = 1. Hence one
concludes that

fe+ = fo+y 8o+ =0ge4s Be+ =hey, €N, (A.35)
for certain values of the summation constants cy 4. To conclude that actually,

fgﬁr = f[1+7 9o+ = Jo.+ 6@7+ = IALgHr, ¢ € Ny, and hence all ¢, 4, ¢ € N, vanish,
we now rely on the notion of degree as introduced in Remark 2.6. To this end we
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recall that
deg (for) =£+1, deg(get) =0 deg(hoy)=¢ LNy, (A.36)

(cf. (2.55)). Similarly, the nonlinear recursion relations (A.29), (A.31), and (A.33)
yield inductively that

deg (fz)Jr) =/(+1, deg (@gHr) =/{, deg (FA)“r) =/¢, (€N (A.37)
Hence one concludes
for = fous G0+ =80+, ot =hes, £€No. (A.38)

The proof of the corresponding asymptotic expansion (A.28) and the non-
linear recursion relations (A.30), (A.32), and (A.34) follows precisely the same
strategy and is hence omitted. O

Given this general result on asymptotic expansions, we now specialize to the
algebro-geometric case at hand. We recall our conventions y(P) = F({7P~% +
O(¢™P)) for P near P, (where ¢ =1/z) and y(P) = £((co,—/co,+) + O(Q)) for
P near Py 1 (where ¢ = z).

Theorem A.2. Assume (3.1), s-ALp(a, ) = 0, and suppose P = (z,y) € K, \
{Ps,,Px_}. Then 2P~ F,/y, 2P~ G,/y, and 2P~ H,/y have the following conver-
gent expansions as P — Py s respectively, P — Py +,

P Bp(2) _ [F332 fer P Pay. (=1/ (A.39)
co+ Y iZZU.fl,—CE, P — P+, (=2
-G [FEE a4l P— Py, (=1/z (A.40)
Co+ Y iZ?iugz,—C’; P— P, (=72

Hy(2) _ [FX20hest’,  P—Poy,  (=1/z (A1)
o+ Y £ he (1, P— Ry, (=2 .

where ¢ = 1/z (resp ¢ = z) is the local coordinate near P, (resp., Py +) and

fg +, Je,+, and hz 4 are the homogeneous versions® of the coefficients fo+, go+,
and he,+ as introduced in (2.49)—(2.51). Moreover, one infers for the E,,-dependent
summation constants cex, £ =0,...,px, in Fp, Gy, and H, that

co = coce(EXY), €=0,...,ps. (A.42)

In addition, one has the following relations between the homogeneous and nonho-
MOGeneous recursion (*oeﬂ‘l('iem‘s-

fZi—COizcé k fki7 £=0,...,p+, (A.43)
k=0

4Strictly speaking, the coefficients fg,:b Je,+, and ]:I,[,i in (A.39)—(A.41) no longer have a well-
defined degree and hence represent a slight abuse of notation since we assumed that s—ALB(a, B) =
0. At any rate, they are explicitly given by (A.49)—(A.51).
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9/31—(‘015 (/zk gk:b

he+ =co+ Z co—i (B ) i,
k=0

Furthermore, one has

t=0,...,px+,

{=0,...,pxt.

(O:Efé:t—z(’ék N fes =0, pe—1,

k=0
A p—1
coxfpy = Z ek (E*") frox + e0(E) fpp 1,7,
CotGe,+ = Zéé—k(ﬂil)gk,iv £=0,...,px — 1,
k=0
pr—1
Co.x0py = = Z Cps— I +éo(E* )!Jpxﬂ:v
CO,iiLZ,i:ZCZ W(E ) s, €=0,...,ps—1,
. p+—1
coahp, = Z pu—t(E* i a + Go(E* hpe 1,5

For general £ (not restricted to £ < p+) one has®

. o bk (E*) o,
CO,ifLi = kiol Ag k(Ei )fki
+Zk (p Z)voc€+k p( E*! )fkp

Zi oCe—i(E il)!]&r

cofet =14 Donto o éé k(Ei )9+
+30E (p zvo"“k (B ) gr,
Zi o Comi (B by

cothes = kiol A/ k(Ei VR +
+ 20 (p oyvo Cork— (B )i,

Sm Vn = max{m,n}.

t=0,...,px — 1,

> pa,

(=0,...,px — 0z,

(> py —0x+1,

183

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

(A51)
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Here we used the convention
0, ,
oy = { + (A.52)

Proof. Identifying
U, (z,-) with ¥(P, -,0) and ¥_(z, -) with U(P*, -,0), (A.53)
recalling that W (¥ (P, -,0), ¥(P*, -,0)) = —(;01_,.,2"_”"_"’*yFB(z:,(])_lF(n7 ng) (cf.
(3.30)), and similarly, identifying
¢4 (2, -) with ¢(P, -) and ¢_(z, -) with ¢(P~, -), (A.54)

a comparison of (A.10)—(A.14) and the results of Lemmas 3.1 and 3.3 shows that
we may also identify

2F, 2G,
fwith F——"—, g with F ——b",
Co+27P-y Co+27P-y (A.55)
2H, '
and h with F ———F—,
co,+27P-y

the sign depending on whether P tends to P or to Py +. In particular, (A.17)-
(A.24) then correspond to (2.10)—(2.13), (2.69), (2.76)—(2.78), respectively. Since
Z2P-Fy/y, 2P~ Gp/y, and zP- H,/y clearly have asymptotic (in fact, even conver-
gent)_expansion_s as |z| — oo and as |z| — 0, the results of Theorem A.1 apply.
Thus, as P — P, one obtains the following expansions using (A.2) and (2.18)—
(2.20):

_F oo P p+—1
i ﬁ(z) _ $L<Zak(ﬁ)<k> (pr,—l‘—(:p++z+ Z fp+_1_e’+cp+—l>’
=1 £=0

Co+ Y ¢=0 Co+

k=0

_ } : £ 41

g‘:O:F - f[d»{ ) (A56)
2P- Gp(z) < > > (IL o

= — A E o p++l+ _ P+—Z>

sy o Co+ E er(E)C ;zlgp, 6,—C ;zogm £,4+€

_ ~ £

Cznq:[}:ngZHrC ’ (A57)

_H =] p-—1
a »2) = :FL<ZA )(th 12, C”*“+Zh+ £4+CP* T Z)

Co+ Yy <=0 cCo+ o

o0
= et A58
SoT 2 hert (A.58)

This implies (A.39)-(A.41) as P — P, .
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Similarly, as P — Py +, (A.2) and (2.18)—(2.20), and (2.74) imply

2P- Fp(2) B 1 ©
o+ Y <:oi$(26k<ﬁ ><)

k=0

py—1
(pr f*<p+ £+ Z fP+ 1- i+<p++l>

= > el (A.59)
0=
2= Gyl2) >

€0, + 71/ =0 C (Z HE 1)<>

0,— k=0

P P+
x (zqc " ch)
=0

(=1

fo + Zg[’7<[, (A60)

p-—1
(Z hp_—1-¢,-CP*~ z'*'th /3+Cp++z>
£ he ¢ (A.61)

Thus, (A.39)—(A.41) hold as P — Py 4.

Next, comparing powers of ¢ in the second and third term of (A.56), formula
(A.46) follows (and hence (A.49) as well). Formulas (A.47) and (A.48) follow by
using (A.57) and (A.58), respectively.

To prove (A.43) one uses (A.8) and finds

4 m
:El
(Oizll m fnLi—Z(l 7n Z Cm— kE fki
m=0 m=0 k=0
= fo+ (A.62)

The proofs of (A.44) and (A.45) and those of (A.50) and (A.51) are analogous. [

Finally, we also mention the followmg system of recursion relations for the
homogeneous coefficients fg +, Je,+, and h; +.
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Lemma A.3. The homogeneous coefficients fg,i, Je,+, and fzgi are uniquely defined
by the following recursion relations:

A B .
go+ =75 fo+= —at, hoy =8,
1 1
Gt = Y Sk = D G-k Gt (A.63)
k=0 k=1

fire = fir —al@ri+ + 950 4)

higay =hiy + Bt +d504)s

and
. 1 - . .
9017 = 5,’ fO‘— =aq, hO,, — 7[3 ,
Lo l
Jip1,— = ; fi—pk,—hp - — ;gm_k,_gk,_, (A64)

fie1,- = f{, +a(Gi1,— + G50 )s
il,;],, = flzﬁ = B(Gi+1,— + 951, )-

Proof. One verifies that the coefficients defined via these recursion relations sat-
isfy (2.32)—(2.35) (respectively, (2.36)—(2.39)). Since they are homogeneous of the
required degree this completes the proof. O
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Abstract. We consider Dirichlet-to-Neumann maps associated with (not nec-
essarily self-adjoint) Schrodinger operators in L*(Q;d"x), where Q C R",
n = 2,3, are open sets with a compact, nonempty boundary 9 satisfying
certain regularity conditions. As an application we describe a reduction of a
certain ratio of modified Fredholm perturbation determinants associated with
operators in L*(; d"z) to modified Fredholm perturbation determinants as-
sociated with operators in LQ(SQ; d"”IU)7 n = 2, 3. This leads to a two- and
three-dimensional extension of a variant of a celebrated formula due to Jost
and Pais, which reduces the Fredholm perturbation determinant associated
with a Schrédinger operator on the half-line (0, 00) to a simple Wronski deter-
minant of appropriate distributional solutions of the underlying Schrodinger
equation.
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1. Introduction

To describe the original Fredholm determinant result due to Jost and Pais [34], we
need a few preparations. Denoting by Ho? . and H, é\f . the one-dimensional Dirichlet
and Neumann Laplacians in L?((0, 00); dz), and assuming

V € L*((0,00); dx), (1.1)

Based upon work partially supported by the US National Science Foundation under Grant Nos.
DMS-0405526, DMS-0400639, and FRG-0456306.
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we introduce the perturbed Schrédinger operators HP and HY in L?((0, 00); dz)
by
HP[ ="+ V],
f € dom(HP) ={ge L*((0,00);dz) | g,¢' € AC([0,R]) for all R >0, (1.2)
9(0) =0, (—g" +Vg) € L*((0,00); dz)},
HYf=—f"+VF],
f € dom(HY) = {g € L*((0,00);dz) | g, ¢’ € AC([0,R]) for all R >0, (1.3)
9'(0) =0, (=" + Vg) € L*((0,00); dx)}.
Thus, Hf and Hfrv are self-adjoint if and only if V' is real-valued, but since the

latter restriction plays no special role in our results, we will not assume real-
valuedness of V' throughout this paper.

A fundamental system of solutions ¢ (z,-), 62(z,-), and the Jost solution

f+(zv ) of
—"(z,x) + Vip(z,2) = 2p(2z,2), 2z € C\{0}, z>0, (1.4)

are then introduced via the standard Volterra integral equations

oL (2,2) = 272 sin (21 2) + /L da’ 272 sin(z2 (@ — o))V (2)d2 (2, 2'),
0
(1.5)

02 (2, ) = cos(z/2x) + / da' 27 Y2 sin(21%(z — )V ()0 (2, 27), (1.6)
Jo

fr(z,x) = =P _ /00 dr' 272 sin(zY 2 (x — ')V (@) f4 (2, 27), (1.7)
z e C\{0}, Im(z*/%) > 0, > 0.
In addition, we introduce
u=exp(iarg(V)|[V|"/2, v =|V|"/2 sothat V =uw, (1.8)
and denote by I the identity operator in L?((0, 00); dz). Moreover, we denote by

W(f,9)(x) = f(2)d () = f'(@)g(z), x>0, (1.9)

the Wronskian of f and g, where f,g € C!([0,00)). We also use the standard
convention to abbreviate (with a slight abuse of notation) the operator of mul-
tiplication in L2((0,00);dz) by an element f € Li ((0,00);dz) (and similarly
in the higher-dimensional context with (0, c0) replaced by an appropriate open
set Q@ C R™ later) by the same symbol f (rather than My, etc.). For additional
notational conventions we refer to the paragraph at the end of this introduction.
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Then, the following results hold (with B;(-) abbreviating the ideal of trace
class operators):

Theorem 1.1. Assume V € L'((0,00); dz) and let z € C\[0, 00) with Im(2'/2) > 0.
Then,

u(HP, - ZI+)711), u(HY, — z[+)71v € By (L*((0,00); dx)) (1.10)
and
det (Lr +u(HY, — ZI+)71U) =1+42z7Y2 /000 dz sin(2'22)V (2) f4(z, )
=W(f+(2), 08 (2,)) = f+(2,0), (1.11)
det (I+ +u(HY, — z1+)’1v> — 142712 /Ooo dz cos(z/22)V (2) f1 (2, @)
I CACEY, (OO0 R

Equation (1.11) is the modern formulation of the celebrated result due to
Jost and Pais [34]. Performing calculations similar to Section 4 in [24] for the pair
of operators H(J)\Lr and Hfrv, one obtains the analogous result (1.12).

We emphasize that (1.11) and (1.12) exhibit a spectacular reduction of a
Fredholm determinant, that is, an infinite determinant (actually, a symmetrized
perturbation determinant), associated with the trace class Birmann—Schwinger
kernel of a one-dimensional Schrodinger operator on the half-line (0,00), to a
simple Wronski determinant of C-valued distributional solutions of (1.4). This
fact goes back to Jost and Pais [34] (see also [24], [48], [49], [50, Sect. 12.1.2], [60],
(61, Proposition 5.7], and the extensive literature cited in these references). The
principal aim of this paper is to explore the extent to which this fact may generalize
to higher dimensions. While a direct generalization of (1.11), (1.12) appears to be
difficult, we will next derive a formula for the ratio of such determinants which
indeed permits a natural extension to higher dimensions.

For this purpose we introduce the boundary trace operators yp (Dirichlet
trace) and vy (Neumann trace) which, in the current one-dimensional half-line
situation, are just the functionals,

. C([0,00)) - C, . Cl([07oo)) - C,
b { g g0), NV { h i —h(0). (1.13)

In addition, we denote by m(? s mf s mé\{ 4, and mf the Weyl-Titchmarsh m-
functions corresponding to H(f+, Hf, HéYJr, and Hfrv, respectively, that is,
1
D _1/2 N _ _ . —1/2
my 4 (z) =iz7/7, my(2) = ——F—— =iz , (1.14)
+ ,+ m0D+(z)
_ fi(z0) Ny = 1 fi(z0

=70 my (z =— . (1.15)

m? (2 -
+(2) mP(z) fi(2,0)
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In the case where V is real-valued, we briefly recall the spectral theoretic sig-
nificance of mf: It is a Herglotz function (i.e., it maps the open complex upper
half-plane C analytically into itself) and the measure dpf in its Herglotz repre-
sentation is then the spectral measure of the operator H. f and hence encodes all
spectral information of H f . Similarly, mf also encodes all spectral information
of HY since 71/7712 = mf is also a Herglotz function and the measure dpf in
its Herglotz representation represents the spectral measure of the operator H _{_V .
In particular, dpf (respectively, dpf ) uniquely determine V a.e. on (0, c0) by the
inverse spectral approach of Gelfand and Levitan [20] or Simon [59], [26] (see also
Remling [56] and Section 6 in the survey [21]).

Then we obtain the following result for the ratio of the perturbation deter-
minants in (1.11) and (1.12):

Theorem 1.2. AssumeV € L*((0,00); dz) and let z € C\o(HP) with Im(21/2) > 0.
Then,

(I++u HOJrszr) lv)
(I++u U+—ZI+) 11})
=1— (yw(HP — 2L) WV p(HY, —2L)71]") (1.16)

_ WE.0E) | A0 | mRe)  miie)
CEPW(f(2), 08 (2)) 22 (2,0)  mEi(z)  mY(2) '
The proper multi-dimensional generalization to Schrédinger operators in
L?(£2; d"x) corresponding to an open set 2 C R™ with compact, nonempty bound-
ary 0 then involves the operator-valued generalization of the Weyl-Titchmarsh
function m?2(z), the Dirichlet-to-Neumann map denoted by M5 (z). In particular,
we will derive the following multi-dimensional extension of (1.16) and (1.17) in
Section 4:

Theorem 1.3. Assume Hypothesis 2.6 and let z € C\ (o (HE)Uo (HE,)Uo (HL,))-
Then,

detg(Ig + u(HO Q= ZIQ) lv)

det o (IQ + u(H(f’Q - zlg)flv)

= detQ(]aQ —w (HE — 210) "'V [1p(HYg - 2I0)~1] )etr(T2<z)> (1.18)

= det 2 (ME (2) M (z) ") e (22D, (1.19)

Here, deta(-) denotes the modified Fredholm determinant in connection with
Hilbert—Schmidt perturbations of the identity, T5(z) is given by

Ty(2) = (HEo — 210) " V(HE — 2Ia) 'V [p (HY —z1a) "']",  (1.20)
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and Io and Ipq represent the identity operators in L2(§; d"x) and L%(99;d" o),
respectively (with d"~1o the surface measure on 052).

For pertinent comments on the principal reduction of (a ratio of) modified
Fredholm determinants associated with operators in L2(€2;d"x) on the left-hand
side of (1.18) to a modified Fredholm determinant associated with operators in
L?(09Q;d" o) on the right-hand side of (1.18) and especially, in (1.19), we refer
to Section 4.

Finally, we briefly list some of the notational conventions used throughout
this paper. Let 7' be a linear operator mapping (a subspace of) a Banach space into
another, with dom(7") and ran(T") denoting the domain and range of T'. The closure
of a closable operator S is denoted by S. The kernel (null space) of T is denoted by
ker(T'). The spectrum and resolvent set of a closed linear operator in a separable
complex Hilbert space H (with scalar product denoted by (-, ), assumed to be
linear in the second factor) will be denoted by o(-) and p(-). The Banach spaces
of bounded and compact linear operators in H are denoted by B(H) and B (H),
respectively. Similarly, the Schatten—von Neumann (trace) ideals will subsequently
be denoted by B,(H), p € N. Analogous notation B(H1,Hz), Boo(H1, Ha), etc.,
will be used for bounded, compact, etc., operators between two Hilbert spaces H;
and Ha. In addition, tr(T") denotes the trace of a trace class operator T € By (H)
and det,, (I3 +5) represents the (modified) Fredholm determinant associated with
an operator S € B,(H), p € N (for p = 1 we omit the subscript 1). Moreover,
X1 — Xy denotes the continuous embedding of the Banach space X; into the
Banach space Xs.

For general references on the theory of modified Fredholm determinants we
refer, for instance, to [16, Sect. XI1.9], [27, Chs. IX, XIJ, [28, Sect. IV.2], [58], and
(61, Ch. 9].

2. Schrédinger operators with Dirichlet and Neumann
boundary conditions

In this section we primarily focus on various properties of Dirichlet, Hé?ﬂ, and
Neumann, HéYQ, Laplacians in L?(Q;d"z) associated with open sets Q@ C R™,
n = 2,3, introduced in Hypothesis 2.1 below. In particular, we study mapping
properties of (HODQN —2Ig) "%, q € 10,1], (I the identity operator in L2(; d"x))

and trace ideal properties of the maps f(HOIféN — ZIQ) 1 f e LP(Q;d™x), for

appropriate p > 2, and yx (Héj,ﬂ — ZIQ) ~" and vp (HéVQ — ZIQ) ~° for appropriate
r > 3/4, s > 1/4, with x5 and yp being the Neumann and Dirichlet boundary
trace operators defined in (2.2) and (2.3).

At the end of this section we then introduce the Dirichlet and Neumann
Schrédinger operators HY and HY in L?(Q;d"x), that is, perturbations of the
Dirichlet and Neumann Laplacians H, and HéYQ by a potential V' satisfying
Hypothesis 2.6. '
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We start with introducing our assumptions on the set :

Hypothesis 2.1. Let n = 2,3 and assume that @ C R™ is an open set with a
compact, nonempty boundary Y. In addition, we assume that one of the following
three conditions holds:

(i) Q is of class C1" for some 1/2 <r < 1;

(if) € is convex;

(iil) Q is a Lipschitz domain satisfying a uniform exterior ball condition.

The class of domains described in Hypothesis 2.1 is a subclass of all Lipschitz
domains with compact nonempty boundary. We also note that while 02 is assumed
to be compact, 2 may be unbounded (e.g., an exterior domain) in connection with
conditions (i) or (iii). For more details in this context, in particular, for the precise
definition of the uniform exterior ball condition, we refer to [23, App. A] and [25,
App. A] (and the references cited therein, such as [30, Ch. 1], [31], [32], [35], [40,
Ch. 3], [43], [44], [62, p. 189], [63], [68], and [70, Sect. 1.4.2]).

First, we introduce the boundary trace operator 4% (Dirichlet trace) by

b C(Q) = C(09), pu = ulaq. (2.1)

Then there exists a bounded, linear operator yp (cf. [40, Theorem 3.38]),
yp: H5(Q) — H= /2 (0Q) — L2(0Q;d" o), 1/2<s<3/2, 22)
Aot H32(Q) — H'™(00Q) — LX(00;d" ‘o), € (0,1), '

whose action is compatible with that of 4%. That is, the two Dirichlet trace opera-
tors coincide on the intersection of their domains. We recall that d"~'¢ denotes the
surface measure on 9 and we refer to [23, App. A] for our notation in connection
with Sobolev spaces (see also [40, Ch. 3], [68], and [70, Sect. 1.4.2]).

Next, we introduce the operator vy (Neumann trace) by

v =v-ypV: HT(Q) — L2(0Q;d"'o), 1/2<s<3/2, (2.3)

where v denotes the outward pointing normal unit vector to 9. It follows from
(2.2) that vy is also a bounded operator.

Given Hypothesis 2.1, we introduce the self-adjoint and nonnegative Dirichlet
and Neumann Laplacians Hé?ﬂ and Hé\fﬂ associated with the domain 2 as follows,

H(fn =—A, dom(H(fn) ={uc H*Q)|ypu = 0}, (2.4)
HYo =-4A, dom(Hpg) = {ue H*(Q)|ynu = 0}. (2.5)

A detailed discussion of H, and HJY, is provided in [23, App. A] (cf. also [55,
Sects. X.IT1.14, X.ITL.15]).

Lemma 2.2. Assume Hypothesis 2.1. Then the operators HY;, and Hé\fﬂ introduced
in (2.4) and (2.5) are nonnegative and self-adjoint in L*(Q; d"x) and the following
boundedness properties hold for all ¢ € [0,1] and z € C\[0, 00),

(HPo — 21a) ™", (HYq — 2I0) ™" € B(LA(Qd"z), H*1(Q)). (2.6)
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The fractional powers in (2.6) (and in subsequent analogous cases) are de-
fined via the functional calculus implied by the spectral theorem for self-adjoint
operators.

As explained in [23, Lemma A.2] (based on results in [33], [40, Thm. 4.4,
App. BJ, [42], [45], [64, Chs. 1, 2], [65, Props. 4.5, 7.9], [66, Sect. 1.3, Thm. 1.18.10,
Rem. 4.3.1.2], [69]), the key ingredients in proving Lemma 2.2 are the inclusions

dOIIl(HOL?Q) C H*(Q), dom(HéYQ) C H*(Q) (2.7)

and real interpolation methods.

The next result is a slight extension of [23, Lemma 6.8] and provides an
explicit discussion of the z-dependence of the constant ¢ appearing in estimate
(6.48) of [23]. For a proof we refer to [25].

Lemma 2.3 ([25]). Assume Hypothesis 2.1 and let 2 < p, n/(2p) < ¢ < 1, f €
LP(Q;d"x), and z € C\[0,00). Then,

F(HPq — 2Ia) ™", f(HYG — 2Ia) " € By (L*(Q;d"x)), (2.8)
and for some ¢ > 0 (independent of z and f)

—q2
||f(H£Q - zlo) qHBp(LQ(Q;d"z))
2,
e
dist(z,cr(Hé?Q)) K

N —q)2
|/ (HSo — 21a) Hsp(mm;dnm»
2q 1

< c<1 |Z‘—+2q

dist(z, o (H'))
(Here, in obvious notation, (|-|?> — 2z)~? denotes the function (|z|?> — 2)79,

z € R™)

Next we recall certain boundedness properties of powers of the resolvents

of Dirichlet and Neumann Laplacians multiplied by the Neumann and Dirichlet
boundary trace operators, respectively:

)mwﬂwrwhmw%mmﬂmﬁw
(2.9)

)wwﬂwrwawwwmmam@”

Lemma 2.4. Assume Hypothesis 2.1 and let € > 0, z € C\[0,00). Then,

N (H(fﬂ - 219)73#7’*@ (HéYQ - z]g)i# € B(L*(Q;d"z), L*(09;d"'0)).
(2.10)

As in [23, Lemma 6.9], Lemma 2.4 follows from Lemma 2.2 and from (2.2)
and (2.3).

Corollary 2.5. Assume Hypothesis 2.1 and let f1 € LP*(Q;d"x), p1 > 2, p1 > 2n/3,
fo € LP2(Q;d"x), po > 2n, and z € C\|0,00). Then, denoting by fi and fo
the operators of multiplication by functions f1 and fa in L*(Q;d"z), respectively,
one has

v (HYq — 2Ia) " fi € By, (L3(Q d"2), L3 (99" '0)), (2.11)
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v (HEq — 210) " fa € By, (L3(Q; d"x), L3094 d" o)) (2.12)
and for some cj(z) > 0 (independent of f;), j = 1,2,

N -1 .
HVD(HO,Q zIg) f Hspl(L?(n;dnz),L2<an;dn—lo)> < (@) fillpr @uaray » (2:13)

H 7N(H£g — Zfsz)71f2 ’

<c o (Qdngy) - (2.14
By, (L2(Qdn ), L2(9Qdn—10)) c2(2) ”f?HL 2(Q;dnx) ( )

As in [23, Corollary 6.10], Corollary 2.5 follows from Lemmas 2.3 and 2.4.

Finally, we turn to our assumptions on the potential V' and the correspond-
ing definition of Dirichlet and Neumann Schrédinger operators HE and HY in
L2(Q;d"x):

Hypothesis 2.6. Suppose that Q0 satisfies Hypothesis 2.1 and assume that V €
LP(Q;d™x) for some p satisfying 4/3 < p <2, in the casen =2, and 3/2 < p < 2,
in the case n = 3.

Assuming Hypothesis 2.6, we next introduce the perturbed operators H
and HY in L?(Q;d"z) by alluding to abstract perturbation results due to Kato
[36] (see also Konno and Kuroda [37]) as summarized in [23, Sect. 2]: Let V, u, and
v denote the operators of multiplication by functions V, u = exp(i arg(V))[V|'/2,
and v = [V|"/2 in L?(Q;d"x), respectively, such that

V =uv. (2.15)
Since u,v € L?(Q;d"z), Lemma 2.3 yields

u(HO[,)Q — ZIQ)il/Q, (H({)Q - ZIS2)71/21) S sz(Lz(Q;d”x)), z € C\[0, 00),
(2.16)

w(HYo — 2Ia) %, (HY, — 2Ia) /v € Boy (L3(Q: d"w)), 2 € C\[0,00),
(2.17)

and hence, in particular,
dom(u) = dom(v) D dom((Hé\fQ)l/2> =HY(Q) > H*(Q) D> dom(HY,), (2.18)
dom(u) = dom(v) 2 H'(Q) > Hy(Q) = dom((H(fQ)l/z) o dom(H,). (2.19)
Moreover, (2.16) and (2.17) imply

u(H(fQ — zlgz)71v7 “’(H(])YQ - zlg)ilv S BP(L2(Q;(1".”L'))
C By(L*(d"x)), =€ C\[0,00). (2.20)

Utilizing (2.9) in Lemma 2.3 with —z > 0 sufficiently large, such that the Ba,-
norms of the operators in (2.16) and (2.17) are less than 1, one concludes that the
Hilbert—Schmidt norms of the operators in (2.20) are less than 1. Thus, applying
[23, Thm. 2.3], one obtains the densely defined, closed operators HE and HY
(which are extensions of Hf, +V defined on dom(Hgx,) Ndom(V) and HJ'o +V
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defined on dom (Hé\fg) Ndom(V), respectively). In particular, the resolvent of HY
(respectively, HY') is explicitly given by

(HE - 2Io) ™' = (HEq — 210) ™' = (HPq — 21a) v
x [IQ + u(H(fQ — ng)flv] 71u(H£Q — zlg)fl,
z€C\o(HE), (2:21)
(HY - 2I0) " = (HYq — 210) ™" — (HYo — 2I0) "o
X [Ig + u(HéVQ — zlg)_lv] _lu(HéYﬂ — zlg)_l,
z€C\o(HY). (2.22)
Here invertibility of [IQ +u(H£hN — ZIQ)il’U] for z € p(Hé)’N) is guaranteed by
arguments discussed, for instance, in [23, Sect. 2] and the literature cited therein.

Although we will not explicitly use the following result in this paper, we feel
it is of sufficient independent interest to be included at the end of this section:

Lemma 2.7. Assume Q satisfies Hypothesis 2.1 with n = 2,3 replaced by n € N,
n > 2, suppose that V € L™/?(Q; d"x), and let

(0,1) ifn =2,
0.2) ifn =3, (2.23)
[0,2) if n =4,
[0,2] if n > 5.
Then the operator
Vi HY(Q) — (H7(Q)" (2.24)

is well defined and bounded, in fact, it is compact.
Proof. The fact that the operator (2.24) is well defined along with the estimate
IVllscas @), 2=y < C, DV sz, (2.25)

are direct consequences of standard embedding results (cf. [67, Sect. 3.3.1] for
smooth domains and [68] for arbitrary (bounded or unbounded) Lipschitz do-
mains). Once the boundedness of (2.24) has been established, the compactness
follows from the fact that if V; € C§°(f2) is a sequence of functions with the prop-
erty that Vj e V in L"/2(Q), then V; e Vin B(H*(Q), (HQ’S(Q))*) by (2.25)

and each operator V; : H*(Q) — (H 2’S(Q))* is compact, by Rellich’s selection
lemma (cf. [17] for smooth domains and [68] for arbitrary Lipschitz domains).
Thus, the operator in (2.24) is compact as the operator norm limit of a sequence
of compact operators. d
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3. Dirichlet and Neumann boundary value problems
and Dirichlet-to-Neumann maps
This section is devoted to Dirichlet and Neumann boundary value problems as-
sociated with the Helmholtz differential expression —A — z as well as the corre-
sponding differential expression —A +V — z in the presence of a potential V', both
in connection with the open set 2. In addition, we provide a detailed discussion of
Dirichlet-to-Neumann, M}fn, ]\/Ig? , and Neumann-to-Dirichlet maps, ]\[é\fn, ]\/Ig s
in L2(0Q;d" o).
Denote by
A {ue H(Q) | Aue (HY(Q)"} — HV2(09) (3.1)

a weak Neumann trace operator defined by
Gnu, d) = / &z V() - V() + (Au, ) (3.2)
Q

for all ¢ € H'/?(9Q) and ® € H'(Q) such that yp® = ¢. We note that this
definition is independent of the particular extension ® of ¢, and that y is an
extension of the Neumann trace operator vy defined in (2.3). For more details we
refer to [23, App. A].

We start with a basic result on the Helmholtz Dirichlet and Neumann bound-
ary value problems:

Theorem 3.1 ([25]). Assume Hypothesis 2.1. Then for every f € H(09) and
z € (C\(T (H&’Q) the following Dirichlet boundary value problem,
{(—A —2)uf =0o0n Q, uf € HY?(Q),

3.3
ypud = f on 09, (3.3)

has a unique solution uf satisfying Inul € L2(0Q;d"1o). Moreover, there exist
constants CP = CP(Q,2) > 0 such that

N || 320 < CP N Fll i om- (3.4)

Similarly, for every g € L*(0Q;d"1o) and z € (C\cr(Hé\fn) the following Neumann
boundary value problem,
(A =2)ud =0o0n Q, u) € HY?*(Q), (3.5)
Anud =g on 99, '

has a unique solution ul) satisfying ypul € H'(0R). Moreover, there exist con-
stants CN = CN(Q, 2) > 0 such that

Huév||m/2<n) < CV|\gll L2 (60:dm-10)- (3.6)
In addition, (3.3)—(3.6) imply that the following maps are bounded
v (HE o — 1) ™)™ - HY(09) — HY2(Q), 2 € C\o(Hy), (3.7)

[vo ((HYq — ZIQ)_l)*}* CLAOd o) — HY2(Q), 2z e C\o(HYy). (38)
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Finally, the solutions ul and ulY are given by the formulas
=1y
ug (2) = = (o (Hyg = zla) )" f, (3.9)
_ —1y*
up (2) = (vp (Ho —Zla) " )g. (3.10)
A detailed proof of Theorem 3.1 will appear in [25].
We temporarily strengthen our hypothesis on V' and introduce the following
assumption:

Hypothesis 3.2. Suppose the set Q0 satisfies Hypothesis 2.1 and assume that V €
L2(Q;d™x) N LP(Q; d"x) for some p > 2.
By employing a perturbative approach, we now extend Theorem 3.1 in con-

nection with the Helmholtz differential expression —A — z on 2 to the case of a
Schrodinger differential expression —A +V — z on Q.

Theorem 3.3. Assume Hypothesis 3.2. Then for every f € HY(0Q) and z €
(C\U(Hg) the following Dirichlet boundary value problem,

(—A+V —2)uP =00n Q, uP e H¥?Q), (3.11)

ypuP = f on 09, '

has a unique solution u” satisfying FnyuP € L?(09; d""1o). Similarly, for every

g € L*(09Q;d""to) and z € (C\J(Hg) the following Neumann boundary value
problem,

_ N — N 3/2
{( A+V —2)u 0on Q, o eHYQ), (3.12)

AvulN =g on 09,

has a unique solution u. Moreover, the solutions uP and u" are given by the
formulas

uP(2) = — [y ((HE 7219)_1)*]’7, (3.13)

WM (z) = [vp (HY _ZIQ)_I)*}*QA (3.14)
Proof. We temporarily assume that z € (C\ (U(HOL?Q) U U(Hé))) in the case of the
Dirichlet problem and z € C\ (¢ (HéVQ) Uo(HY)) in the context of the Neumann
problem.

Uniqueness follows from the fact that z ¢ o(HY) and z ¢ o(HY), respectively.
Next, we will show that the functions

uP(z) =uf (z) — (Hf - zlg)fquoD(z), (3.15)
uN(2) = ull(z) — (HY - ng)AVuéV(z), (3.16)

with u2, ud’ given by Theorem 3.1, satisfy (3.13) and (3.14), respectively. Indeed,
it follows from Theorem 3.1 that u®,u} € H3/2(Q) and Fyud € L*(0Q;d" o).
Using the Sobolev embedding theorem H3/2(Q) < L9(Q;d"z), ¢ > 2, and the



202 F. Gesztesy, M. Mitrea, and M. Zinchenko

fact that V € LP(;d"x), p > 2, one concludes that Vul’, Vu) € L?(Q;d"z), and
hence (3.15) and (3.16) are well defined. Since one also has V € L2(%;d"z), it

follows from Lemma 2.3 that V(H(’i)Q — 219)71 and V(Hé\’Q — ngz)71 are Hilbert—
Schmidt, and hence

[T+ V(H(fﬂ — ZIQ)_l]_l € B(L*(Q;d"x)), =z¢€ (C\(U(Hé?n) U U(Hg)(), )
3.1

[T+ V(HY - 2I0) '] 7" € B(LA(Q;d"z)), =€ C\(o(HY,) U U(Hg)(). )
3.18

Thus, by (2.4) and (2.5),

(HE — 210) "'V = (H o — 21a) ' [I + V(HE, — 2Ia) '] 'Vl € HX(Q),
(3.19)

(HY — 2Io) " 'Vu) = (HYq — 21a) " [I + V(HYo — 21a) '] 'Vud € H2(9),
(3.20)

and hence u”, uN € H3/2(Q) and FyuP € L?(9Q;d" o). Moreover,

(A+V —2)uP = (A —2uf +Vuf — (-A+V —2)(HE - 219)71Vu0D

=Vud — IogVul =0, (3.21)
(FA+V =2 = (A= z2)ud + Vull — (~A+V —2)(HY - ng)fquoN
=Vull — IoVvul’ =0, (3.22)

and by (2.4), (2.5) and (3.17), (3.18) one also obtains,
vpuP =ypul —yp(HE - zlgl)71Vu0D
== (HEq — 2Ia) [T+ V(HEq — 2I) ' 'Vud = 1, (3.23)
Avu =Fnuy — v (HY — ZIQ)AVU(])V
=g—N (Hé\fgl — z[g)_1 [I + V(Hé\fﬂ — zIQ)_l]_quéV =g. (3.24)

Finally, (3.13) and (3.14) follow from (3.9), (3.10), (3.15), (3.16), and the
resolvent identity,

uP(2) = [Io — (HE = 210) "'V [ = ww (HPq — 210) )] f
= — [ ((H o = 2Ia) ™) [la — (HE = 210) "' V]]"f
=~ [ ((HE = 210) )T 1, (3.25)
N (=) = [Ia = (HY = 2Ia) V] [yo((Hia — 2I0) )]
= o (Yo - =Ia) ) [fa - (HY - 2Ia) 'V]']g
= [y ((HY = 210) ) "g. (3.26)

1
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Analytic continuation with respect to z then permits one to remove the additional
condition z ¢ U(H(fg) in the case of the Dirichlet problem, and the additional
condition z ¢ U(HéYQ) in the context of the Neumann problem. ]

Assuming Hypothesis 3.2, we now introduce the Dirichlet-to-Neumann maps,
M (z) and ME (z), associated with (—A—z) and (—A+V —z) on €, as follows,

HY(09) — L2(0Q;d" o),
MEPq(2): { ; . Jy(NuD ) z € C\o(Hy), (3.27)
! 0>
where u{’ is the unique solution of
(A =2ud =0o0nQ, ufeHY*Q), ypul =f ondQ, (3.28)
and
HY(09) — L2(09;d"10), )
ME (2): { ( ;H —:y(zqu ) z€C\o(HY), (3.29)

where 1P is the unique solution of
(A+V =20 =0 onQ, «”ecHY?*Q), ypul =f on 0. (3.30)
In addition, still assuming Hypothesis 3.2, we introduce the Neumann-to-
Dirichlet maps, ]\/[é\fﬂ (2) and MY (z), associated with (—=A —z) and (~A+V —2)
on (2, as follows,

L2(0Q;d" o) — H'(09),
MPo(2): { ( ) (N ) z € C\o(HpYy), (3.31)
9= YDUpy
where u{ is the unique solution of
(A —2)ud =0 on Q, u) e HY*Q), Fnu) =g on dQ, (3.32)
and
2050 gn—1 1
MY (): { L OB ) = (‘?VQ)’ zeC\o(HY),  (3.33)
g apu,

where 1"V is the unique solution of
(-A+V -2V =00nQ, uVeH?Q), AFyu =g ondQ. (3.34)

It follows from Theorems 3.1 and 3.3, that under the assumption of Hypoth-
esis 3.2, the operators M, (z), M& (z), M{'y(2), and MY (z) are well defined and
satisfy the following equalities,

Mo (2) = —MPo(2)7", zeC\(o(HE,) Vo (Ha)), (3.35)
MY(2) = ~M(:), e C\(o(H) Uo(HY)), (3.36)
and

N](fg(z) =7y [ ((HE, - z[g)_l)*}*, xS (C\G'(H(?Q)7 (3.37)
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ME(2) =Fn[w ((HE - 219)71)*]*7 zeC\o(HE), (3.38)
]\LféYQ(z) =D ['yu((Hé\fQ — ZIQ)_I)*}*, z € (C\O'(Hé\fg), (3.39)
M (2) = vp [y (HY _2152)71)*]*7 z € C\o(HY). (3.40)

The representations (3.37)-(3.40) provide a convenient point of departure for
proving the operator-valued Herglotz property of ]\/15 and I\/Ié\' . We will return to
this topic in a future paper.

Next, we note that the above formulas (3.37)—(3.40) may be used as alter-
native definitions of the Dirichlet-to-Neumann and Neumann-to-Dirichlet maps.
In particular, we will next use (3.38) and (3.40) to extend the above definition
of the operators ]\/[éj (2) and ]Mév (2) to the more general situation governed by
Hypothesis 2.6:

Lemma 3.4 ([25]). Assume Hypothesis 2.6. Then the operators ME (z) and MY (z)
defined by equalities (3.38) and (3.40) have the following boundedness properties,

ME(2) € B(H'(09),L*(09;d" '), ze€ C\o(HE), (3.41)
MY (2) € B(L2(09;d"'0), H'(0)), =€ C\o(HY). (3.42)

A detailed proof of Lemma 3.4 will be provided in [25].

Weyl-Titchmarsh operators, in a spirit close to ours, have recently been dis-
cussed by Amrein and Pearson [2] in connection with the interior and exterior of
a ball in R? and real-valued potentials V € L®(R?; d3z). For additional literature
on Weyl-Titchmarsh operators, relevant in the context of boundary value spaces
(boundary triples, etc.), we refer, for instance, to [1], [3], [4], [5], [6], [7], [14], [15],
[22], [29, Ch. 3], 38], [39], [41], [52], [53].

Next, we prove the following auxiliary result, which will play a crucial role
in Theorem 4.2, the principal result of this paper.

Lemma 3.5. Assume Hypothesis 2.6. Then the following identities hold,

Ma(z) = ME(:) =7 (HE — =1a) 'V [ (HEa ~ 2Ta) )T
z€C\(o(Hyq) Vo(HS)). (3.43)

ME (2)Mo(2) ™" = Too = An (HE — 21a) 'V [yp (HYG — 212) )],
z€C\(o(HPy) Vo (HE) o (H,)). (3.44)

Proof. Let z € C\(o(HF,) Uo(HE)). Then (3.43) follows from (3.37), (3.38),
and the resolvent identity

MEPo(2) = ME (2) = [yw (HPy — 210) ™" = (HE — 2In) ™))"
—An [ ((HR = 210) 'V (HE, — 210) )] (3.45)
= (HE = 210) "'V [yw ((HEo — 210) )]
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Next, if z € C\ (o (HE,) Uo(HE) Uo(HEY,)), then it follows from (3.35), (3.39),
and (3.43) that

M@ (2)Mga(2)"" = Toa + (M@ (2) — Mga(2)) Mga(z) ™"
= lpa + (]MOL,)Q(Z) - ME (= ))]Wo o(z)
— oo+ 3w (HE — 210) VP (e —2Ia) )] (346
% yp [0 (H = 212) ")']".
Let g € L?(09Q;d" o). Then by Theorem 3.1,
= [yo((HY, - an)il)*rg (3.47)

is the unique solution of
(~-A—2)u=0on€Q, wueH>*Q), Fyu=g ond. (3.48)
Setting f = ypu € H*(99) and utilizing Theorem 3.1 once again, one obtains
I (H o ~21a) ] f
== ['YN((HOL?Q — ZIQ)il)*} *"/D [’yD((HéYQ — ZIQ)il)*} *g. (3.49)
Thus, it follows from (3.47) and (3.49) that
[ (o = 210) ™) T o o ((Hola — 210) )]
= 7[7D((Hé\‘,sz *Z]sz)il)*r‘ (3.50)
Finally, insertion of (3.50) into (3.46) yields (3.44). O

*

It follows from (4.25)—(4.30) that 75 can be replaced by vy on the right-hand
side of (3.43) and (3.44).

4. A multi-dimensional variant of a formula due to Jost and Pais

In this section we prove our multi-dimensional variants of the Jost and Pais formula
as discussed in the introduction.

We start with an elementary comment on determinants which, however, lies
at the heart of the matter of our multi-dimensional variant of the one-dimensional
Jost and Pais result. Suppose A € B(H1,Hz), B € B(H2, H1) with AB € Bi(Ha2)
and BA € Bi(H1). Then,

det(Iy, — AB) = det(Iy, — BA). (4.1)

In particular, H; and Hy may have different dimensions. Especially, one of them
may be infinite and the other finite, in which case one of the two determinants
in (4.1) reduces to a finite determinant. This case indeed occurs in the original
one-dimensional case studied by Jost and Pais [34] as described in detail in [24]
and the references therein. In the proof of the next theorem, the role of H; and
Ho will be played by L?(Q;d"x) and L?(98;d" ‘o), respectively.
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We start with an extension of a result in [23]:

Theorem 4.1. Assume Hypothesis 2.6 and let z € (C\(U(Hg)U(T (H(fg) UU(Hé\fQ)).
Then,

TN (Ho o —2la)

W(HE — 2Ia) "V [yp (HY, — 2Ia) )" € Bi (L2099 d" o)),

(4.2)
'\/N(Hg — Zlg)ilv[’yD (H&,Q — 3[51)71]* c BQ(L2((‘:)Q;(ZH_10')),
(4.3)
and
detg(IQ + u(H0 Q— ZIQ) 11})
detg(lg + u(Hé?Q — ZIQ)il’U)
= det(Ton — v (HE — 210) "V [yn (Hy — 21a) '] (4.4)

xexp (o (v (HEy — 200) "V (HE = 210) 'V [10 (Hy — 21a) 7).

Proof. From the outset we note that the left-hand side of (4.4) is well defined by
(2.20). Let z € C\ (0 (HE) U U(H(?Q) Uo(H{)) and

u(x) = expliarg(V @)V (@)%, v(a) = V()2 (4.5)
ii(x) = exp(iarg(V @)V @)P/7,  o(x) = [V (@), (4.6)
where
St zzi’ @
with p as introduced in Hypothesis 2.6. Then it follows that = + , in both
cases n = 2,3, and hence V = uv = uv.
Next, we introduce
Kp(z) = —u(HE, - z[g)ilv, Kn(z) = —u(HY, - 219)7111 (4.8)
and note that
o — Kp(2)]" € B(L*(d"z)), z€ C\(c(HE)Va(H)). (4.9)
Thus, utilizing the following facts,
o — Kp(2)]™' = I + Kp(2)[lg — Kp(2)] ™" (4.10)
and
1 =dets([Iq — Kp(2)][Io — Kp(2)]™") (4.11)

= detQ(IQ - KD(Z)) detz([IQ - KD(Z)}_l

) exp (tr(Kp(=)[la — Kp(2)] ™)),
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one obtains

det o ([Io — Kn(2)][la — Kp(2)]7")
=dets(In — Kn(z)) det2([Io — Kp(2)] ")
x exp (tr(Kn(2)Kp(2)[lo — Kp(2)]™1)) (4.12)

_deta(lo — Kn(2)) —1
= mexp (tr((KN(z) — Kp(2))Kp(z)Ia — Kp(z)] ))

At this point, the left-hand side of (4.4) can be rewritten as

dCtQ(IQ Jru(HéVQ — ZIQ)71U> deto(Ig — Kn(z )
IQ—KD Z)

(
det o (Igz + u(HO Q= ZIQ) 1’[}) detz(
=dets([la — Kn(2)]lla — Kp(2)] ")
X exp (tr((KD(z) — Kn(2)Kp(2)[Ia — Kp(2)]~ ))
=dets(Ino + (Kp(2) — Kn(2))[la — Kp(2)] ") (4.13)
X exp (tr((KD(z) — Kn(2)Kp(2)[la — KD(z)]fl)).

Next, temporarily suppose that V' € LP(Q; d"x) N L*°(Q;d"x). Using [23, Lemma
A.3] (an extension of a result of Nakamura [47, Lemma 6]) and [23, Remark A.5],

one finds

Kp(2) = Kn(2) = —u[(Hgg — 219)71 — (Hlq — 219)71]7“'
= —u[yp(Hpo — 719)71} "N (Hio — ZIH)A” (4.14)

{'YD(HOQ*ZIQ) 1E] 'YN(Hosz Zlﬂ)ilu

Thus, inserting (4.14) into (4.13) yields,

det2<lg + u(HO Q— zIQ) 11})

detQ(IQ-‘ru(HMZ zIQ) v)

= detQ(IQ — |:'YD (Hévﬂ — EIQ)_IE] YN (HUDﬂ — Z[Q)_IU
— 71 1-1
{ISZ + U(HO o ZIQ) I’U] )
X exp ( (['\/D (H(I]\’/Q — Elg))ilﬂ] YN (H(?Q — ZIQ)71”U

X u(H(I)JQ — ZIQ)71U|:IQ + u(HODQ — 219)710} 71)). (4.15)
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Then, utilizing Corollary 2.5 with p; and ps as in (4.7), one finds,

o (HYq - zl0) 'w € By, (L2(Q; d"x), L*(09;d™ '0)), (4.16)
v (HG — 2I0) v € By, (LA( "), L2(09;d" '), (4.17)
and hence,
[A/D(H{]\”Q —Efg)ilﬂ]*’YN(H(fQ —2Ip) v € B, (LA (Q; d"x))
C Bo(L*(d")), (4.18)
(o = 21) "o 0 (B —210) a | € B, (L2(00;a"10))

C Bo(L?(09;d" o). (4.19)
Moreover, using the fact that
—_—— -1
[t + u(HE, — 210) 0] € BLA@d"0), 2 € C\(o(HE) Lo (HEy)),
(4.20)

one now applies the idea expressed in formula (4.1) and rearranges the terms in
(4.15) as follows:

det » ([Q + u(HU o 219)711})

detg(lg + u(H[J Q — ZIQ) 11})

—1
= det s (Ton — v (H o — 2I0) " "o[la +u(Hy — 21a) 0]
< [0 (o ~=1a) 7] )
X exp (tr(’yN(H(fQ — 2152)7111 71,(H£Q — 2152)711)

X [Ig + u(H(fQ — zlg)flv] - ['yD(H(I)YQ — EIQ)ilﬁ]*))

- dot2(16sz — v (HEG — 2Ia)~ U{IQ Ca(HPy — ) 1,5]
[m]*)
x exp (1 (H o — #la) 0 a(HY, — #Ia) 0 .
x [Io +@(HE, - 210) "7 - [0 (1 - Hﬂ)ﬂi]*».

In the last equality we employed the following simple identities,
V = uv = uv, (4.22)

v [IQ +u(HP, - ZIQ)71U:| 71u = '17[[ +u(HP, - zlg)fl'ﬁ] 71'12. (4.23)
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Utilizing (4.21) and the following resolvent identity,

— -1
(HB = 210) "5 = (H o — 210) " '5[la + A(HP, — 210) 5], (429)

one arrives at (4.4), subject to the extra assumption V' € LP(Q; d"2)NL>(;d"x).
Finally, assuming only V' € LP(Q; d"z) and utilizing [23, Thm. 3.2], Lemma
2.3, and Corollary 2.5 once again, one obtains

(10 +a(HE, — 210) 7] e B(LA@Q ). (4.25)
U(HLq — 210) 7" € B, (L2 (9 d"x)), (4.26)
F(HEq — 2I0) 7" € By, (LA d"x)), (4.27)
o (HY — 2I0) ' € By, (LA d"a), 200 d"'a)),  (4.28)
I (HE, = 210) 5 € By, (LA(Q; d"a), L2(00;d" o)), (4.29)

and hence
U(HP, — 210) 0 € B (LA d"x)) C By(LX(Q;d"a). (4.30)

Relations (4.24)-(4.30) prove (4.2) and (4.3), and hence, the left- and the right-
hand sides of (4.4) are well defined for V' € LP(Q;d"x). Thus, using (2.9),
(2.13), (2.14), the continuity of deto(-) with respect to the Hilbert—Schmidt

norm || - H32 (L2(@uana)’ the continuity of tr(-) with respect to the trace norm

|- HB (L?(de))’ and an approximation of V' € LP(Q;d"x) by a sequence of po-
. sdna

tentials Vi € LP(Q;d"x)NL>®(Q; d™x), k € N, in the norm of LP(Q;d"z) as k T oo,
then extends the result from V € LP(Q;d"x) N L>®°(Q;d"z) to V € LP(Q;d"z),
n=23. O

Given these preparations, we are now ready for the principal result of this
paper, the multi-dimensional analog of Theorem 1.2:

Theorem 4.2. Assume Hypothesis 2.6 and let z € C\ (o (HE)Uo (HE,)Uo (HEY,))-
Then,
ME (2)MPo(2) ™ — Toa = — v (HE — 21a) "'V [yp(HYg — 71a) 1]
€ By(L*(09;d" o)) (4.31)

and

det 5 (IQ + u(Hé\fQ - zlg)flv)

detg(lg + u(H(fQ — zfg)ilv)

= det(Too — v (HE — 2I0) "'V [yp(Hq — 1a) 1] )" (4.32)

= det o (ME (2) My ()7 1) e T2, (4.33)
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where
Ty(2) = v (HEq — 210) "'V (HE — 2Ia) "'V o (HYy — zla) ']
€ B1(L*(0d" o). (4.34)

Proof. The result follows from combining Lemma 3.5 and Theorem 4.1. |

A few comments are in order at this point.

The sudden appearance of the exponential term exp(tr(72(z))) in (4.32) and
(4.33), when compared to the one-dimensional case, is due to the necessary use of
the modified determinant det,(-) in Theorems 4.1 and 4.2.

The multi-dimensional extension (4.32) of (1.16), under the stronger hypoth-
esis V € L2(Q;d"z), n = 2,3, first appeared in [23]. However, the present results
in Theorem 4.2 go decidedly beyond those in [23] in the sense that the class of
domains  permitted by Hypothesis 2.1 is greatly enlarged as compared to [23]
and the conditions on V satisfying Hypothesis 2.6 are nearly optimal by compari-
son with the Sobolev inequality (cf. Cheney [13], Reed and Simon [54, Sect. IX.4],
Simon [57, Sect. I.1]). Moreover, the multi-dimensional extension (4.33) of (1.17)
invoking Dirichlet-to-Neumann maps is a new result.

The principal reduction in Theorem 4.2 reduces (a ratio of) modified
Fredholm determinants associated with operators in L2(€2;d"x) on the left-hand
side of (4.32) to modified Fredholm determinants associated with operators in
L?(09Q;d" 1) on the right-hand side of (4.32) and especially, in (4.33). This is
the analog of the reduction described in the one-dimensional context of Theo-
rem 1.2, where ) corresponds to the half-line (0,00) and its boundary 99 thus
corresponds to the one-point set {0}.

In the context of elliptic operators on smooth k-dimensional manifolds, the
idea of reducing a ratio of zeta-function regularized determinants to a calculation
over the (k — 1)-dimensional boundary has been studied by Forman [18]. He also
pointed out that if the manifold consists of an interval, the special case of a pair
of boundary points then permits one to reduce the zeta-function regularized de-
terminant to the determinant of a finite-dimensional matrix. The latter case is of
course an analog of the one-dimensional Jost and Pais formula mentioned in the
introduction (cf. Theorems 1.1 and 1.2). Since then, this topic has been further
developed in various directions and we refer, for instance, to Burghelea, Friedlan-
der, and Kappeler [8], [9], [10], [11], Carron [12], Friedlander [19], Miiller [46], Park
and Wojciechowski [51], and the references therein.

Remark 4.3. The following observation yields a simple application of formula
(4.32). Since by the Birman—Schwinger principle (cf., e.g., the discussion in [23,
Sect. 3]), for any z € C\ (¢ (HE) Uo (HE,) Uo(HY,)), one has z € o(HY) if and

only if det o (IQ + U(Hé\,fgz - ZIQ)711}> =0, it follows from (4.32) that

for all z € C\(c(HE) Uo(HE,) Uo(HYy,)), one has z € o (HY) (4.35)

if and only if det(To v (HE — 210) "'V [y (Hy — 21a) ']") = 0.



Dirichlet-to-Neumann Maps and Applications 211
One can also prove the following analog of (4.32):
det o (IQ + u(H(fQ — ZIQ)71U>

dCtQ(IQ + u(Hé\fQ - zIQ)flv)

=det o (Iag + N (H(fsz - 2151)71V[’YD((H{]\] — ZIQ)il)*]* ) (4.36)
X exp ( — tr(’yN (H(fQ — ZIQ)_IV(HSJZV — ZIQ)_IV[’YD (H(ﬁ\"Q — EIQ)_l}* ))
Then, proceeding as before, one obtains

for all z € C\(c(HY)U J(Hé\)/ﬂ) Uo(HE,)), one has z € o(HE) (4.37)

if and only if dCtg([g)gz + ’YN(Hé?Q — ngz)71V[’yD((Hg — zlg)fl)*]*) =0.
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Higher Derivatives of Spectral Functions
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Schrodinger Operators
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Abstract. We investigate the existence and asymptotic behaviour of higher
derivatives of the spectral function, p()), on the positive real axis, in the con-
text of one-dimensional Schrodinger operators on the half-line with integrable
potentials. In particular, we identify sufficient conditions on the potential
for the existence and continuity of the nth derivative, /)(”)()\)7 and outline
a systematic procedure for estimating numerical upper bounds for the turn-
ing points of such derivatives. The potential relevance of our results to some
topical issues in spectral theory is discussed.
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joint operators.

1. Introduction

For the one-dimensional Schrodinger operator H on the half-line, the associated
spectral function, p(\), and Titchmarsh-Weyl function, m(z), are well-known tools
of classical spectral analysis. In particular p()) incorporates key information on
the spectrum, such as its location and type, while on the upper half complex plane,
m(z) is a Herglotz function which directly reflects the analyticity properties of the
resolvent operator, (H — 2I)~!. These two functions are mutually related through
the boundary properties of m(z), as the real axis is approached normally, and
through the Stieltjes inversion formula.

The m-function is also connected to solutions of the Schrédinger equation in
a number of ways. In the case of integrable potentials, the logarithmic derivative of
the Jost solution of the Schrodinger equation can be identified with a generalised
Dirichlet m-function, and this analytic function can be continuously extended
from the upper half-plane onto the positive real axis [13]. Moreover, given that the
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one-dimensional Schrodinger equation is of Sturm-Liouville type, the generalised
m-function is a particular solution of a non-linear first order Riccati equation,
which can sometimes be approximated for large A using an iterative procedure
(see, e.g., [6], [7])-

These intricate relationships underlie the structure of this paper, which we
now briefly outline. The selfadjoint operator H on L2 ([0, 00)) with Dirichlet bound-
ary condition at 0 is introduced in Section 2, and the main features of the spec-
trum, o(H), are summarised for the case ¢ € L;([0,00)). We also collect together
relevant properties of the spectral function and associated Titchmarsh-Weyl func-
tion and briefly discuss the relevance of the first and second derivatives of p(\)
to spectral concentration and resonances. In Section 3, sufficient conditions for
the existence and continuity of the first n derivatives of the spectral density are
identified in Theorem 1. Aspects of the relationship between the spectral density
and a generalised Dirichlet m-function, m(z, z), are outlined in Section 4, where
we also explore the possibility of using the Riccati equation to construct a series
representation of m(w, z) which is valid for large z = A € R¥. In Section 5, we
state our main result in Theorem 2. This identifies sufficient conditions on ¢ to
ensure that p(M+1()) ~ p(()M'H)()\) as A — 0o, where po(A) denotes the Dirichlet
spectral function for H when ¢ = 0, and it follows that, under the conditions of the
theorem, the Mth derivative p(™)(\) has no turning points for sufficiently large
A. We conclude with a brief discussion of the results and illustrate their potential
application through an explicit example.

The purpose of this paper is to provide an overview of some recent work by
the authors on the differentiability of the spectral function. Full proofs of the main
results will appear in a separate publication [8].

2. Mathematical background

We consider the time-independent one-dimensional Schrédinger operator H asso-
ciated with the system

Ly :=—y" + q(z)y = 2y, z€[0,00), z€C,

y(0) =0,
where the potential ¢ is real valued and integrable on [0, 00). In this case L is regular
at 2 = 0 and in Weyl’s limit point case at infinity, so that for each z € C\R there
exists precisely one linearly independent solution of Lu = zu in L ([0, c0)), and for
each z € R, there exists at most one such solution. The corresponding selfadjoint
operator H acting on H = Ly([0,00)) is defined by

Hf:LfafeD(H)7

where
D(H)={feH:Lfe€H;f f locally a.c,; f(0)=0}
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The essential spectrum oess(H) of H fills the semi-axis [0, 00) and is purely
absolutely continuous for A > 0, while the negative spectrum, if any, consists
of isolated eigenvalues, possibly accumulating at A = 0. There may also be an
eigenvalue at A = 0, but only if zq(x) ¢ L1([0,00)). In the context of this paper
we are principally concerned with the absolutely continuous part of the spectrum
on (0, 00).

The spectral function, p(\), associated with H is a non-decreasing function
on R, which we normalise in the usual way by setting p(0) = 0. There is a jump
discontinuity in the spectral function at each eigenvalue, but otherwise p(\) is con-
stant on R™. For A > 0, p()) is strictly increasing and continuously differentiable,
with

P ~ %\6 as A — oo.

(see [2]). The spectrum, o(H ), may be defined as the complement in R of the set
of points in a neighbourhood of which p()) is constant, and this is consistent with
the more usual definition in terms of the resolvent operator.

The spectrum of H may also be studied through properties of the Titchmarsh-
Weyl m-function, m(z), which is closely related to the Green’s function for H and
hence reflects the analyticity properties of the resolvent operator on C*. The first
derivative of p()) is known as the spectral density and is related to the boundary
values of the m-function on R through the formula

o) = lim ~Sm(A + i), @2.1)
€—> T

which holds for all A € R for which the respective limits exist.

Key features of the spectrum, such as its decomposition into absolutely con-
tinuous, singular continuous and pure point parts, may be extrapolated from
knowledge of the spectral density on R, or equivalently, from the boundary be-
haviour of the m-function as z € C* approaches the real axis normally. The same
spectral information may also be inferred from the asymptotic properties of solu-
tions of Lu = Au, A € R, through the theory of subordinacy [9].

The investigation of more subtle features of the spectrum, such as spectral
concentration and the associated issue of resonances, can benefit from informa-
tion on the behaviour of the second derivative of the spectral function, as we
now explain. We adopt the following definition of points of spectral concentration

(cf. [1]).
Definition 1 The point A. € R is said to be a point of spectral concentration of H if

(i) p'(N) exists finitely and is continuous in a neighbourhood of A., and
(i) p'(A) has a local maximum at ..

In the present context, where ¢ € L1([0,00)), the definition effectively restricts
attention to points of spectral concentration which occur in the interior of the
absolutely continuous spectrum, o,.(H), so that points of spectral concentration in
the above sense can only arise on (0, 00). As noted by Eastham [3], a consequence
of the definition is that if p”(\) exists and has one sign for A > M > 0, then
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p'(N) exists and is absolutely continuous for such A, but has no local maximum
in (M, o0). Thus knowledge of the large A behaviour of the second derivative of
p(A) provides a mechanism for estimating upper bounds for points of spectral
concentration (see, e.g., [4], [6], [7]). Points of spectral concentration may be, but
need not be, associated with resonances, which occur at poles of the meromorphic
continuation of the Green’s function on the so-called unphysical sheet. There is
an extensive literature on these phenomena, and the relationships between them
(see, e.g., [10], [12], [15]).

We will return to the issue of the contribution of higher derivatives of the
spectral function to our understanding of the spectrum in Sections 5 and 6.

3. Sufficient conditions for higher derivatives

In this section we identify sufficient conditions on the potential for the existence
and continuity of the nth derivative of the spectral density on R*. The proof is
based on classical methods of Titchmarsh and uses the following generalisation of
Gronwall’s inequality.

Lemma 1. Let f(z) > 0, g(z) > 0, with f(x) continuous and (1 + z)"g(z) €
Li([0,00)). If C > 0 is constant and

f@) <cuvay+ [ st
0
for x >0, then
F(&) < C(1 4 ayreli 0700
for x > 0.
Let p(™*tD(\) denote the nth derivative of the spectral density, p'()\). Theorem 1

demonstrates a neat correlation between the finiteness of the nth moment of ¢ and
the existence of the first n derivatives of the spectral density.

Theorem 1. If q(z) is real valued and satisfies (v + 1)"q(x) € L1([0,00)), then
pFHD(N) exists and is continuous for A > 0; k= 0,1,...,n.

Idea of proof. The proof proceeds by induction and uses the Titchmarsh formula
for the spectral density on R, viz.

, _ 1
N = RN TR0

where
aw = " in(VA)a(v)o(y Ny,

% + % /0oo cos(VAy)q(y) b (y, N dy,
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and @(z,\) is the solution of Lu = Au satisfying ¢(0,\) = 0, ¢'(0,\) = 1.
The result is first established for & = n, and the remaining cases follow imme-
diately, since (z + 1)"q(z) € L1([0,00)) implies (z + 1)*q(x) € L;i([0,00)) for
k=0,1,2,...,n — 1. Note that the Titchmarsh formula (see [14], Chapter V) is
valid for all ¢ € L1([0,00)), and hence for all ¢ in the scope of the theorem.

The following corollary to Theorem 1 is immediate.

Corollary 1. If g(z) = O(e~%*) with a > 0, then p™ ()\) is continuously differen-
tiable forn =0,1,2,....

We remark that the sufficient conditions of Theorem 1 are not in general neces-
sary to ensure that the corresponding derivatives exist and are continuous for
sufficiently large A. To sce this, let n = 0 and ¢ = sin((z + 1)2)(z + 1)72.
Then (z + 1)"¢(z) = q(x) ¢ L1([0,00)), but there exists Ag > 0 such that
PP () = p'()) exists and is continuous on (Ag, 00) (see [7], Example 2).

4. Series solutions of the Riccati equation

In addition to its relationship to the spectral density, the Titchmarsh-Weyl m-
function is also linked to solutions of the differential equation. For 2 € C*, let
X(z, z) denote the so-called Jost solution of Lu = zu, which satisfies x(z,2) ~
exp (ikz) as © — 0o, where k? = 2 and the principal branch is chosen. Then the
logarithmic derivative of x(z, z) evaluated at = 0 is equal to the value of the
Dirichlet m-function at z, i.e.,

(e

X'(@,2) =m(z),

X(I, Z) 2=0
where ’ denotes differentiation with respect to z. The asymptotic form of x(z, z)
implies that x(z,z) € L2([0,00);dz), and hence x(z,z) cannot vanish at © = 0
for z € Ct, since to do so would imply that H had a non-real eigenvalue at z,
and thus contradict the selfadjointness of H. In a similar way, x(zo, z) # 0 for any
7o >0, z € CT. We may therefore set

X' (x,2)
x(z,z)
for + > 0,2 € C*, and it is straightforward to check that for each zo > 0,
m(xo, z) is the Dirichlet m-function associated with the system: Lu = zu, x > zo,
u(zo,2z) = 0. We will refer to m(z,z) as the generalised Dirichlet m-function,
and note that in terms of our notation in Section 2, m(z) = m(0, z). Moreover,
since ¢ € L1([0,00)), the function m(z, z) may be continuously extended onto the
positive real axis, z = A € R*, for z > 0. We then have (cf. (4.1)) that m(z, \) is
well defined, continuous and non-real for x > 0, A > 0, and satisfies

X', A)

m(z,\) = ERVR (4.2)

m(x,z) = (4.1)
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where x(z,A) & L2(]0,00); dz) is the pointwise limit as z | A of the Jost solution,
and is itself a solution of Lu = Au [5], [13]. It follows from (4.2) and the well-known
relationships between solutions of the Sturm-Liouville and Riccati equations that
m(xz, \) satisfies the Riccati equation for z > 0, A > 0, so that

0
= (e, X) = —A-+q(@) = (m(z, N)?, (4.3)
where m(x, ) is the finite non-real limit as z | A of the generalised Dirichlet
m-function, m(z, z).

We now show that we can investigate the behaviour of the spectral density,
p6(A), using the Riccati equation (4.3). For > 0, X > 0, we have

m(z,A) = Rm(z, \) + iSm(z, A),
from which by (2.1),
m(0,3) i= m() = Rm() + imp' (N,
so that for A > 0
#) = Sm(0, ). (4.4)

Thus in principle, p'(A) can be obtained for A > 0 by finding the appropriate
solution of the Riccati equation and evaluating at x = 0.

If in addition it can be shown that m(z, \) is differentiable n times with re-
spect to A for sufficiently large \, we can also seek conditions under which p(®+1)())
exists and satisfies

PN = 1%m<“>(x, N, (4.5)
™ =0
where m(™ (z, ) denotes the nth partial derivative of m(z, \) with respect to \.
Equations (4.3) and (4.5) will form the basis for our investigation into the existence
of upper bounds for turning points of higher derivatives of p(\).

The generalised Dirichlet m-function, m(z, X),z > 0, A > 0, is a particular
solution of (4.3) with known asymptotic behaviour as z, A\ — oo for ¢ € L1 ([0, 00))
(see, e.g., [13]). Since (4.3) is not in general solvable in terms of known functions,
we proceed by postulating a series solution of the Riccati equation (4.3) of the
form

m(z,A) = iVA+ R(z, A) + g(z, ), (4.6)
where
g(x,A) = Zmn(:lz, A),
n=0

with g(z, \), R(z, ) € L1([0, 00); dz), and g(z, A), R(xz,\) — 0 as x, A — oo. These
conditions on R and g ensure that the left-hand side of (4.6) has the required as-
ymptotic behaviour and are sufficient to ensure uniqueness of the solution (see,
e.g., [6], [13]). The aim is to construct a series representation of m(z, \), which
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is valid for all z > 0 and sufficiently large A\, with a view to using this repre-
sentation to obtain asymptotic estimates of p’(\) and its derivatives through the
relationships (4.4) and (4.5).

The mechanism through which the function R(z, A) and the series g(z, \) are
obtained is as follows. We first substitute m(z, ) from (4.6) into (4.3) to obtain

i (m}c +2 (i\a-‘rR) mk) =Q —m% - i <m§1 +2mk1]§mz> R

k=1 k=3 (=1

where Q := ¢ — R' — R2 — 2iv/X and ’ denotes differentiation with respect to .
This equation will be satisfied if solutions can be found to the following system of
first order ordinary differential equations

my+20VA+ Rymy = Q,

mh+260VA+ Rymy = —m?,
k-2

my +26VA+ Rymy, = — (mi_l + 2my_1 Z mg) , k>3,
=1

which can be solved iteratively by quadrature to give

oo ”
m1($7 /\) = - / e%ﬁ(ti.’EHQ I R(s»\)dSQ(L /\)dt7 (47)
x
mo(z,\) = / VA=) 42 [ Rls:Mdsyn2 (¢ \)dt, (4.8)
€T
and for k > 3,

o . k-2
mi(z, \) = / eQz\fA(tfm)JrZ]m R(s,\)ds (m%_l + 2mp Zme> dt. (4.9)

x =1

provided the integrals in (4.7), (4.8) and (4.9) converge.

In addition to satisfying the asymptotic and convergence properties noted
above, the function R(z, A) is defined in such a way as to ensure that the derivatives
RM)(z, \) and g™ (x, \) exist and are continuous for some fixed M € N, where
the superfix (M) denotes the Mth derivative with respect to A. Note that the
choice of R(z, ), which determines both Q(z,A) and g(z, \), is not unique, and
is also influenced by other considerations, for example a requirement that the
series g(x, \) be absolutely and uniformly convergent for all > 0 and sufficiently
large A. The process of determining a suitable choice of R(z, ), which is itself
dependent on ¢(z), has the effect of producing a set of conditions on g(z) which
are sufficient to ensure that the generation of the series representation can be
accomplished. These conditions contribute to the hypothesis of our main theorem
in the following section.
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5. Upper bounds for the turning points

The main result in this section, Theorem 2, has direct implications for the existence
and computability of upper bounds for turning points of higher derivatives of the
spectral function, p()), for a significant class of integrable potentials. Note that
the differentiability requirements in the hypothesis of the theorem are influenced
by the choice of R(z, \) in (5.5), while the inequalities in the hypothesis, together
with (4.7) to (4.9) above, are used to establish the intermediate result in Lemma 2.

Theorem 2. Let g(x) be continuously differentiable M —1 times, with the (M —1)th
derivative ¢M =1 () absolutely continuous on [0,00), for some M > 2. Suppose

that there exists a decreasing function ¢(x) € L1([0,00)), and a continuous non-
negative function E(X) on (0,00) with E(A) — 0 as A\ — oo, such that for x > 0,

(m+1)"'+“q<"'>(x)‘ < G(z) for £=0,1,..., M1, (5.1)
[Tl < @ nto), 6:2)
/OC eQiﬁtq(M) (t)df‘ < f()\)(ﬂf + 1)7M+1¢(1.)’ (53)

where ¢() () denotes the £th derivative of q. Then there exists Ayy > 0 such that
pMAD (XY eists, is continuous on (Ay,00), and satisfies

(M+1) 7y _ L N a1 M (L > DC
‘p )~ = (VA+SRO,Y) | <0 W) /0 s(t)dt (5.4)
for all X > Ay, where
M
R(z, ) =Y an(x)A"3, (5.5)
n=1
with coefficients {a,(x)} defined inductively by
a(z) = —%q(m),
az(xz) = @,
. n—1
ans1(x) = % (a;(r) + Z ang(x)ag(.r)> , n=23,...,M—1,
=1

and the constant C' depends on M and q, and is computable.

Idea of proof. The proof of the theorem depends on the following intermediate
result.

Lemma 2. Let m;(z,)), j = 1,2,..., be as in (4.7)-(4.9), and suppose that the
hypothesis of Theorem 2 is satisfied. Then for j = 1,2,..., there exists Apy > 0
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such that for A > Ay, the derivatives m;M>

m™(a, /\)‘ < K%)\’M (\6 + f()\)) / syt

(z,\) exist, are continuous and satisfy

for all x > 0, where the constant K depends on q and M, and is computable.

It may be inferred from the proof of the lemma that for sufficiently large A, the
series in (4.6) is uniformly and absolutely convergent in z and A and that (4.6)
may be differentiated term by term M times with respect to A to give

(M)
mM (z,\) = (\erRx /\) +Zm (2, A), (5.6)
n=0
for A > Apz, from which it may be shown that (5.4) follows from (4.5) and
Lemma 2.

Let pg )(/\) denote the kth derivative of the Dirichlet spectral function asso-
ciated with Lu = zu for the case g(xz) = 0. The following corollary to Theorem 2
shows that if ¢(z) satisfies the conditions of the theorem, then p(*+1) () approaches
p(()k+l)()\) asymptotically as A — oo for all k =0,1,..., M.

Corollary 2. If the hypothesis of Theorem 2 is satisfied, then for k =0,1,...,M,
there exists Ay > 0, such that p"t1(\) exists for X\ > Ay, and

as A — oo. In particular, p*+t1 (\) eventually has one sign, namely the sign of the
(k + 1)th derivative of po(X).

Proof The result for k = 0 is already well known (see, e.g., [2]). The first part of
the result for k = M > 0 follows easily from the asymptotic behaviour:

(M) y
R(0, ) (Zak(O))\ ) ~0 <i>(M)7
VA

AV = o <\% (ﬁ)(m> :

as A — o0o. The second part of the result for £ = M > 0 follows from the first,
taking into account from (5.4) that the sign of p(()MH)(/\) is positive or negative
for all A according as M is odd or even respectively.

To establish the result for £k =1,2,..., M — 1, it is only necessary to observe
that if the inequalities (5.1) to (5.3) hold for some M = M, > 2, then they also
hold for M =1,2,..., My — 1.
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Remark. Note that for given ¢ and M satisfying the conditions of Theorem 2, the
constant C' is computable. It may then be inferred from the proof of Corollary 2
that for each £k =0,1,2,..., M — 1, there exists a computable constant, By, such

that pékﬂ)(/\) has one sign for A > Bj,. Such a constant is then an upper bound

for the turning points of p(()k)()\).

6. Discussion and example

We first discuss the relevance of our investigation to the long standing conjecture
that a close correlation exists between the presence of resonances on the unphysical
sheet and points of spectral concentration of p(A) on R*. This conjecture is par-
ticularly plausible if ¢ is in L; ([0, 00)), since in this case the well-known Kodaira
formula [11], viz.

Vo)

/

PN e P
holds, while resonances occur at zeros of the Jost function x(z) := x(0,2) on
the unphysical sheet, 7 < argk < 2w, where k2 = z as in Section 4. However,
evidence for a systematic correlation between the two phenomena is patchy and
in the example below we see that even if a resonance lies arbitrarily close to the
real axis, it need not give rise to a point of spectral concentration. The possibility
remains that resonances which are insufficiently strong to induce points of spectral
concentration may nonetheless leave some trace of their existence through points
of inflection of p’(\), which are themselves turning points of p”()), or in the
turning points of still higher derivatives. This is borne out by recent numerical
and graphical experiments for the case of exponentially decaying potentials [16],
and by the following example, in which the resonance and relevant turning point
can be calculated explicitly.

A>0,

Example Let
2a?
=—, > 0.
4 (1+ ax)? ¢

Then g € L1([0,0)), and as noted in [5], the Jost solution of Lu = zu is given by

with k2 = z as before, so that by our remarks above, there is just one resonance,
at k = —ia. Using (4.1) and (4.4), and recalling from Section 4 that we have set
z = A for z real and positive, yields for A > 0,

A3 VA + 3a?)
() = — 2 s th 7)) = YA T o4 )
Y 7(A+a?)’ s0 that P 27 (A + a?)?

whence it follows from Definition 1 that there are no points of spectral concentra-
tion on (0, c0). However, a further differentiation yields, in the notation of earlier

>0, A>0,
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sections,

_3(A+a?)? —4A(A + 3a?)
4V AN + a2)3

from which it may be inferred that p’()\) has a point of inflection at A = (2v/3 —

3)a? ~ (0.7a)?, this being a global maximum of its derivative, p”()), on (0, 00).

ey

)

The principal results reported in this paper, Theorems 1 and 2, are concerned with
a wider and more systematic investigation into the existence and behaviour of
higher derivatives of the spectral function p(A), for ¢(x) € L1([0,00)). In Theorem
1, we identify sufficient conditions on the potential to ensure that the nth derivative
of the spectral density exists and is continuous for A > 0. From the example above,
we see that the conditions are not necessary, since in this case p(™ (\) exists and
is continuous on R* for all n, even though the first moment of ¢ is not finite. We
note that Theorem 1 is sharp for n = 0, since there exist potentials, for example
of von Neumann Wigner type, which just fail to be in L1 ([0, 00)), and for which
the spectral function has jump discontinuities on R*. We suspect that the result
is also sharp for n > 0, but this has not been established.

The scope of Theorem 2 is both more limited and more wide ranging. Evi-
dently, from the statement of the theorem, the conditions on ¢ are quite restrictive
and the conclusions only apply when A is sufficiently large. On the other hand, if
the hypothesis is satisfied, then for sufficiently large A the existence and continuity
of the derivatives is assured, the asymptotic behaviour of the derivatives as A — oo
is identified, and a mechanism for estimating upper bounds for the turning points
of the derivatives is available.

The two results are independent in the following sense. Suppose that ¢ and
n satisfy the conditions of Theorem 1 for n = N; then the conditions of Theorem
2 may fail to be satisfied for the same ¢ with M = N, and the converse situation
also holds. To see this, consider the examples:

1. g(z) =sin(1 +2)?(1+2)"%, N=2,

2. q(z) =sin(l+2)"1(1+2)73, N=2.
It is straightforward to check that Theorem 1 is applicable in Example 1, but
Theorem 2 is not, while the reverse situation holds in Example 2.
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1. Introduction

For the development of a potential theory for the operator
u = P(u) = u)(z,t) — div(|Vu[P "2V u),

it is of course important to have an existence theorem for solutions to the equation
P(u) = 0 in some class of simple domains with continuous initial and boundary
data. To the author’s knowledge, existence results published in the literature (see,
e.g., [1]) depend on some regularity of these data, beyond continuity. In [6], a
potential theory as mentioned above was discussed, and the existence result that
we are going to derive here was anticipated but not proved there. The results of [1]
do not seem applicable. A natural approach to the problem of securing existence
of a solution under the mere assumption of continuity of boundary data, would
be to approximate the data uniformly by smooth data and pass to the limit. To
make this process work, one needs a preliminary existence theorem under such
regularity assumptions on the data that correspond to regularity properties that
can be deduced a priori for arbitrary solutions. This preliminary existence theorem
is provided by [4]. The purpose of this work is to prove existence of a solution to the
equation P(u) = 0 in a space-time cylinder, when continuous boundary values on
the “parabolic boundary” of the cylinder are prescribed. Throughout the paper, we
let © be an open subset of R™ with Lipschitz boundary and T" a positive number.
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We put Z = Q x (0,7) C R""! and denote the parabolic boundary of Z by dpZ,
ie.,
OpZ = (Q x {0}) U (02 x [0,T)).

Finally, the number p is strictly between 1 and oco.

2. Preparatory estimates

In this section, we adopt the following General assumptions:
L we L%((0,T); L(Q)),
2. fe LYZ;R"), g€ LY Z;R),
3. For all ¢ € C§°(Z) the following equality holds:

_ //Z u(z, 1) aa_f(x, ) ddt

- //Z (9(e, D)ol 1) — F(@,t) - Vapla, 1)) dudt. 2.1)

2.1. Weak continuity in L%(Q2)

We will show that under the general assumptions the mapping u : (0,T) — L2(9)
has a canonical representative that is weakly continuous, i.e., continuous from the
interval (0,7) into the space L?(Q2) with its weak topology. Let 1 be an increasing
C*°-function on R with 7(7) =0 for 7 < 0 and n(7) = 1 for 7 > 1. Put, for h > 0
and 7 € R,

T

mir) =n(0), wer) = [ty

T T
gh(I,T) = / g(xat)n;v(t_T) dt, fh(I,T) = / f(l’7t)7];,(t—7') dt
J0 J0
Proposition 2.1. For every t € (0,T), the suite (un(-,t))n>0 converges weakly in

L2%() as h — 0+, and the limit u(-,t) is continuous as a mapping from (0,T) into
L2(Q) with the weak topology.

Proof. Fix 15 and 7 with 0 < 79 < 7 < T. Choose ¢ € C§°(£2). Choose, in (2.1),
o(@,t) = (ma(t — 7) —ne(t — 70))((x), where 0 < h < T — 7 and 0 < k < T — 7:

7/ (uh(az 7) — uk(z, To))C(I)dQC
// mn(t = 1) = m(t = 10)) (9(z, )¢(2) — fo,t) - V((x)) dzdt  (2.2)

As (h, k) tends to (0,0), the member on the right has the limit

// (,0)¢(@) = f(x,t) - V((2)) dadt
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Since the function t — [lu(-,¢)]| L2y is essentially bounded and L?(Q) is weakly
complete, we conclude that the suites (up(-,70))n>0 and (up(-,7))n>0 converge
weakly in L2(Q2) as h — 0+. We thus get a canonical representative for u by
letting u(-,t), for every ¢ € (0,T), be the weak limit of up(-,t) as h — 0+, and
then

| (o) = )y e = [ (at@)¢@) = fla.0)- V(o) o

whenever 0 < t1 < t2 < T and ¢ € C§°(Q2). From this equation it is clear,
because of the boundedness of |[u(-,t)||L>(q), that the mapping t — u(-,t) is weakly
continuous, i.e., continuous as a mapping from (0,7 into L?(Q) with the weak
topology. |

2.2. Continuity in L2(Q)
We now make the following Additional assumptions:

L we LP((0,T); Wy P (),

2. feLP(Z;R"), g € L*(Z;R).
We will show that under these Additional assumptions (and the previously made
General assumptions) the mapping ¢ — wu(-,t) is continuous also with respect to
the norm topology on L?(). Let 0 < h < T, fix to and ¢ in (0,7 — h) and let
¢ € C§°(22). We return to (2.2), put k = h, and differentiate both members with
respect to 7:

ouyp,
o (z,7)((x) dx = /Q (gn(z,7)¢(x) — ful(z,7) - V((2)) d (2.3)

This equality holds whenever 0 < 7 < T'— h, and by approximation we find that
it holds for all ¢ € L2(Q2) N Wy'P(R2). We will prove

Theorem 2.2. Under the General assumptions and the Additional assumptions the
mapping t — u(-,t) is continuous from (0,T) to L*(9).

Proof. Let 0 < t; < to < T. According to Mazur’s lemma there are convex

combinations
Ny

U, = § Cy,jUh, ;s v=12...,

j=1
of the functions uy, such that U, (-, t1) converges to u(-,t1) and U, (-, t2) converges
to u(-,t2) in the norm of L?(€2) as v — oco. More precisely,

0<hy,; <T—ty, lim max h,; =0,
’ =00 155N,

oo 1<

N,
Cyj >0, E Cj =1,
j=1

lim [Ju(-,t;) — U, (-, ti)ll220) =0, i=1,2,
V—00
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where
T
U, (z,7) = / u(z, t)H,,(t — 7)dt
0
and H, is defined by

Ny
H, = E Cu,jMh, j, V= 1,2,....
Jj=1

We also put

T T
G,,(ac,T):/O (@, ) HL(t — 7)dt och F,,(I,T):/O Fla ) HL(t — ) dt.

Then, by linearity, (2.3) holds with wup,gn and f, replaced by U,,G, and F,,
respectively. We can, for every fixed ¢, choose ((z) = U, (z,7) and then integrate
between t; and to. This yields

/ (Un(@,t2)* = Uy (2, t1)°) da =/ (Gulz, U (z,7) = Fy (2, 7)- VU, (2, 7)) dz dr.
Q Q

As v — oo we get in the limit
%/ﬂ (ulz, t2)* — u(z,t1)?) da
= /t2 / (9(z,t)u(z,t) — f(z,t) - Vu(z,t)) d dt. (2.4)
t Jo

This shows that the function 7 — |lu(-,7)|| 2(q) is continuous, and since the func-
tion 7 +— wu(-,7) is weakly continuous, we find that it is also strongly continu-
ous. |
2.3. The Hilbert transformation on R

For a function f in the Schwarz class S(R) of rapidly decreasing functions we
define its Fourier transform f by

jo = [ e a

and its Hilbert transform f by

z 1 f(s)
= — lim ds.
i) /

TENO Jjsgjse t— 5

In general, f does not belong to S(R), but if f € S(R), then f € C°(R) and
D*f € LP(R) for all k € N and all p € (1,00). The Fourier transforms f of f and

f of f are related by
f(7) = —isgnr f(r).
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Therefore, the Hilbert transformation has a unique isometric extension to L(R).
It also has a unique continuous extension LP(R) — LP(R) for each p € (1, 00). If
f € L*(R) and g € L?*(R), Parseval’s formula gives
[ swiwar= [ foiseimiar =~ [ fogwe
and, if f € S(R) is real valued,
o)
/ i = / QWZTf(T)ZbgHTf(T) dr = —/ 2 |7|| (7)) dr.

At the same time

/ / sit ‘dsdt / / ft+s) t)‘ dt ds
N
:/700|f(7)|2/:‘72m7* |"dsar

=/7 47?7 |f (7)|? dr.

\f('r)|2 drds

Hence,

,/:;f'(t)f(t)dt:[ 2l () dr = o / / s,f(t)( ds dt,

and the latter of these two equalities holds also for all f € L?(R).

Definition 2.3. The space H? (R) consists of those elements f € L2(R) for which

//‘f — ’dsdt<oo

This space is normed by
o0
1913 = [+ ameyhifeRar
2 —00

2.4. An estimate in Hz (R; L%(Q))
Let 0 < h < T and let 6 be a C*°-function on R with supp @ C (0,7 — h). Put
ap(t,7) =0(T)n,(t —7), teR, T€R.

Let ap(t,-) be the Fourier transform and ay(t,-) the Hilbert transform of ay(t, ).
As a test function ¢ in (2.3) we choose, for each fixed T,

T
¢(z) = 9(7)/0 u(z, s)ap (s, 7)ds.
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The left-hand member of (2.3) becomes
T T
- / / (/ u(z, t)u(z, s) dw) Nt — 7)0(T)an (s, 7) ds dt
o Jo Q
T T
= / / (/ u(z, t)u(x, s) dx) dan (t,7)an(s,7)dsdt
0 Jo Q or

- /OT /Q 0'(T)un(z, T)u(z, s)an(s, 7) dz ds.

From (2.3) we thus get

/ / /uxf)u(l‘ s)da«) gth(t,r)&h(s,q—)dsdt

= -/ZO(T) gn(x, T)u(z, s) — fa(z,7) - Vou(z, s))dh(s,T) dx ds

T
+/ / 0 (T)up (z, 7)u(z, s)an (s, 7) dx ds. (2.5)
0o Ja
We will integrate both members of (2.5) with respect to ¢, but first we note that

/ dan —(t,)an(s,7)dr = / 2mioan(t, o) isgnoan(s,o) do

or e

- _/ 2(olan (¢, 0)an(s, o) do
1 00 00 2mioT __ 112 J—
:7%/_00/_00’%‘ ap(t,0)an (s, o) dr do

_ 7i /°° < 20T (t,0) — an(t,o)  €2m9Tay (s, 0) — an(s, o)
o0 —00

T T

do dr

do dr.

1 °°/°° n(t, o+ 7) 7ah(t o) an(s,0+71)—an(s,0)
T

Consequently,

/j:o /OT/OT</Qu(I,t)u(x, s) dm)%(t,r)ah(s,ﬂ ds dt dr
_i//'oo /00 ‘/T u,(ar;,t)(u,h(t,(f-&-T)—a,h(t7(;)) dtz
) N N S .

1 / /°° /: ‘9<a+r)uh<w,o+;>—9<0>w<w>)2dgdmx.

We now put

Ghl(z.t) = /7 (@ ) )an (7Y dr, i t) = l T b O )an () dr

do dr dx
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and
Ba(s,t) = [ 0 (Pan(t, (s — 1) dr.

When we integrate both members of (2.5) with respect to 7 over R, we get

// / O(t)un(x, ‘ri:i( up(z, a)‘ do dr dz

= //Z (Fr(x,t) - Vu(z, t) — Gu(z, t)u(z,t)) dedt

+ ./OT ./OT /Q w(a, syulx, ) By (s, t) da ds dt. (2.6)

Now we let by (z, ) be the Hilbert transform of 6(-)gn(z,-):
G, 1) = / o, 1O )an (t,7) dr
= —/ bu(z, T)an(t, 7) dr = nj, * (0(-)bn(z, ")) (2).

Since 77},(1) > 0 and [%_ 0}, () dt =1 we get
1Gh(@, )2y < |\9(~)bh(%‘)HL2<R> < max |0(7)[[1bn (2, )| 22(r)
= max|0(7)[[10()gn(z, )| 12r) < max |6(r)Pllg(, )| 120,7),
which leads to
2
Ghllz2(z) < Igleaﬁ<|9(7)| lgllz2(z)-
In the same way we get

2
1 Fall gy < Cmax 601 oz,

where C' is a constant, depending only on p. To estimate the last term in the right-
hand member of (2.6), we let ¢, (s, -) be the Hilbert transform of ’(-)n;, (s—-). Then

Bu(s,t) = — /oo an(t,T)en(5,7) dt = 1y % (00 )en(s, ) (7).

J —o0

Hence

1Br (s, 20,m) < N0C)en(ss 2wy

< max e(f>|\/ / Z 6/(r)n(s — )2 dr

< max [0(r)[[16']] .2 w)
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We arrive at

‘ /O.T / u(, s)u(z,t) By (s, t) dz dt‘

< |IBn(s, )l L2(0,1) \// u(z tu(z, s)dz) dt

< gleaéﬁ(f)ll@'mm)\/ /0 e )y e ) [y
= 17116&1){\9(7)\||9lHL2(R)HUHL2(z)HU('«,S)||L2(Q)7
and finally
T T
[ tesputo. o) ddt ] < VT mage )19 2 .
From (2.6) we now get

/ / / T)up(z, Tj_:i(g)% z,0) ‘ do dr du

< € max 0) 1| o ) IVl 2y + mass 007) Pl Nl

+ \/Trgleag|9(T)|H9'HL2<R>Hulliz(zy (2.7)

According to Fatou’s lemma, this inequality is preserved when we pass to the
limit h — 0+. By suitably choosing 6 as a function which equals 1 in the interval
[6,T — 6] for some § € (0, L), we deduce the following

Lemma 2.4. Let u be a solution to equation (2.1) and let the General and Additional
assumptions be valid. Let 0 < § < % Then

1 T—6§ pT—§ _ o) 2
_// / ‘w do dt d
T JoJs Js t—o

2T
S ClS o (I VullLoz) + l9ll2zlull L2z) + 4 7”““%?(2)7
with a constant C that depends only on p.

3. The boundary value problem

We will be concerned with the solvability of the equation
0
64: = div(|Vul[P2Vu), (2,t) € Z (3.1)

under prescribed values on the parabolic boundary 0pZ.
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Definition 3.1. We say that v is a solution to equation (3.1) if the restriction of u
to ' x (6, — &) belongs to L>®((§,T — 8), L*(¥')) N LP((6, T — &); WhP () for
every 6 € (0, I) and every domain Q' such that @/ is a compact subset of 2, and

// u(x,t) 6— z,t) dedt = / |Veu(z, t)|P72Vu(z, t) - Vep(z, t) dedt.  (3.2)
for all ¢ € C§°(Z).
Our main result is

Theorem 3.2. Let ¢ be a continuous function on OpZ. Then there is a solution u
to equation (3.1), continuous on Z, such that u(z,t) = ¥(z,t) on OpZ.

3.1. The function spaces B”(Q,))

Following Fontes [4] (with a slight modification of notation), we put

BP(Q) = {u € LP(R; WP(Q)); ///‘ Iss_rxt)‘dxdsdt<oo}
and
BY(Q) = {u € LP(R; Wi (Q); ///‘ U 2@ 4y 45t < oo)

These two spaces are Banach spaces, normed by

lullB» = (// (Ju(z, )P + |V pu(z, t)|P dxdt)z/p

27T//./

We put Q4 = Q x [0,00). For functions u, defined in @, we define the extension
operators Ey and E, by

u(z, s) — u(z,t)

— ‘d dsdt.

) if t>0
Bt ={ 500 %120 Bl = (o,

and we also introduce the spaces
BP Q) = {u e LP(Rs WH(Q)); Eyu € BY(Q)),
By (Q4) = {u € LP(R; WP (Q)); Byu € BE(Q)},
BYo(Q+) = {u € LP(R; WHP(Q)); Egu € BE(Q)}.
In the last definition, * stands optionally for - or 0. We also put
B (Q+) ={u € B{ (Q+) N Cy([0, 00), LQ(Q)) = e 1Y Ry, WL (Q)))
and X?(Q4) = B’,(Q+) + B (Q+). We will need the following result

Lemma 3.3. Let g be a Lipschitz function on Z. Then g can be extended to Q4 in
such a way that the extension belongs to XP(Q4).
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Proof. Extend g to @4+ in such a way that it satisfies a global Lipschitz condition,
vanishes for ¢ large and belongs to B”.(Q4) (which is obviously possible). Let
7 be a Lipschitz function on Q, such that 0 < n(z) < 1, n(z) = 1 on 9Q and
n(xz) <1 —dist(z, 0Q) for x close to 9. Put

ul(xv t) = 77(17) %g(‘% t)v u2(x7 t) = g(z, t) - ul(xv t).
One can then verify that u; € B®((Q4) and uz € B} (Q+). The details are left to
the reader. O

3.2. Known results
A standard result is the following:
Lemma 3.4. If u is a bounded solution to (3.1) and K a compact subset of Z,
then ([, IVou(z, t)|P dzdt can be estimated in terms of sup, u(x,t), the Lebesgue
measure of K and the distance from K to the boundary of Z.

The following result is a special case of Theorem 4.8 in [4]:
Theorem 3.5. Given g € XP(Q4), there exists a unique solution u € XP(Q4) to
equation (3.1), such that u — g € Bf ((Q4).

From the regularity theory for degenerate and singular parabolic equations
(see [2]) it follows
Theorem 3.6. If the function g in Theorem 3.5 is continuous, then the solution u
is continuous on Q4.

A standard result is also the following comparison principle.

Theorem 3.7. If u and v are solutions to equation (3.1) in Z, continuous on Z,
and if u(z,t) < v(z,t) on OpZ, then u(x,t) < wv(z,t) in Z.

With the aid of the comparison principle, we can prove

Lemma 3.8. Suppose that w,u,us, ... are solutions to equation (3.1) in Z, con-
tinuous on Z, and assume that the sequence (u;|0pZ)52; converges uniformly on
OpZ toul0pZ. Then the sequence (u;)52; converges uniformly in Z to u.

Proof. Let € > 0. For j sufficiently large, u(z,t) — e < u;(z,t) < u(z,t) + ¢ for all
(z,t) € OpZ. Since u—e and u+e¢ are also solutions, it follows from the comparison
principle that u(x,t) —e < u;(z,t) < u(z,t) +¢ for all (z,t) € Z if j is sufficiently
large. O

4. Proof of the main theorem

We can now prove Theorem 3.2. Let (¢); );‘il be a sequence of Lipschitz functions

on Z, converging uniformly on 0pZ to 1. Each ; can, by Lemma 3.3, be extended
to a continuous element of X?(Q ). By Theorems 3.5 and 3.6, each v; corresponds
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to a continuous solution u; to (3.1), taking boundary values ¢;. By the comparison
principle, since

li : (z,1) — H =0
him (z’glggyz\wg(wv ) — Vr(z,1)]

we have
lim max |uj(z,t) —up(z,t)] =0
Jik—00 (z,t)eZ
and thus the sequence (u;)$2 52, converges uniformly on Z to a continuous function
w. It remains to show that u is a solution. We let Q' be domain such that € is
a compact subset of 2 and we let 0 < § < % It follows from Lemma 2.4 and
Lemma 3.4 that the quantities

T-6 T-6 ,T—0
/ / |Vouj;(z f)\pdde—&-—/ / / u Ui (@,7) = (@, ) |® do dr dx
o % T—0

are bounded uniformly in j, and thus the corresponding quantity for u is finite.
We conclude that the restriction of u to Z' = Q' x (6,7 — §) can be extended to an
element of XP(Q x (d,00)) and thus there is a continuous solution v to equation
(3.1) in Z', taking the values u(z,t) on dpZ’. However, on dpZ’ the sequence
(u;)$2; converges uniformly to v(z,¢) and thus, by Lemma 3.8, it converges uni-
formly to v in all of Z’. On the other hand, it converges to u(z,t), so u is indeed a
solution to (3.1) in Z’. Since €’ is arbitrary and § can be chosen arbitrarily small,
we conclude that  is a solution to (3.1) in Z’, taking the boundary values . This
concludes the proof.
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Abstract. The generalized Parseval formula concernig a non-selfadjoint oper-
ator is studied. In particular, the wave equation with the rank one dissipative
term is considered. The existence of scattering and dissipative modes is ob-
tained.
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1. Introduction

The purpose of the present article is to report on our recent results about the
spectral problems of wave equations with a dissipative term. Section 2 and 3 were
originally intended to be an announcement of results to be presented in [6] with full
detail. Our main result is a generalized Parseval formula associated to dissipative
wave equation (Theorem 2.2 in Section 2). A sketch of proof of Theorem 2.2 is
presented in Section 3. For the sake of completeness, a full proof given in [6]
is reproduced in Appendix. In Section 5 we shall take up a Schréodinger model
with a dissipative term of rank one and obtain Parseval’s formula by the method
developed in Sections 2 and 3. In Section 4 we review some results related to ours.

Definition 1.1. Let H be a Hilbert space with the inner product (-,-). Let A be a
densely defined linear closed operator in H. A is a dissipative operator if and only
if for any uw € D(A)

Im(Au, u) <O0.

The first and second author are supported by Grant-in-Aid for Scientific Research (No.16540161
and No.17740082), Ministry of Education, Culture, Sports, Science and Technology, Japan,
respectively.
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We remark that the dissipative operator defined by Lax and Phillips [3] is
given by Im(Au,u) > 0. If A is a maximal dissipative operator (i.e., A has no
dissipative extension), it is well known that o(A) (the spectrum of A) is in C; =
{z € C;Imz < 0}. A self-adjoint operator is a maximal dissipative operator.

We consider the situation that Ay is an absolutely continuous self-adjoint
operator with o(Ag) = 04c(Ao) =R and V is a bounded dissipative operator. We
consider the operator A = Ag + V.

1. Selfadjoint case. (cf. [17], [18]) We first make a review on the selfadjonit
case. So, V is self-adjoint and small in some sense. Then the following results are
known: the wave operator

W_ =5 lim 40" "4 P, (A)
t—o0
exists and Range(W_) = Pu.(Ao)H, where P,.(Ap) is the projection onto the
absolutely continuous subspace of Ay, in our case coinciding with H. Furthermore,
we know that

Ker(W_) = P,,(A)H,

where P,,(A) is the projection onto the subspace of the pure point of A, and that
A has no singular continuous spectrum. Therefore

H = Pyp(A)H & P,c(A)H (orthogonal sum).

As a consequence of these results we have that e~#4

free as t — oo, i.e., there exists ug € H such that e
and only if u ¢ kerWW_.

2. Dissipative case. Next we assume that V' is dissipative. By a similar way to
the selfadjoint case, we can define the wave operator by using the evolution semi-
group {e~"4},5.(see [18]). However we do not know the property of the spectrum
of A exactly even if V is very small in some sense. Naturally, if A € op,(A4), ImA < 0
and Au = M (u # 0), we know that e~*4u — 0 as t — co. But is the converse
true? More precisely, if e=#4y — 0 as t — oo, u # 0, can we conclude that u
belongs to the span of all eigenspaces corresponding to non-real eigenvalues?

Our approach in the present paper follows the Kato smooth perturbation
method (cf. [8]). We consider that V' is of rank one, ie., V = a(-, ¢)p, o € C,
Ima < 0, ¢ € H. Then using the second resolvent equation we see that

I )
T+ a((A0—2) '¢.9)

As for the singularity of the resolvent of A, for Imz < 0, since (Ag—2z)~! is analytic
in Imz < 0, we can neglect the first term of the right-hand side. So the highest
singularity w.r.t. z arises from I'(2) = 1+ a((4o — 2) "1y, ) = 0 in Imz < 0. And
for Imz = 0, since we know that

u (u # 0) is asymptotically
Ay ~ e Ayt — o0, if

(A—2)"u=(Ag—2)"tu (Ao —2)" Lo

Ag— 27 < —
(o =)~ <
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the problem is the boundary value of T'(A — i0), A € R. If A is self-adjoint, we
know that
1

—2)7 < .
14 =271 < o

So the zeros of I'(z) is, at most, of the degree one. On the other hand, if A is
dissipative, we do not have similar estimate. Hence, if the zeros of I'(A — 40) is
of the degree one, we can see that a representation formula for the wave operator
similar to the selfadjoint case is still valid. So, the difficulty in the dissipative case
lies the proof of the fact that the zeros of I'(A — i0) is of degree one. This can be
done under Assumption (A.2) in Section 2.

We give some comments for the related works. First, the scattering theory
for the non-selfadjoint operators has been developed by S.N. Naboko in [11] and
then in [12]. Some other results on the subject can be found in T. Kako and K.
Yajima [7]. One should note that dissipative Schrédinger operators (in particular,
rank one dissipative perturbations) have been extensively studied by Pavlov in a
series of works dating back to early 70s. The explicit construction of symmetric
functional model suggested by Pavlov (e.g., see [15]) has been also instrumental
for the approach later developed by Naboko. One should also note that the wave
operators in the situation of rank one operator (although in the selfadjoint case)
have been constructed in the same terms as ours in the Yafaev’s book [18]. This
construction with no significant changes also applies in the dissipative case. As for
the Parseval formula, a closely related discussion for the dissipative operators can
be found in Pavlov [16].

2. Wave equation in the space 1-dimensional case
We consider the wave equation with a dissipative term in one space dimension:
afu(xv t) + <atu7 §0>099(x) - afu(xv t) =0, (:L'v t) €ERx R+ (21)

where (-,-)o is the usual inner product in L?(R), and it is assumed that ¢ €
L2(R)(= {¢; (1+|z|)*p € L?}) for some s > 1/2. We regard (2.1) as a perturbation
of

2u(z,t) — Ou(z,t) =0, (z,t) ER xR, (2.2)
Put f(t) = *(u(z,t),dpu(z,t)). Then (2.1) and (2.2) can be written respectively
as

0 f(t) = —iAf(¢) and O f(t) = —iAof(t),
where
1

(0 (0 1
A:z(ag 7(47@0@) and A071<85 0).

Let H be the Hilbert space
H={f= "(fi.f) € H; f1 € H'(R), f» € L*(R)},
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where H*(R) denotes the usual Sobolev space, with the inner product of f =
“(f1, f2) and g = *(g1, g2) defined as

(fg) = / (0 11 ()01 (2) + o(2)ga@) i,

The norm of H is denoted by || - ||. Then we know that with the domain is
D(A4) = D(Ao) ={f = "(f1, f2) € H; f € H*(R), f> € L*(R)},

Ap and A are a selfadjoint and a maximal dissipative operator, respectively.
We list some notations. ¢ means the usual Fourier transformation of ¢. We
denote the resolvent of A (resp. Ag) as

R(z) = (A—2)"tfor z € p(A), (resp. Ro(2) = (Ag — 2)~* for z € p(Ay)),
where p(A) (resp. p(Ap)) is the resolvent set of the operator A (resp. Ap). We
express the resolvent of —d?/dz? in L*(R)

ro(z) = (—d?/da® — 2*)"' z€ C\R.
We express the solution of (2.1) as follows:
fty=e"""f, f(0)=FfeEN. (2:3)
We say that f, is the bound mode, if f; is an eigenfunction corresponding to the

real eigenvalue of A, and that f,(5# 0) is the scattering mode, if f4 is asymptotically
free, i.e., there exists fo € D(Ap), fo # 0, such that

lim [le™4f, — e 140 £y =0,
t—o0
and that fy(# 0) is the dissipative mode, if e=™4 f, is dissipative, i.e.,
lim [l fy]| = 0.
t—o0

Theorem 2.1 (cf. Mochizuki [10]). Let Ay and A be as above. Then

1. A has no real eigenvalues;
2. W =5 — limy_,o €404 egists as an operator from H to H and W # 0.

Theorem 2.1, 1 implies that (2.3) does not have the bound mode. So the
following two questions naturally arise:
(Q1) Does (2.3) have the dissipative mode?
(Q2) Is it true that (2.3) is equal to the linear combination of scattering and
dissipative modes which are found?
Our aim in the present paper is to answer (Q1) and (Q2). For that purpose we
introduce the following assumptions.

Assumptions.
(A1) o(x) € L}, (R) for some s > 1/2
(A2) and () S B(n) (0 <N,

where  ®(A\) = |3(A\)] + [@(=A)[2.
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Under the Assumptions (A1) and (A2) we show that the answer to (Q1) and (Q2)
are affirmative. In order to see that we investigate some properties of A. First,
we describe the spectrum of the operator A (Proposition 2.1) without the proof
(cf. [6]) and secondly we derive (generalized) Parseval’s formula for the operator A
(Theorem 2.2).

We recall the limiting absorption principle for ro(z). Let s > 1/2 and u €
L%(R). Then the resolvent and its extension to the reals can be expressed

+i +i(Atir)|z—y|
= : 5 d
20\ £ ir) /R° u(y)dy
for A € Rand £ 2 0 with Ak # 0. Let (1,7) = (0,1) or (1, 0). Then a straightforward
calculation based on the above expression implies that, for every A € R, two limits

MZro(A +i0) = 1;?8(,\ +ik) DT\ £ ik) (2.4)

ro(A £ik)u(z)

exist in the uniform operator topology of B(L2(R), L% ,(R)).
We fix some s > 1/2, denote by (-, -)o the dual coupling between L2(R) and
L% (R), and put

I'(z)=1—iz(ro(z)p, 0)o, I'(AE£i0) =1—iXro(A£i0)p, ¢)o
Y ={2€Cq;I'(2) =0} and X% ={)\e€R;I'(A£i0) =0}.
For z € C\R and f = !(f1, f2) € H the resolvent Ry(z) can be rewritten as
Ro(2)f = "(ro(2)(zf1 +if2),i0:70(2)0 f1 + 210(2) f2), (2.5)
and for z = A +ix € Cy,

I'(z)=1+ % /j; Mﬁ@(’r‘)dr - %/:: Mﬁ@(’r')dr. (2.6)

Remark 2.1. By (2.6) we can easily see that £ = X5 = 0.
Proposition 2.1 (cf.[6]). Assume (A1) and (A2). Then

_J o if I(—i0) = 0,
s {{mo}, if I'(—i0) < 0 (2.7)
for some Ko < 0 and
o _ [0 g £o,
T {{0}, if (—i0) = 0. 2.8)

Moreover, for I'(—i0) < 0 (resp. I'(—i0) = 0) it holds that dI'(z)/dz|s=ix, # 0
(resp. dI'(\ — i0)/d\|ax=0 # 0).

In order to describe our main theorem (Parseval’s formula corresponding
to A) we need some notations. We put

o= (749,

2ro(2)p
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Using the second resolvent equation in the case of the rank one perturbation, we
see that z ¢ X (resp. ¥_) if and only if z € p(A) NCy (resp. z € p(A)NC_) and

if,v(z)

for any f = *(f1, f2) € H. Define operators o, § and & as follows:
. AﬂQ)MﬁQ)Aﬂ(AMiﬁ(M>7ﬂA>O

R(2)f = Ro(2)f + (2.9)

V2o V2
A) = R . R R
B =0 LA D) AR W 4y g
V2 ’ V2 ' ’
and

ENO) = Gon) + 02 W g, ("))w,

_ ife0 =iy (o
We know that o is a unitary operator from H to L2(R,C?).

Remark 2.2. The operator § has the following property:

[ @anmaiea= [ AGHO 0@ (210
for any f € D(A) and § € L*(R;C?).
Theorem 2.2. (Parseval formula) Assume (A1) and (A2). Let P be the projection

py LU vlin)

o F'(Z‘I{o) ’U(llio), fEHv

and let
& ={g€SR) x S[R); (v(—i0),g) = 0}.
1. If I'(—i0) # 0, it holds that

| @no.@ned o) >o

<f7 g> = -
[ (NN, (Bg)(N))c2dA + (Pf,g), if I'(=i0) <0

for any f,g € H.
2. If I'(—i0) = 0, it holds that

)= [ (GHO). @) Tt ges
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Remark 2.3. Gilliam and Schulenberger [2] treated Maxwell’s equations with dis-
sipative boundary conditions in half-space in R?, but they did not deal with per-
turbed systems of selfadjoint operators.

Now we can answer (Q1) and (Q2). By Theorem 2.2, we see that

0 if I'(—i0) >0

Kerw — 10} it P(=i0) 2 0, (2.11)
RangeP if I"'(—40) < 0.

If I'(—i0) = 0, then any f € H, f # 0, is the scattering mode. In fact, if f # 0,

then fo:= W f # 0 and
flim ||e’itAf - e’“AOfOH =0.
If I'(—i0) < 0, any f € H is a linear combination of the scattering and the

dissipative modes. In fact, f can be decomposed into

f=(=PN+Pf=ft fa,

where fs (resp. fq) is the scattering (resp. dissipative) mode.

3. Outline of the proof of Theorem 2.2
We give a sketch of a proof. The most difficulty is the proof of Lemma 3.2 in step
4 will be given in the Appendix.

Step 1. Rewrite the time-dependent representation of the wave operator W as
follows: (Kato [8])

W) =tw” [ RO+ ) Ro(A+ in)g)an

Using (2.9) (the representation of the resolvent of A), and the definition of Fo and
§, we see that

i) = [ (G0, Gag)W)esdr
Step 2. We put

Ho={f=' (f17f2)§/]R(1 +12?)* (102 f1(2)]* + | fa(@)P)dz < oo}

By (2.8) in Proposition 2.1 we can prove the following formula: for s > 1/2, for
frgeHsand A #0

(FH). BN
(G0N, Gog) (Ve + - LEOZIIEE DL

1 {(f,o(A+i0){v(A —i0), )
27 T'(A—i0) '
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Step 3. Using the unitarity of §o : H — L?(R,C?), we see that

| Gno). @g)car
1 [ (f,o(A—10)){v(X+10),g)
:<f,g>+ﬁ/ TOh+i0) d\
L [ L0 0060 0
o T\ —i0)

Step 4. In order to calculate the integrals in the right-hand side of (3.2) we use
the following two lemmas:

(3.2)

dA.

—o0

Lemma 3.1 (cf. Lemma 2.4 in [6]). Assume (A1), (A2) and I'(—i0) = 0. Then it
holds that

1. ®g belongs to L2(R;C?) for g € £.

2. & is dense in H.

Lemma 3.2. For any f € S(R) x S(R) (S(R) is the set of the rapidly decreasing
functions), and for any

¢ S® xS®). if I(=i0) #0.
g & if I(—i0) =0,

we have
e (f, (A +140))(v(A —140),9) .. 0, 4f I'(—i0) =0, .
,/,m 27 I'(A—i0) = { (Pf,q), if I(—i0) <0, (33)
and
< (f, oA =190))(v(XA +140),9) ,,
/700 T0\+40) d\=0. (3.4)

In order to justify formulas (3.3) and (3.4), we need to show that the pole of
the integrands lying in the real axis has degree not greater than 1. Actually, by
Proposition 2.1 the integrands satisfy such a condition for f € S(R) x S(R) and
g € S(R) x S(R) (resp. g € £) in the case of I'(—i0) # 0 (resp. I'(—i0) = 0). Using
Lemma 3.1 and 3.2 in (3.2), we finish the proof of Theorem 2.2.

4. Some other results

1. Solvable model: (cf. [1], [4], [14],[15])

2
?@M%ﬂ_—g%ﬂﬂﬂ+a@@ﬂﬁﬂﬁﬁﬁ W)
u(z,0) = £(a).
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where a € C, (Ima < 0). We put

2
PR
(Ima < 0). This operator includes a singular perturbation, and we refer to [1] for
the basic information. The operator H, is given by

D(H,) ={U =u+aHy(Hg +1)"'0|u e H*R), a € C,
(u,8) = —a(a™" + (6, Ho(H§ +1)714))},

Hy=— Ho = Ho+ (-, 6)5

H,U = Hyu — a(HZ +1)" ¢, U € D(H,)
We can rewrite the equation (4.1) as
iw(t) = Hau(t), u(0)=f.
Let
W(a) = s- zlingo eitHog—itHa
The following Theorems 4.1, 4.2 and 4.3 can be found in [4].

Theorem 4.1. (Spectral structure of Hy) Let a = oy + i with a; £ 0, az < 0.
Then the spectrum of H, is given by

o(H,) _{ 0,00) U{=27}, if a1 <0,
[0,00), ifa; =0.
Ezact classification of the spectrum o(Hy) is
Oess(Ha) = 0¢(Ha) = [0,00),  0r(Ha) =0
and

oa(Ha) = {~2}, ifa1 <0,

op(Ha) = { 0, ifa; =0.

Moreover the projection associated to the eigenvalue —%2 (a1 #0) is given by

Plosjaf = —af2(f, e@D/2)clels 2,
Theorem 4.2. (i) Assume that oy <0 and ag < 0. Then
KerW(a) = RangeP_aTz.
(i) Assume that aq =0 and as < 0. Then
KerW (iaz) = {0}.

This theorem follows from the Parseval formula given in the following Theo-
rem 4.3. We define F, = FoW («) where Fy is the usual Fourier transformation.
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Theorem 4.3. (1) (o # 0) For any f,g € HNLY(RY) and a € {a = oy +iag;aq <
0} = D we have

(Faf. Fag) = (£.9) + 5 (£, 1072, g),
(2) (a1 =0)
(i X Foist) = (o) + 55 [ €y [ e g,
where xq is the characteristic function of {k € R;a < ||k| + aa/2|} for a > 0.

2. Spectrum of the dissipative operator: (cf. [5])

{wn(m) — Aw(z,t) + b(@)we(z,8) = 0, (t,2) € (0,00) x RV,

w(z,0) = wo(x), we(x,0)=wi(x), (42)

where N > 1, b(-) € C*(RV \ {0}) is a non-negative function. Putting

mei(y L) 0= (209).

we can rewrite the above equation as
. L ()
iy (t) = Hpywi(t), w(0)= .
o) =i, 0= (200
Theorem 4.4. Suppose that the coefficient b(x) is given by

3— N)|z|™t, if N=1,2,
e = | G-I EN =L
N =Dlal™h, ifN =3,
and let the initial data wo and wy of (4.2) be
[ f (), if N =
= 0
o { fal), iz 10 = Qe ool
where f(|z]) = e?1%lg(|z]), B < 0, g € S’ (S’ is of the class of tempered distribu-
tions). Then (4.2) has an explicit radial solution given by
if N =1
B B R S
fal+1), fN=>2

Therefore if f € B (B is the set of all the bounded, infinitely differentiable func-
tions) then the total energy decays exponentially as t tends to infinity.

Theorem 4.5. Assume N >3 and [b(x)| < bi|z|~! in RN for some by € (0, N —2).

Then the following inclusion relation holds:

2
UI,(Hb)C{I{_a+Zﬁ€C‘ﬁ27(]vI)7;b%a2}4
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5. Schrodinger model

We consider a 1-dimensional Schrodinger operator with rank 1 perturbation:

d2

da?’

where a € C, Ima < 0 and (+,-) is the usual L?(R)-inner product. We confine

ourselves to the case ¢(x) = x[0,1)(2) (characteristic function of the interval [0, 1])
and calculate

A=Ag+al,p)p, Ao =—

() = 1+ a((4o — 2) 0. ).
For Imz # 0 using

(Ao — 2) ' f(z) =

[y

we have
A ! - L Lo
(o= 2) "9, 9) = 5 — —(e” = 1)
where we put w = i/z and for Imz > 0 we take Imy/z > 0. The following two
lemmas are obtained by explicit calculations:

Lemma 5.1. Let z = —ie, € > 0. Then we have
i) 1o o) = b _ € (gmevE _
(Ao +ie)" "9, 0) = — 77 (e 1)

where ¢ = €™/*. Moreover,

lim((Ag + i) 1, ¢) = 0.
el0
Lemma 5.2. Let z = A —i0, A > 0. Then we have

. 1 2
((Ag — A +1i0) "1, 0) = )\3/2 sin VA + —7 SEl (cos VA —1).
Moreover,

. _ v —1 _
1/\111&((140 A+1i0)"p,p) =0.

By Lemmas 5.1 and 5.2 we see that I"(0) # 0.
Next we consider the degree of the zeros of I'(A — 40). For simplicity we put

z=vVX>0.

Theorem 5.1. There is no point & > 0 such that I'(x? — i0) = I (2* — i0) = 0.
We put @ = a + bi, a,b € R, a # 0 and b < 0. We notice that for x = zg
- e e 0,

We put f(z) =z —sinz. If I'(x? —i0) = I""(2? — i0) = 0 we see that

3+ af(xo) — bf'(x0) =0,

2 —40) =
Plag =i0) = 0= {af’(:co) +bf(z) =0,
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and
22+ af (zg) — bf"(zo) =0,
(22— i0) = 0 <= 3’9,+ af (“LO)/ bf"(@0) =0, (5.2)
af"(xo) + bf'(xo) = 0.
By (5.1) we obtain
/ b 3 a3
filao) = 5 p®or fl20) = — 5520, (5.3)
and by (5.2)
3a 3b
f'(@o) = T2+ g, f"(z0) = a1 b2 . (5.4)

Hence combining (5.3) and (5.4) for f’(z¢) we have g = —3a/b. On the other
hand, substituting f”(z) = sinz = 3bx?/(a® + b%) and cosz = 1 — f'(z) = 1 +
3ax?/(a? + b?) to 1 = sin? g + cos? g, we have 29 = 1/—2a/3. If a > 0, \/—2a/3
is not real. If @ < 0, 9 = —3a/b < 0. It implies a contradiction. (In the case a =0
the proof is simpler.)

6. Appendix

We use the following two lemmas and prove Lemma 3.2 given in Section 3. We
omit the proofs of Lemmas 6.1 and 6.2.

Lemma 6.1. Let s > 1/2 and g € S(R) x S(R). Then one has for z € C,

O(lz[71) (2] = o0),

<v(z)’g>_{ o) (=] — 0).

Lemma 6.2. It holds that
inf Rel'(z) = 1.

Imz20
There exists a positive constant C' such that
liminf |Rel'(z)| = C.
|z]—00,Imz<0

We give a proof of (3.3). Let X1, Xo and Y be some large positive numbers

and ¢ a small positive number. Put
Fz) = _ 1 (fv@) (). 9)
27 I'(z)

for z € C_. In the case of I'(—i0) < 0, we see by Proposition 2.1 that ikg is a
simple pole of F(z).

According to [17] Theorem XII.5, the projection P corresponding to the eigen-
value ikg is given by:

(Pha)= o [(RE).0)dz, fgen (6.1)
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where v (C C_) is a contour around ikg. By the residue theorem we know that

_ ;]' <f7 ’U(*iﬁo»

T on F,(iﬁo) <U(i/€0),g>, fig€H.

(Pf.9)

Then it follows from Proposition 2.1 and Lemmas 6.1, 6.2 that

4 [ o, ifr(—io)zo,
;/p Fleds = { —(Pf,g), if I'(~i0) <0,

where
N:z=X—ie (A=X2—-Xq),
Diz=-X1+ik (k=-e— =Y),
I3:z=X—1Y (A=-X; — X»)
and

I'y:z=Xo+ik (k=-Y — —¢).

Let us estimate

I; = F(z)dz (j=2,3,4).
; v
Note that
Y
L =/ F(—X1 + ir)(—i)dr,
*Xs
I :/ F(X—iY)dA
X
and

€
14:/ F(X2+ZK)(7Z)(1H
Y
Using Proposition 2.1 we have that
Y
1 C Y € Cr
L < ———sdk = — [tan™! — —tan™! — | £ =
\2|_C/S X12+K2.‘i X1<an X, an X)) =% 2
X
1 C 1 X 1 X C
|13|§C./_led)\:?<tan 7+tan — | <=7
and
Y
1 Y m
LSC | —5——5di=—[tan™' —— —¢ — ) <=,
Il = 1X§+KQH X2<an X, X2>—X22
where C = C(f,g,¢) > 0. Noting that

X1 Xo
I = / F(A—ig)dA = — F(\ — ig)dA,
X2 —-X



254 M. Kadowaki, H. Nakazawa and K. Watanabe

we have
1 1 1 —I|, if'(—i0)=0
O+ ty)zy |mh BICOI2)
X, X Y | =L —(Pf,g)|, if I'(—i0) < 0.
Thus taking X1, X2,Y — oo, we have

*~ ) ) o, ifr(-io) o,
/ F(AZE)"‘“{ (Pf.g), if ['(—i0) < 0. 62

— 00
In the case I'(—i0) = 0, the following limit exists by L’Hospital theorem and
I''(—i0) # 0 (cf. Proposition 2.1),
. (A —i0). g)
lim 22— "h I/
AT T a0y
Hence, for each A, the following limit exists:
1 (£ o+ i0)) (A — i0), 9)
2m I'(\ —i0) ’
By keeping (2.7) in mind we see by Lemma 6.1 and 6.2 that for sufficiently small
€ > 0 there exist positive numbers C; and Cs independent of £ such that

geé.

lim F(A —ie) = (6.3)
e—0

G
|F(/\7i€)‘ g F (‘)“ >1)7
C: (A= D).

Thus by (6.2), (6.3) and by Lebesgue’s convergence theorem, we have (3.3). Next
we give a sketch of a proof of (3.4). Put

_ 1 {fv@E)w(z).9)
Gl2) = 27 I'(z)
for z € C4. Then it follows from Lemma 6.1 and Lemma 6.2 that

4 .
Z G(z)dz =0,
=17

where
Friz=A+ie A=-X1 — Xo),
Yo:z=Xa+ik (k=e—-Y),
Yg:z=A+1Y (A=X2— —X;)
and

Ju:z=—-X1+ik (k=Y —e¢).
By the same argument as in the proof of 1, we have (3.4).
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On the Schrodinger Operator with
Limit-periodic Potential in Dimension Two

Yulia Karpeshina and Young-Ran Lee

Dedicated to Boris S. Pavlov on the occasion of his 70th birthday.

Abstract. This is an announcement of the following results. We consider the
Schrédinger operator H = —A + V(z) in dimension two, V(z) being a limit-
periodic potential. We prove that the spectrum of H contains a semiaxis and
there is a family of generalized eigenfunctions at every point of this semiaxis

with the following properties. First, the eigenfunctions are close to plane waves

e!®%) at the high energy region. Second, the isoenergetic curves in the space

of momenta k corresponding to these eigenfunctions have a form of slightly
distorted circles with holes (Cantor type structure). Third, the spectrum cor-
responding to the eigenfunctions (the semiaxis) is absolutely continuous.
Mathematics Subject Classification (2000). Primary 35J10; Secondary 81Q15.
Keywords. Schrodinger, limit-periodic potential.

1. Main results
We study the operator

H=-A+V(z) (1.1)
in two dimensions,V (z) being a limit-periodic potential:

V() = 3 Vi), (12)

where {V,.}22, is a family of periodic potentials with doubling periods and decreas-
ing Loo-norms, namely, V,. has orthogonal periods 27131, 27153, and [Villoo <
C’exp(—?’”) for some n > ny > 0. Without loss of generality we assume that
C =1 and jQ Vi(z)dx = 0, Q, being the elementary cell of periods correspond-
ing to V,.(z).

Research partially supported by USNSF Grant DMS-0800949.
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The one-dimensional analog of (1.1), (1.2) is already thoroughly investigated.
It is proven in [1]-{7] that the spectrum of the operator Hiu = —u” + Vu is gener-
ically a Cantor type set. It has a positive Lebesgue measure [1, 6]. The spectrum
is absolutely continuous [1, 2], [5]-[9]. Generalized eigenfunctions can be repre-
sented in the form of e?**u(x), u(x) being limit-periodic [5, 6, 7]. The case of a
complex-valued potential is studied in [10]. Integrated density of states is inves-
tigated in [11]-[14]. Properties of eigenfunctions of the discrete multidimensional
limit-periodic Schrédinger operator are studied in [15]. As to the continuum mul-
tidimensional case, it is proven [14] that the integrated density of states for (1.1)
is the limit of densities of states for periodic operators.

We concentrate here on properties of the spectrum and eigenfunctions of
(1.1), (1.2) in the high energy region. We prove the following results for the two-
dimensional case.

1. The spectrum of the operator (1.1), (1.2) contains a semiaxis. A proof of
an analogous result by different means can be found in in the paper [16].
In [16], the authors consider the operator H = (—A) + V, 8] > d + 3,
d # 1(mod4), d being the dimension of the space. This obviously includes our
case [ = 1, d = 2. However, there is an additional rather strong restrictions
on the potential V() in [16], which we don’t have here: in [16] all the lattices
of periods @, of periodic potentials V;. need to contain a nonzero vector vy in
common, i.e., V(x) is periodic in a direction 7.

2. There are generalized eigenfunctions \IJOO(E , @), corresponding to the semiaxis,
which are close to plane waves: for every K in an extensive subset Goo of R2,
there is a solution \I!oo(l;, Z) of the equation HVo, = Ao Wo, which can be
described by the formula:

Voo (R, ) = ei6® (1 + s (R, f)) , (1.3)

lusoll = 1o OUR™), 7 >0, (1.4)

where (K, #) is a limit-periodic function:
oo
oo (k,7) =Y ur(k, ), (1.5)
r=1

ur(k, %) being periodic with periods 2713}, 27~13;. The eigenvalue Ao (k)
corresponding to Wo. (k, %) is close to |k|?:

Ao () =g oo K>+ O(IE[2), 72> 0. (1.6)

The “non-resonant” set Goo of the vectors k, for which (1.3)—(1.6) hold, is
an extensive Cantor type set: Goo = N2, G,,, where {G,}°2, is a decreasing
sequence of sets in R?. Each G,, has a finite number of holes in each bounded

region. More and more holes appear when n increases, however holes added
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at each step are of smaller and smaller size. The set G, satisfies the estimate:

~ NDB

[(Gec N BR)| =Rooo L+ O(R™™), 43> 0, (1.7)
[Br|

where Br is the disk of radius R centered at the origin, | - | is the Lebesgue

measure in R2. .
3. The set Do (A), defined as a level (isoenergetic) set for Ao (k),

Doc(\) = {E € Goo t Ao (F) = A},

is proven to be a slightly distorted circle with infinite number of holes. It can
be described by the formula:

Doo(N) = {k : k = 5000 (M, )7, 7 € Boo(N)}, (1.8)
where Boo () is a subset of the unit circle S;. The set Boo(A) can be inter-
preted as the set of possible directions of propagation for the almost plane

waves (1.3). The set Boo(A) has a Cantor type structure and an asymptoti-
cally full measure on S as A — oo:

L(Ba(\) =xmne 27 4+ O (x%ﬂ) , (1.9)

here and below L(-) is the length of a curve. The value (A, 7) in (1.8) is the
“radius” of Duo(N) in a direction 7. The function s (), #) — A/2 describes
the deviation of Do ()) from the perfect circle of the radius A'/2. Tt is proven
that the deviation is small:

#oo (M 7) Zamoe A2+ 0 (ANT), 40 > 0. (1.10)

4. Absolute continuity of the branch of the spectrum (the semiaxis) correspond-
ing to Tw(ﬁ, Z) is proven.

To prove the results listed above we develop a modification of the Kolmogorov-
Arnold-Moser (KAM) method. This paper is inspired by [17, 18, 19], where the
method is used for periodic problems. In [17] KAM method is applied to classi-
cal Hamiltonian systems. In [18, 19] the technique developed in [17] is applied to
semiclassical approximation for multidimensional periodic Schrédinger operators
at high energies.

We consider a sequence of operators

M,
Hy = —A, H(")=H0+ZVT, n>1, M, — ocoasn— oco.
—1

Obviously, |H — H™| — 0 as n — oo and H™ = H=1) + W, where W,, =
Z,.:"MVIH V,.. We consider each operator H(™ n > 1, as a perturbation of the
previous operator H(™=1_ Every operator H(™ is periodic, however the periods
go to infinity as n — oo. We show that there is a A, A\x = A.(V), such that
the semiaxis [\, 00) is contained in the spectra of all operators H™). For every
operator H(™ there is a set of eigenfunctions (corresponding to the semiaxis) being
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FiGURE 1  Distorted circle with FIGURE 2 Distorted circle with
holes, Dy (\) holes, Da(X)

close to plane waves: for every ¥ in an extensive subset G,, of R?, there is a solution
U, (k, %) of the differential equation H™W, = \,V,, which can be described by
the formula:

\Ijn(E-, f) = ei(k,f> (1 + ﬂn(E, f)) s HﬂanLw@p) ‘E‘: O(‘E‘_’h)’ "> 07 (111)
—o0

where i, (k,#) has periods 2M»~13 2M»~13,1 The corresponding eigenvalue
A (k) is close to |k|?:

XOE) = oo B+ 0 (JF72), 22> 0.
The non-resonant set G, is proven to be extensive in R?:

=Rooo 1+ O(R™™). (1.12)

Estimates (1.11)—(1.12) are uniform in n. The set D, (\) is defined as the level
(isoenergetic) set for non-resonant eigenvalue A\ (k):
Da()) = {IZ € G, : AM(E) = )\} .

This set is proven to be a slightly distorted circle with a finite number of holes
(Fig. 1, 2), the set D;()\) being strictly inside the circle of the radius A/ for
sufficiently large . The set D,,(A\) can be described by the formula:

Dp(A) = {k : k = 6.\, D)7, 7 € Bo(N)}, (1.13)

LObviously, in (K, &) is simply related to functions u,(k, &) used in (1.5):

() =3 ur (R, ).

r=M,_1+1
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where B,,()) is a subset of the unit circle Sy. The set B, (\) can be interpreted as
the set of possible directions of propagation for almost plane waves (1.11). It has
an asymptotically full measure on S; as A — oo:

L (Bn(N) =xr—c0 27+ 0 (/\*%/2> . (1.14)

The set B, has only a finite number of holes, however their number is growing
with n. More and more holes of a smaller and smaller size are added at each step.
The value s, (), #) — \/2 gives the deviation of D, ()\) from the perfect circle of
the radius A!/2 in the direction 7. It is proven that the deviation is asymptotically
small:
03, (A, V)
ot
¢ being an angle variable 7 = (cos @, sin ¢).
On each step more and more points are excluded from the non-resonant sets
Gn, thus {G,}52, is a decreasing sequence of sets. The set Goo is defined as the
limit set: Goo = NSL,Gy. It has an infinite number of holes at each bounded
region, but nevertheless satisfies the relation (1.7). For every k € Gs and every n,
there is a generalized eigenfunction of H(™ of the type (1.11). It is proven that
the sequence of \Iln(E, %) has a limit in Lo (R?) as n — oo, when k € Goo. The

sta(N D) = A2 40 (A1), =0(A\"), >0, (1.15)

function \I/m(/‘c‘7 Z) = lim, o0 WH(E, Z) is a generalized eigenfunction of H. It can
be written in the form (1.3)~(1.5). Naturally, the corresponding eigenvalue Ao (¥)
is the limit of A(™ (E) as n — oc.

It is shown that {B,(A\)}32, is a decreasing sequence of sets, since on each
step more and more directions are excluded. We consider the limit Boo () of By, (A):

Boo(N) =[] Ba(N).

This set has a Cantor type structure on the unit circle. It is proven that Beo(A)
has an asymptotically full measure on the unit circle (see (1.9)). We prove that
the sequence s, (A, 7), n = 1,2, ..., describing the isoenergetic curves D,,, quickly
converges as n — 00. Hence, Doo(A) can be described as the limit of D, () in the
sense (1.8), where s (A, 7) = limy, o 52, (A, ¥) for every 7 € Boo(N). It is shown
that the derivatives of the functions sz, (A, 7) (with respect to the angle variable
on the unit circle) have a limit as n — oo for every 7 € Boo(A). We denote this
limit by 3”"575?’@. Using (1.15) we prove that

0750 (N, V)

O -

Thus, the limit curve Dy (A\) has a tangent vector in spite of its Cantor type

structure, the tangent vector being the limit of the corresponding tangent vectors

for D,,(A) as n — oo. The curve Dy (N) looks as a slightly distorted circle with
infinite number of holes.

0.
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Absolute continuity of the branch of the spectrum [\ (V), 00), corresponding
to the functions \IIOC(E7 z), k € Geoo, follows from continuity properties of level
curves Do (A) with respect to A, and from convergence of spectral projections
corresponding to \I/n(E, z), ke Goo, to spectral projections of H in the strong
sense and uniformly in A, A > A,.

The main technical difficulty overcome is construction of non-resonance sets
B, ()\) for every fixed sufficiently large A, A > Ao(V'), where \o(V) is the same
for all n. The set B,,(\) is obtained by deleting a “resonant” part from B,_1()).
Definition of B,,—1 \ By, includes Bloch eigenvalues of H (n=1) To describe B,_1 \B,
one has to use not only non-resonant eigenvalues of the type (1.6), but also resonant
eigenvalues, for which no suitable formulae are known. Absence of formulae cause
difficulties in estimating the size of B, \ B,,—1. To deal with this problem we start
with introducing an angle variable ¢, ¢ € [0,27), 7 = (cosy,sing) € S; and
consider sets B, (\) in terms of this variable. Next, we show that the resonant
set By_1 \ By, can be described as the set of zeros of determinants of the type
Det(I + Sn(¢)), Sa(y) being a trace type operator,

14 80(p) = (HO (Gana(9) +5) = A =€) (Ho(r () +5) + 1) -

where #,_1(p) is a vector-function describing Dp_1(A), #n—1(p) = stn_1(\, V)V
To obtain B,_1 \ B,, we take all values of € in a small interval and values of bina
finite set, b # 0. Further, we extend our considerations to a complex neighborhood
@ of [0,2m). We show that the determinants are analytic functions of ¢ in @y,
and, by this, reduce the problem of estimating the size of the resonance set to a
problem in complex analysis. We use theorems for analytic functions to count zeros
of the determinants and to investigate how far the zeros move when ¢ changes.
It enables us to estimate the size of the zero set of the determinants, and, hence,
the size of the non-resonance set @, C ®(, which is defined as a non-zero set for
the determinants. Proving that the non-resonance set @,, is sufficiently large, we
obtain estimates (1.12) for G, and (1.14) for B, the set B,, being the real part of
@,,. To obtain &,, we delete from @y more and more holes of smaller and smaller
radii at each step. Thus, the non-resonance set @,, C @ has a structure of Swiss
Cheese (Fig. 3, 4). Deleting resonance set from @, at each step of the recurrent
procedure is called by us a “Swiss Cheese Method”. The essential difference of
our method from those applied in similar situations before (see, e.g., [17]-[20]) is
that we construct a non-resonance set not only on the whole space of a parameter
(1_5 € R? here), but also on all isoenergetic curves D, () in the space of parameter,
corresponding to sufficiently large A. Estimates for the size of non-resonance sets
on a curve require more subtle technical considerations than those sufficient for
description of a non-resonant set in the whole space of the parameter.

The case of the operator H = (—A)!4+V, 1 > 6, d = 2is considered in [23]. The
results proved in [23] are analogous to 1-4 on pages 258, 259. The restriction { > 6
is technical, it is needed only for the first two steps of the recurrent procedure. We
modify the proof in [23] to extend the results to the case [ = 1. The requirement for
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super exponential decay of ||V,|| as r — oo is essential, since it is needed to ensure
convergence of the recurrent procedure. At every step we use the upper bounds on
[|[V2-]| to prove perturbation formulae for Bloch eigenvalues and eigenfunctions when
A > A (V), A« being the same for all steps. Then, these perturbation formulae are
used to prove existence of the limits of A (E), s¢,(\, #), U, (K, &) as n — oo
and, hence, to define s (K), 200 (A, ), Woo (K, 7). It is not particularly important
that potentials V,. have doubling periods, in the sense that the periods of the type
@161, ¢""162,q € N, can be treated in the same way as doubling.
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Similarity Problem for Non-self-adjoint
Extensions of Symmetric Operators

Alexander V. Kiselev

Abstract. The similarity problem for non-self-adjoint extensions of a symmet-
ric operator having equal deficiency indices is studied. Necessary and sufficient
conditions for a wide class of such operators to be similar to self-adjoint ones
are obtained. The paper is based on the construction of functional model for
the operators of the class considered due to Ryzhov [26, 25] and extends the
results of [10] to this class. In addition to solving the similarity problem for the
operator itself, we also give necessary and sufficient conditions for similarity
of its restrictions to spectral subspaces corresponding to arbitrary Borel sets
of the real line. These conditions (together with the technique employed while
establishing them) have their direct analogues in the setting of the paper [10].

Mathematics Subject Classification (2000). 47A10, 47A20, 47A45, 47A48,
47AB5.

Keywords. Extensions, functional model, non-self-adjoint operators, symmet-
ric operators, similarity theory.

1. Introduction

A non-self-adjoint operator L acting in the Hilbert space H is called similar to a
self-adjoint operator A if there exists a bounded, boundedly invertible operator X
in H such, that L = X ~'AX. The similarity problem thus arises, i.e., to ascertain
whether a given non-self-adjoint operator L is similar to some self-adjoint operator
A or not and to give preferably necessary and sufficient conditions of this.

A criterion for similarity of a general non-self-adjoint operator with real spec-
trum to a self-adjoint one was established in a form of a pair of integral estimates
involving the resolvent of the operator in [17, 5] (see (3.1) below). Unfortunately,
this criterion, although given in a very concise form, is hard to verify in applica-
tions. This is why it seems reasonable to rewrite it in an equivalent (and suitable

The author gratefully appreciates financial support of INTAS (grant no. 05-1000008-7883) and
RFBR (grant no. 06-01-00249).
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for applications) form under some additional assumptions on the class of operators
considered. One such assumption that has yielded rather interesting results in the
case of additive non-self-adjoint perturbations of self-adjoint operators (see [10]) is
that the spectrum of the operator L is absolutely continuous, i.e., the absolutely
continuous spectral subspace of the operator coincides with the Hilbert space H
(see Section 2 below for the definition and Remark 3.2).

In the present paper we consider the similarity problem for non-self-adjoint
extensions of symmetric operators with equal deficiency indices, i.e., we work out
the conditions necessary and sufficient for such operators to be similar to self-
adjoint ones, extending the results of [10] to the class of non-self-adjoint almost
solvable extensions of symmetric operators with absolutely continuous spectrum.
Namely, Theorems 3.3 and 3.5 and Corollaries 3.4 and 3.6 below have the same
form as the corresponding statements of [10].

The approach employed (based on the functional model of non-self-adjoint
operators and quite similar to that of [10]) has also permitted us to study the
similarity problem for restrictions of the given non-self-adjoint operator to spec-
tral subspaces of the operator L corresponding to arbitrary Borel sets of the real
line. Necessary and sufficient conditions of the named similarity have been ob-
tained. Moreover, direct analogues of these conditions also hold in the setting of
the paper [10], although the named paper contains no discussion of this subject. It
should be also noted that in [10] the results on the similarity problem have been
published without the proof. Results on the similarity problem for restrictions of
additive non-self-adjoint perturbations of self-adjoint operators, similar to the ones
contained in the present paper, will be published elsewhere.

The conditions of similarity to a self-adjoint operator derived in the present
paper differ from ones that have been known previously (that is, the ones of [17, 5])
in that they are formulated in terms of objects defined on the real line only, whereas
the existing ones were formulated in terms of half-planes of the complex plane. In
a nutshell, using the functional model we have been able to pass to a limit in
the Naboko-Van Casteren criterion under the only additional assumption that the
operator L has absolutely continuous spectrum.

Since the functional model of a non-self-adjoint operator is of crucial im-
portance for our approach, the proofs of our main results rely heavily upon the
recent paper by Ryzhov [25], where the symmetric form of the Nagy-Foiag func-
tional model has been developed for almost solvable non-self-adjoint extensions of
symmetric operators due to Pavlov [21, 20] (see also the paper [16] by Naboko,
where this idea was first suggested for additive non-self-adjoint perturbations of
self-adjoint operators). The approach of Ryzhov is in its turn based on the tech-
nique of the so-called boundary spaces. We continue with a brief introduction to
the main concepts and results obtained in this area in Section 2.

Section 3 contains our main result, which is a criterion of similarity of a non-
self-adjoint operator of the class considered to a self-adjoint one. This criterion
is formulated in two equivalent forms. Depending on the concrete choice of the
operator under consideration, one of these forms might prove to be preferable
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to another from the viewpoint of simplicity of calculations. Further, two concise
sufficient conditions of similarity are given that seem to be even more suitable for
applications.

Section 4 deals with the similarity problem for the above-mentioned restric-
tions of non-self-adjoint operator under investigation to spectral subspaces corre-
sponding to arbitrary Borel sets of the real line. We formulate results that fall in
line with those of Section 3 and sketch their proof.

Finally, Section 5 demonstrates applicability of our results to analysis of the
similarity problem for non-self-adjoint Laplace operator with a potential of zero
radius in the case of R3.

2. The functional model for almost solvable extensions of
symmetric operators

The narrative of the present section in the part concerning boundary triples and
the theory of almost solvable extensions is based on the works [8, 7, 4, 12], in the
part concerning explicit construction of Pavlov-Naboko functional model — on the
paper [25], see also [16].

Suppose that Ag is a symmetric densely defined closed linear operator acting
in the Hilbert space H (D(Ag) = Da, and R(Ag) = R4, denoting its domain and
range respectively; D(Ag) = Day, R(Aj) = Ray denoting the domain and range
of operator Aj adjoint to Ag). Assume that Ay is completely non-self-adjoint, i.e.,
there exists no subspace Hp in H such that the restriction Ag|Hy is a self-adjoint
operator in Hy. Further assume that the deficiency indices of Ay (probably being
infinite) are equal: ny(Ag) =n_(A4p) < oo.

Definition 2.1 ([8, 4, 12]). Let 'y, T’ be linear mappings of D4x to H — a separable
Hilbert space. The triple (H,I'1,I's) is called a boundary triple for the operator
A if:

1. for all f,g € Da;

(Ao f,9)u — (f, A59)m = (T1f,Tag)n — Taf, T1g)n-

2. the mapping v defined as f — (I'1 f; T2 f), f € D 45 is surjective, i.e., for all
Y1,Ys € H there exists such y € Dy; that I''y = Y1, Tay = Ya.

A boundary triple can be constructed for any operator Ay of the class consid-
ered. Moreover, the space H can be chosen in a way such that dimH =ny =n_.

Definition 2.2 ([8, 7]). A nontrivial extension Ap of the operator Ay such that
Ay C Ag C Aj is called almost solvable if there exists a boundary triple (H,I'1, ')
for Aj and a bounded linear operator B defined everywhere on H such that for
every f € Dy

f €Dy, ifand only if I't f = BI> f.
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It can be shown that if an extension Ap of Ag, Ay C Ap C A, has regular
points (i.e., the points belonging to the resolvent set) in both upper and lower
half-planes of the complex plane, then this extension is almost solvable.

The following theorem holds:

Theorem 2.3 ([8, 7]). Let Ag be a closed densely defined symmetric operator with
ny(Ag) =n_(Ao), let (H,T'1,T2) be a boundary triple of Af. Consider the almost
solvable extension Ap of Ay and the corresponding bounded operator B inH. Then:

1. y € Da, if and only if Thvy =Ty =0,

2. Ap is mazimal, i.e., p(Ag) # 0,

3. (AB)* C A67 (AB)* = A(B*)7

4. operator Ap is dissipative if and only if B is dissipative,

5. (Ap)* = Ap if and only if B* = B.

Definition 2.4 ([7, 25]). Let Ay be a closed densely defined symmetric operator,
ny(Ao) = n_(Ao), (H,T1,T2) is its space of boundary values. The operator-
function M (X), defined by

]M(/\)Fgf)\ = FlfA, f)\ € kCI‘(AS — )\I), A€ Ci, (21)
is called the Weyl function of a symmetric operator Ag.

The following theorem describing the properties of the Weyl function clarifies
its meaning.

Theorem 2.5 ([7]). Let M()\) be the Weyl function of the symmetric operator Aoy
with equal deficiency indices (ny(Ao) = n_(Ag) < o0). Let Ap be an almost
solvable extension of Ay corresponding to a bounded operator B. Then for every
AeC:
1. M(\) is analytic operator-function when Im X # 0, its values being bounded
linear operators in H.
. (Im M(A)Im A >0 when ImA # 0.
. M) = M(\) when Tm X # 0.
. A€ 0,(A) if and only if det(M(\) — B) = 0.
. Xe p(Ap) if and only if B — M()) is boundedly invertible.

U W N

Consider now the definition and the properties of the characteristic opera-
tor-function of a non-self-adjoint extension of a closed, densely defined symmetric
operator [28, 25]. Let Ag be a symmetric operator, (H, 'y, '2) its boundary triple
and M (M) the corresponding Weyl function. Let Ap be an almost solvable ex-
tension of Ay (we assume for simplicity that it is completely non-self-adjoint).
Consider the following definitions:

G(Ap) ={g € D(Ap) : (Apf.g) — (f, Apg) = 0 for allf € D(Ap)},
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Definition 2.6. (28, 29]) Hilbert space £ isomorphic to the closure of £(Ag) w.r.t.
the metric [-,-] induced by the non-degenerate but not necessarily positive inner
product

(€1, 6] = (Athfz)QZ (f1, ABfQ)

is called the boundary space of operator Ap.
The mapping I' : D(Ag) — L, for which

, Apfi, f2) = (fi, A
s = Bofnf) e Ant)
is called the boundary operator for Ap.

Let £/, F’ be respectively the boundary space and boundary operator for the
operator (—Ap)*. Characteristic operator-function © 5, [3] of the operator Ap is
defined by the following equality:

04, NIf=T'g, (2.2)
where A € p(A%), f € D(Ap), gr = (A% — AI)"Y(Ap — A f.!

) 51752 €L, fk Gék: k=12,

, fi,f2 € D(AB)7

Considering the polar decomposition of the bounded operator Im B = (B —
B*)/2i acting in the auxiliary Hilbert space E = clos(Ran(Im B)), Im B = Ja?/2,
where o = |2Im B|'/2, J = sign(Im B|E) it can be proved [25] that the space F
vyith the metric [-,-] = (J+,-) g can be chosen as a boundary space for the operator
Ap; in this case the boundary operator I' can be defined as follows [12, 8, 7], see
also [25]:

I = Jal'y; D(I') = D(Ap).
and the characteristic function for Ap is given by the following formula:
O\ = I|g + iJa(B* — M(\)talg, A€ p(4dy). (2.3)

Now consider the functional model for a non-self-adjoint extension of sym-
metric operator Ap [20, 30, 16, 25]. Alongside with an arbltrary almost solvable
extension Ap consider the dissipative [24, 20] extension Ap ., corresponding to the
bounded operator B defined as follows:

B=RB+iaJa/2+— B, = RB +i|Im B| = RB +ia?/2.

As stated in [25], the requirement of complete non- %elf—adjomtness of the operator
Ap leads to the fact that the dissipative operator Ag . is also completely non-self-
adjoint.

Introduce simplified notation: A = Ap, Ay = AB+7 and further denote the
characteristic function of the operator A4 by the symbol S()). It is a contractive
in the upper half-plane analytic operator function (this can be quite easily verified
based on [8], see, e.g., [25]). Thus S(\) possesses limits almost everywhere on the

1For each \ € p(A*B) the operator-function @AB acts as a linear bounded operator from £ onto
L' (see [3]).
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real line in the strong topology, which we denote by S(k). Consider the model
space ) = Ly(L 5 ). It is defined in [20] (see also [18] for description of general
coordinate-free models) in the following way: consider all two-component vector-
functions (g, g) on the axis (§(k), g(k) € E, k € R) finite w.r.t. the following metric:

R

Factoring the set of two-component functions by the set of elements with norm
equal to zero and then closing the result w.r.t. the above norm, we finally arrive
at the model space $).

Although we consider (g, g) as a symbol only, the formal expressions g_ :=
(g+ S*g) and g4 := (Sg+ g) (the motivation for the choice of notation is self-
evident from what follows) can be shown to represent some true Lo(E)-functions
on the real line. In what follows we plan to deal mostly with these functions.

Define the following orthogonal subspaces in §:

2
b= <H30(E)>’ D= <H+0(E)>’ K=950(D-&Dy),
where Hfr<7)(E) denotes the Hardy class [30] of analytic functions f in the up-
per (lower) half-plane taking values in the Hilbert space E. These subspaces are
“incoming” and “outgoing” subspaces, respectively, in the sense of [13].
The subspace K can be described as K = {(g,9) € H: g- = g+ S*g €
H%(E),g+ = Sg+g € H2(E)}. Let Pk be the orthogonal projection of the space

9 onto K, then
Py <§> _ <§—P+(§+S*g)>
g g—P_(Sg+9) )’

where Py are the orthogonal Riesz projections of the space Lo(F) onto H3(E).
The following theorem holds [25], cf. [16, 20]:

Theorem 2.7 (Ryzhov, [25]). The operator (A4 — Xo)~! is unitary equivalent to
the operator Py (k — Xo) ™Yk for all Ao, Im Ay < 0.

This means, that the operator of multiplication by k serves as the minimal
(clostm az0(k — A) 71K = ) self-adjoint dilation [30] of the operator A .

As it is shown in [25], cf. [16], it is possible to compute the action of the
operator A in the model representation of dissipative operator A, . In particular,
the following theorem holds:

Theorem 2.8 (Ryzhov, [25]). Let Ao € C_ N p(A); po € C4 N p(A); (g,9) € K.
Then

(A= o)~ (5) = Pr(k=20)"" (g - X_G):I(Af)(é + S*g)(/\o)>’

(A= poD)™ (Z) = Pr(k—po)" <g - X+911(*‘;)(5§ + g)(uo))
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where Xy = (I +£J)/2,
O_-(N)=T—ia(By —MN\) ek =X, + S* )X, Im A<0,
O1(\) =I+ia(BL - MO\) laXy = X_ +S(W\)X:, Im A >0,
and S(X) is as before the characteristic operator-function of the dissipative operator

AL (see (2.3); [16, 25]).

Following [15], we define the linear sets Ny in § as follows:

Ny = {(j) : <§> €9, P (Xigy + X g ) = 0} (2.5)

and introduce the following designation: Ny = clos Pg Ny

Absolutely continuous and singular subspaces of the non-self- adjoint operator
A are defined in the same way as in the paper [14]: let N = N+ nN_ , Ny = PKNi7
N, = N_NN_. The subspaces N (A*) for the adjoint to A operator A* are defined
in an analogous way using the same model representation. Then

N, = clos <N+ n N,> =closPgN =clos N;; N; =K © N, (A"), (2.6)

where N.(A*) denotes the absolutely continuous subspace of the operator A*,
which can be easily described in similar way in terms of the same model space §).

An argument quite similar to that of [16] and based on identities established
in [25] leads to the following Theorem.

Theorem 2.9. Let the operator A be as above. Then
(i) For alllm A <0 (Im XA > 0) and (g,9) € N,(+)7 respectively, one has:

(A= NP <Z> Pty (g> @2.7)

Conversely, the property (2.7) for Im A <0 (Im A > 0) guarantees that the
vector (g, g) belongs to the set N_(4).
(i) The following non-model description of linear sets Ny = PNy holds:

Ny = {u €H: X (yals(A—N)"ue HﬁH(E)} . (2.8)

Here Xy (_yoT2(A — X)"tu is® treated as an analytic vector function of X €
C () taking values in the auziliary Hilbert space E.

Here and throughout the rest of the paper we use the same notation for the
objects of the original Hilbert space H and their model representations. We hope
that this convention will not confuse the reader.

We remark that it can be verified [16] that the projections Xy can be dropped
altogether in the definition (2.8). The existence of this description gives ground to

2That is, analytic continuations of the vector Xy (yal2 (A=)~ L4 from the domain of analyticity
of the resolvent to the half-plane C, (_)
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calling the vectors belonging to the linear sets N+, N_ and N, “smooth” (in the
corresponding half-planes) vectors of the operator A (see also [16]).

The proof of Theorem 2.9 will appear in our forthcoming publication.

3. Similarity problem for absolutely continuous extensions of
symmetric operators

Definition 3.1. We call a non-self-adjoint operator A acting in Hilbert space H an
operator with absolutely continuous spectrum if its absolutely continuous subspace
N(A) coincides with H.

Remark 3.2. Tt has to be noted that the requirement N.(A) = H doesn’t actually
guarantee that the spectrum of the operator A is purely absolutely continuous. Due
to the possibility that the absolutely continuous and singular spectral subspaces
may intersect, one might face the following situation: N.(A) = H; N;(A) # {0}
and N;(A) C Ne(A). See [31] for one rather transparent example of this case.
Nevertheless, due to the fact that N;(A*) = H © N.(A), one easily sees that in
the situation of N.(A) = H the singular spectral subspace of the adjoint operator
A* is trivial.

Let Ag be as above a closed densely defined linear symmetric operator with
equal (finite or infinite) deficiency indices ny (Ag) = n—(Ap) < co. Let (H,T'1,T'2)
be a boundary triple for Aj. Consider operators Ap = A, being almost solvable
non-self-adjoint extensions of operator Ag. Let the spectrum o(A) of the operator
A be a subset of the real axis.? Furthermore, without loss of generality we restrict
ourselves to consideration of completely non-self-adjoint extensions A only 25, 16].

As above we denote by ©(\), S(A) the characteristic operator-functions of
operators A, Ay = f~13+, respectively.

Then the following theorem holds:

Theorem 3.3. Provided that the operator A has absolutely continuous spectrum,
the following assertions are equivalent:

(i) Operator A is similar to a self-adjoint one
(ii) For all w € H the following estimates hold:

/((@(k —i0)JO" (k — i0) — J)XyaTa(A% — k — i0) " u,
Xyals (AL — k —i0)tu)dk < O|lull?

/((J — 0% (k +i0)JO(k +i0))X_al2 (A% — k —i0) " u,
X_al's (A% — k —i0) " u)dk < C|lul®.

3The latter is necessary for operator A to be similar to self-adjoint one.
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Proof. 1t is proved in [17, 5], that a non-self-adjoint operator A acting in Hilbert
space H, the spectrum o(A) of which is a subset of real axis, is similar to a self-
adjoint operator if and only if the following estimates hold:

oo
sups/ (A -k —ie) " u||2dk < C|lu|)?
e (3.1)
supe / (A — & — ie)~u||%dk < C]Jul?
e>0 —00
for every u € H.

Our first goal is to rewrite these estimates in terms of the functional model
for non-self-adjoint extensions of symmetric operators described in Section 2. We
shall see that provided that the spectrum of the operator in question is absolutely
continuous it is possible to compute the limits of the left-hand sides in the resulting
estimates when ¢ — 0 precisely, thus making it possible to replace (3.1) with much
more simple conditions, formulated in terms of objects defined on the real line only.

This passage from the uniform integral estimates in the half-plane to the
integral estimates on the boundary values simplifies matters simplifies matters in
the case of one-dimensional Friedrichs model (see [19, 11], cf. [17]). As shown in
[11], our approach reduces the similarity problem to the question of boundedness
of certain singular integral operators. The latter could be examined by standard
methods of analysis yielding necessary and sufficient conditions for the similarity
of the operator of the Friedrichs model to a self-adjoint one. It is also worth men-
tioning that in the process of this limit procedure we reduce the consideration to
analytic functions taking values in Hilbert spaces of (potentially) lower dimensions.

The linear manifold N C $) has been introduced in the previous section as
follows: N = {(g,9) : X_(§+ S*g) + X+ (S + g) = 0} (cf. (2.5)) Since A is an
operator with absolutely continuous spectrum, Px N is a dense set in the Hilbert
space H. Moreover, for every (§,g) € N and for all A\g € C one has:

o §)=rect ()

g+ S*g
1 <g>_ P
_k‘f/\g g S§+g
P*kfxo
1 g 1 P+(§+S*g)()\o)>
- P + . - (82
kE—Xo K(g) kao<fP+(Sg+g)(Ao) ¢32)

Note that the first estimate in (3.1) in the model terms can be rewritten as

follows:
N2 _
sups/H(Afkfia)_lPK <g> dkSCHPK <g>
e>0 g g

2

)
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Since the first summand on the right-hand side of (3.2) obviously satisfies it (due
to the self-adjointness of the mapping (g, g) — k(g, 9)), is sufficient to consider the
second term in (3.2) only.

Taking into account that S(A) is an analytic contractive operator-valued func-
tion in C, we obtain [9, 30] (Ao = x + i¢):

fm A0/ H’f Ao (P;j(;gi g))((ko))>

—s/dr/dk xfk)2+52

) <<é 7 (f;ig(;gs-: g)>(<z++ifa)>> ’ (iﬁ;fi?féiiiﬁ >>

I I S*(z + ig) P (g+ S*g)(z +1ic)
= /d <<S(z+ze> I )( P+<Sg+g>(x+z‘e>>7
<P+(§+S*g)(z+is))>
—Py(S5+ 0z +ie)
= [ dol(1Pu(3 + °9)(a+ i) + IPH(S7 + 9)(o + ic)
—2R(S(x + i) Py (8§ + g)(x + i€), Py(§ + S*g)(x + i€)),

the latter expression having a limit when ¢ — 0 equal [9] to

g+ S*g 2
P
" *(—(smg)) 5

Thus we have proved, that the first inequality in (3.1) is equivalent to the
2 2
for all < ) €N. (3.3)
g9

following one:
_ P
" <_(Sg +9) H ® 9/ g

Analogous computations can be carried out for the second estimate in (3.1).
The only difference with the case considered above will arise due to the fact, that
smooth vectors for operator A are no longer smooth when the operator A* is
concerned; hence we have to use the general formula for the action of (A* — \)~1
in the model representation (2.4) instead of (2.7). The following assertion holds:

the second inequality in (3.1) is equivalent to
2 .
<clr ()
B g
T() = [, + X SO,

c(A) = TN (P + 5"9)(A) + Pr(SG + 9)(N),
and c¢(k) = ¢(k + 40), the boundary values of ¢(\) almost everywhere on the real
line existing due to an argument from [16] for all (g,g) € N.

dRXo

<C

2

7 (3.4)
9

Il i)

where
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To complete the proof we now need to rewrite estimates (3.3),(3.4) in terms
of objects defined in the “original” Hilbert space H. This can be carried out
using another representation of the functional model for the operator A, unitarily
equivalent to the one used above [25, 16]. Namely, consider the model space $’
defined as follows:

H=D_oH®D,,
where Dy = Ly(R4; E), E = clos Ran(a). The explicit formula describing the
action of the operator Ay in $) was obtained in [25].
The isometric mapping ® of £ onto $ has the following form?* [25]:

G+ 579 =—(2m) 2ala(Ay — k +40) " u + S*(k)o_ (k) + 04 ()
5§+ g=—(2m) 2ala(A% — k —i0)'u+ o (k) + S(k)oy (k),

where (v_;u;v4) € 9,

b (k) = % / ¢ (€)d

is the Fourier transform of the function vy (€) extended by zero to the com-
plementary half-line. The boundary values in the strong sense on the real line
OZFQ(AE:) — k £i0)"u exist and belong to Hy (F) [25].

The mappings (3.5) together with the absolute continuity of the spectrum of
operator A make it possible to complete the proof. We omit here the corresponding
purely technical calculations based on identities established in [25] due to the fact
that they are similar to those carried out in proving results of [10]. ]

Corollary 3.4. The following estimates are sufficient for the operator A with ab-
solutely continuous spectrum to be similar to a self-adjoint operator:
|24 (O (k — 0)J6" (k — i0) — J) X+ | < C.
|X_(J — ©*(k +i0)JO(k +i0)X_|| < C
for almost all k € R.
This assertion immediately follows from the estimates (see [16, 25]):
laT2(Ar = AD) ™ ull - gy < V2|l
laTa(A% — A1) ull s gy < V2l
for all u € H.
Based on the results, formulated in Theorem 3.3 and on the following iden-
tity [25]
al'a(A% — M)t =0, (N)al'2(A - AI)7Y, AeCy,

where as above ©4(\) = XA_+S(\)X,, one can rewrite conditions of Theorem 3.3
thus obtaining the following

4Under this mapping the subspace Dy (- is mapped onto H;r(*)(E) by the Paley-Wiener the-
orem [9]
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Theorem 3.5. Provided that the operator A has absolutely continuous spectrum,
the following assertions are equivalent:

(i) Operator A is similar to a self-adjoint one
(i) For all u € H the following estimates hold:

/((1 — 5*(k)S(k))Xyala(A — k —i0) tu, Xyala(A — k —i0) " u)dk < C||u|?
/((1 — S*(k)S(k))X_ala(A* — k —i0)tu, X_al's(A* — k —i0) " u)dk < C|lu?

Since the operator-function S()) is contractive in the upper half-plane, this
immediately yields the following

Corollary 3.6. The following estimates are sufficient for the operator A with ab-
solutely continuous spectrum to be similar to a self-adjoint operator:

/”X¢WfokfmrMde§CMW

/ | X-als(A* —k — iO)_1uH2 dk < C||u))?

4. Similarity problem for restrictions to invariant spectral
subspaces

The spectral projection Py to the portion § of the absolutely continuous spectrum
was constructed in model terms in [15]. Namely, in the setting of completely non-
self-adjoint almost solvable extensions of symmetric operators with equal deficiency
indices the following Theorem holds (the proof for additive perturbations of self-
adjoint operators can be found in [15]; it is easily extended to the setting of the
present paper using results of [25]):

Theorem 4.1. Suppose that A is a completely non-self-adjoint operator with abso-
lutely continuous spectrum. For any Borel set 6 C R put

() -

where (g) € N and X5 is the operator of componentwise multiplication by the
characteristic function of the set §. For the operator Py defined by (4.1) on the set
of smooth vectors N. the following assertions hold:

(i) PsN, C N.;

(11) (A*)\o)_lpg :P(;(A*)\o)_l, Im g # 0;

(i) PsPs = Psner, 0,0 CR;

(iv) Psu — u as § — (—00,00), u € N, (in fact, as 1 — X5 — 0 in Log(R));
(v) Psu = lim.—to 55 [5[(A—k —ie)™' — (A —k +ie)Yudk, ue€ N..
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We remark that the assertion (v) above establishes the connection between
the definition of a spectral projection in terms of the functional model with the
usual approach to the definition of spectral projections based on the Riesz integral
for the resolvent, and thus the term “spectral projection” is justified.

Based on this result, in the present section we obtain conditions, necessary
and sufficient for the restrictions of the non-self-adjoint operator A of the class
considered in this paper to its spectral subspaces (i.e., to subspaces of the form
clos PsNe) to be similar to self-adjoint operators. We again assume that the op-
erator A is an operator with absolutely continuous spectrum.

In essence, Theorem 4.1 allows to repeat the argument of the previous section
in relation to any spectral subspace of the form Xj (g), where (g) € N. The char-
acteristic function X5 of the Borel set 6 will then manifest itself in the estimates
(3.1) rewritten in model terms, see (3.3), (3.4) by changing the interval over which
the integral is being taken. Namely, the integral over the real line in the definition
of the $-norm will in all cases be replaced by the integral over the Borel set 4,
which together with some obvious modifications immediately yields desired result.

For the sake of completeness, we provide here the corresponding results, di-
rectly analogous to the results of Section 3.

Theorem 4.2. Provided that the operator A has absolutely continuous spectrum,
the following assertions are equivalent:

(i) The restriction of the operator A to its spectral invariant subspace, corre-
sponding to a Borel set § C R, is similar to a self-adjoint operator acting in
clos PsN..

(i) For all u € clos PsN. the following estimates hold:

/((@(k —i0)JO*(k —i0) — J)Xyal2 (AL — k —i0) u,
' Xyala (AL — k —i0)tu)dk < O|lull?

/((J — 0% (k + i0)JO(k + 10)X_aT(A% — k—i0)u,
' X_aly (A% — k —i0)Lu)dk < Cllulf®.

Theorem 4.3. Provided that operator A has absolutely continuous spectrum, the
following assertions are equivalent:

(i) The restriction of the operator A to its spectral invariant subspace, corre-
sponding to a Borel set § C R, is similar to a self-adjoint operator acting in
clos PsNe.

(i) For all u € clos PsN. the following estimates hold:

/((1 — S*(k)S(k)) Xy ala(A — k —i0)"tu, Xy alo(A — k — i0) " tu)dk < C|lul)?
)

/((1 — S*(k)S(k))X_al'a(A* — k —i0)~tu, X_al'9(A* — k —i0) " u)dk < C|lu?
5
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Corollary 4.4. The following estimates are sufficient for the restriction of the op-
erator A with absolutely continuous spectrum to its spectral invariant subspace,
corresponding to a Borel set 6 C R, to be similar to a self-adjoint operator:
[X4(O(k - i0)JO*(k — i0) = J)XL|| < C,
|X-(J —©*(k+i0)JO(k +i0)X_|| < C
for almost all k € 6.
Corollary 4.5. The following estimates are sufficient for the restriction of the op-

erator A with absolutely continuous spectrum to its spectral invariant subspace,
corresponding to a Borel set § C R, to be similar to a self-adjoint operator:

/A ||X+(1F2(A — k- i(])_luH2 dk < C|lull?
5

/ | X_als(A* —k — iO)*lqu dk < C|jul?
§

for all u € clos PsN,.

5. Application to non-self-adjoint extensions of the Laplace
operator

In this section we demonstrate how the results obtained above apply to the study
of the similarity problem for operators that arise when considering Schrédinger
equations with potentials of zero radius in quantum mechanics. Namely, following
[25], consider a finite set of points {zs}"_;, n < oo in R® and symmetric operator
Ay being the closure of the Laplace operator —A defined on the manifold C§° (R3\
Uzs). It is well known [2, 6, 1] that

D(Ag) = {u e WFR3) : u(xs)=0,5=1,2,...,n}.
The deficiency indices of the operator Ay are equal to (n,n). The following result
from [22, 1] makes it possible to describe the domain D(A{) and to construct a
boundary triple for the operator considered:
D(Ap) = {u € Ly(R*) N W5 R\ {ws}1y)

with the following asymptotic behaviour when x is close to xg:
s

— tud 4 Oz — z4|Y?), s =1,2,...,n}

u(x) ~ —

Moreover, for all u,v € D(Af) the following equality holds:

(A3, )i — (u, Ag)ir = S (uge™ —u’ 5).

s=1
It is shown in [25], that H = C™ and the mappings I'1, 'y defined as

T = (up,ud, ... ul), Tou= (ul,u?,... u™), uc D(A})
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can be chosen as a boundary triple for the operator Aj. In this case the Weyl
function (2.1) M (X) of Ay is a (nxn) matrix-function with the matrix elements M,;

ik, s=j )
]Msj(/\) = eiklzs —xjl Ly S )= 1,2, ey (51)
Temal 0 57

where k = VA, Im k> 0.
In [25] it is proved that the characteristic function of the almost solvable
extension Apg corresponding to the n by n matrix B can be calculated as follows:

Oa,(\) =T +iJa(B* — M) 'a
Oa,(N) =1—iJa(B—- M) "o,

where as before &« = /2|Im B| and J = signIm B. Thus the explicit formula
for the Weyl function M ()) given above permits one to immediately verify both
conditions of Corollary 3.4. In the case considered this amounts to nothing more
than verifying uniform boundedness of two n by n matrix-functions defined on the
real line.

Another way to apply the results of Section 3 is the following reformulation
of Corollary 3.6. It can be obtained based on the formula from [25] establishing
the correspondence between the resolvent of any almost solvable extension Ap and
the resolvent of the (self-adjoint) Friedrichs extension Ao, in terms of the matrix
B and the Weyl function M ()).

Theorem 5.1. Let the operator Ap be as defined in the present section. Let further
its spectrum be real. Then if for allu € H

/ [[a(B = M(k +i0)"'T1 (Au — k — i0) " ul|* dk < Cul®
/ (B — M(k +i0)) Ty (Aoe — k — i0)~"ul|* dk < Cu?,

where Ao is the Friedrichs extension of the operator Ay, i.e., the self-adjoint
operator —A defined on the domain D(A) = WZ(R3), then the operator A is
similar to a self-adjoint operator.

Further concise results on the similarity problem for this and other appli-
cations, together with the proof of the last theorem, will be a subject of our
forthcoming publication.
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Inverse Scattering Problem for

a Special Class of Canonical Systems
and Non-linear Fourier Integral.

Part I: Asymptotics of Eigenfunctions

S. Kupin, F. Peherstorfer, A. Volberg and P. Yuditskii

Abstract. An original approach to the inverse scattering for Jacobi matrices
was recently suggested in [20]. The authors considered quite sophisticated
spectral sets (including Cantor sets of positive Lebesgue measure), however
they did not take into account the mass point spectrum. This paper follows
similar lines for the continuous setting with an absolutely continuous spectrum
on the half-axis and a pure point spectrum on the negative half-axis satisfying
the Blaschke condition. This leads us to the solution of the inverse scattering
problem for a class of canonical systems that generalizes the case of Sturm-
Liouville (Schrodinger) operator.
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1. Faddeev-Marchenko space in Szegd/Blaschke setting

One of the important aspects of the spectral theory of differential operators is
the scattering theory [16, 17| and, in particular, the inverse scattering [14]. An
original approach to the inverse scattering was recently suggested in [20]. The
paper focused on classical Jacobi matrices and connections between the scattering
and properties of a special Hilbert transform.
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P16390-N04 and Marie Curie International Fellowship within the 6th European Community
Framework Programme, Contract MIF1-CT-2005-006966.
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In this paper, we carry out the plan of [20] in the continuous situation. Com-
pared with [20], a completely new feature is that the scattering data incorporate
the pure point spectrum with infinitely many mass points. Of course, this is a
natural and important step in developing the theory. The discussion leads us to
the solution of the inverse scattering problem for a class of canonical systems that
include the Sturm-Liouville (Schrodinger) equations. At present, though, we are
unable to characterize the scattering data corresponding to the last important
special case.

The article is quite close to the circle of ideas of [1]-[4], treating the inverse
monodromy problem and the inverse spectral problem for a class of canonical
systems, and [19], working with a model where the pure point spectrum is not
permitted. We also mention an extremely interesting recent paper [8].

The present part of the work is mainly devoted to the asymptotic behavior
of certain reproducing kernels (the generalized eigenfunctions). It is organized
as follows. Section 1 contains definitions, some general facts and formulations of
results on asymptotics. The asymptotic properties of reproducing kernels from
certain model spaces are studied in Section 2. Special operator nodes arising from
our construction are discussed in Sections 3 and 4. One of the nodes generates
a canonical system we are interested in. Its properties and connections to the de
Branges spaces of entire functions [5] are also in Section 4. The Sturm-Liouville
(Schrodinger) equations are considered in Section 5. An example is given in the
first appendix (Section 6). The second appendix (Section 7) relates the whole
construction to the matrix As Hunt-Muckenhoupt-Wheeden condition.

We define the L2-norm on the real axis as

= RO (11)

so that the reproducing kernel of the H? subspace is of the form k(\, o) = )\_1—/—\0
The section “Inverse scattering problem on the real axis” in [14, Chap. 3,

Sect. 5] begins with a Sturm-Liouville operator

—y" +q(x)y =Ny, x€R, (1.2)
with the potential ¢ satisfying the a priori condition
[ a+labla@)de <. (13)
To such an operator one associates the so-called scattering data
{5404}, (14)

where s is a contractive function on the real axis, |[s4(A)| < 1, X € R, possessing
certain properties and vy is a discrete measure, in fact, supported on a finite
number of points A = {\} of the imaginary axis, % > 0.

We proceed in the opposite direction starting from the scattering data
{s4,v4+} and going to the potential . The key point of the construction is that
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we assume that the scattering data (1.4) satisfy only very natural (and minimal)
conditions from the point of view of the function theory. Namely, we suppose that:

— a symmetric on the real axis function s, 54 (\) = s, (—\), satisfies the Szegd

condition
/’ log(1 — |s+ (M)
R 1+ A2
— the support A of a discrete measure vy = Y, V4 (Ag)dx, satisfies the Blaschke

condition
Ak i
Z 2k <o, Z — < 0. (1.6)
- 7 - )\k
(A /9)<1 (A /i)>1

Let us point out that we did not even assume that the measure v, is finite.

Our plan is to show that already in this case one can associate a certain
differential operator of the second order to the given spectral data and then one
can prove several specification theorems.

d\ > —o0, (1.5)

Definition 1.1. An element f of the space L2S+_V+} is a function on R U A such
that

Iy = D O Prs ()

AREA

= [[f0 =5N) L:(A) e L;Ei);)} »

ar Jq

(17)

is finite.

Using (1.5) and (1.6) we define the outer in the upper half-plane function s,
as
Ise(V)]? + |54+ (V)]? =1 a.e. on R, (1.8)
and the Blaschke product

k

A=\ A=A
where by, (3) = — XZ i Ak/i < 1 and by, (V) = —1— X: if \,/i > 1. We also
put
S\ = [S- *] (\), A€R, (1.10)
s sS4
where s s
5= Ej and s_ = —§§+. (1.11)

The matrix function S possesses two fundamental properties: $*(—\) = S()), and
it is unitary-valued. The third one is the meromorphic property of the entry s,
which has analytic continuation to the upper half-plane as a function of bounded
characteristic with a specific nature, that is, it is a ratio of an outer function and
a Blaschke product.
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The measure v_ is defined through s_ and v by
1 1

viOw) v () <§>,()‘k) 2

A reason for these and the following definitions will be clarified in a moment.

(1.12)

Set
[iﬁ] ¥ = Li (1) ) L;:Ei){\)] (1.13)
- b Ve[
for A € R and
(%) = 7i<§>,(Ak)V+(Ak)f+()\k), (1.14)

o = =i(1) w0,

for A € A. These formulas define two mappings inverse to each other, () :
L%L’L} — L%SH/”, and ()7 : L%usw} — L%L,L}. If f+ e L%S+~”+}’ we get
f~ = (f")" from the second row of (1.13) and the first row of (1.14). The same
applies to f* = (f7)",f~ € L%s,,u,} with obvious changes. When it does not
cause any ambiguity, we will write f* instead of (fT)*. The corresponding maps
will be called +-mappings. It is not difficult to prove that the +-mappings are
unitary from L%H'w} to L%L,V?} and vice versa. For example, due to (1.13)

1 e —— [ 1 sV [ ) ClsfIE s IR
= Loy ]|y ) [y an = R,
(1.15)

where f is f* restricted to R and we have the standard L?(R)-norms in the RHS
of the equality. More details on the computation are in [20], Lemma 1.3. It is also
important that relations (1.13), (1.14) not only define a duality between these
two spaces but, what is more important, a duality between corresponding Hardy
subspaces.

Actually we give two versions of definitions of Hardy subspaces (in general,

they are not equivalent, see an example in Section 6). By the first one, H?S+ vit is

—f(=X)

basically the closure of H*> with respect to the given norm (1.7). More precisely,
let Bn,,n, = HQZNI_H by, and B = {Bn,}. Saying it differently, a Blaschke
product B’ is in B, if B’ is a divisor of B such that B/B’ is a finite Blaschke
product. Then

f=Bnog, ge€H™, (1.16)
belongs to L%s%u}. By H{25+,u+} we denote the closure in L%S%H} of functions of
the form (1.16). Let us point out that every element f of H{Zs+ v} is such that s.f



Inverse Scattering Problem and Canonical Systems 289

belongs to the standard H?, see (1.15). Therefore, in fact, f(A) has an analytic
continuation from the real axis to the upper half-plane. Moreover, the value f(\)
obtained by this continuation, and f(\) which is defined for all Ay, € A, since f
is a function from Lfs+ vip still perfectly coincide.

The second space also consists of functions from L%s+ il having an analytic

continuation to the upper half-plane.
Definition 1.2. A function f € L, ,  belongs to ﬁ{gs+,y+} if g(\) = (sef)(N),

X € R, belongs to the standard H? and

FOw) = <si> (k) Ak € A,
€
where in the RHS g and s, are defined by their analytic continuation to the upper
half-plane.

Tt turns out that spaces H (2 and H {25+ .y are dual in a certain sense.

SV}

Theorem 1.3. Let f+ € L%S%H} o H{25+,1/+} and let f~ € L257’V7} be defined by
1.13), (1.14). Then f~ € H . In short, we write
T {237 v h
Fr2 +_ 72 2
(His o y)" = Lispwny © His iy (1.17)
Proof. We notice that f+ e L%S%V” implies
(sF7)N) = s+ NFF () = FH(=D) € L2, A ER.
Since
(f5Bh) s, iy = (54 (VTN = FH(=X), =B(=M)h(=)), h € H?,
it follows from f+ € L%S%W} o H?S%V” that
(sef TN = 9(N) == BA)(s+ N fT(A) = fH(=N) € B
Now we calculate the scalar product
4+ 1B\ n A _ i
(f 7m>{s+,u+} =T (A)iB (Ak)v4 (k) + (sef N

=T (M)iB' (Me)vs (Ag) + g(M) = 0.

)

Therefore, by (1.14) we get

FOw) = <i> (Ae), Ak € A 0

Se

Both H {25%”} and H ?S+ .y are spaces of analytic in the upper half-plane
functions, so they have reproducing kernels. For p € C., we denote them by

k{s+,u+}(/\s N) = k{s+,u+}('7 ,LL) ]%{s+,u+}()‘7 l'/') = ];;{S+,IJ+}(‘) M)
Recall also that .
2
A—p

k(A p) = k(. p) =



290 S. Kupin, F. Peherstorfer, A. Volberg and P. Yuditskii

is the reproducing kernel of the standard Hardy space H?. The first step is
to prove asymptotics for the families {7k, c2ire o, c20001 (-, Ao) Jaer and {e®

fg{sie"’“ﬂuieh“}(w AO)}we]R with \g € (C+.
Theorem 1.4.
i) The following relations hold true in L*(R):

S {Ei)\rk{3+621A17l,+@27,)\m}(., /\0)} = .sei’\zk(., /\()) + 0(1),

s {61/\1,%{3+G27‘,)\m)V+C21>\m}(.7 )\g)} = 5e™(., Ag) + o(1) (1.18)
as x — +o0o. Moreover,
5(=X0)s {€kyy, 2ine o, e2iney (1 A0) b = €K (., Ao) 4+ s_e k(. —Xo) + o(1),
5(75\0)3{ k{S“zm vyeziray( } e™E (., Ao) 4 s_eT TR (., — ) + o(1)
(1.19)

as r — —0Q.

ii) On A, we have:
ei/\llﬁ,‘{s+€2i,ArY ,,+627‘,Am}(., )\0) = 0(1), EiAZ]AC{erEzmm’,,Jrezmm}(., )\g) = 0(1) (120)

mn L,2,+—sense as v — +o0o. Furthermore, for a A\, € A

1
: —2Im Apw —
zggloce m klk{“cgmlylurczml}()\k,)\k) = Ij+()\k), (121)
1
—2Im Az —
Ill)Il’lOO(’Z k k{ngPmM ,,+6,2LM}(>\[€,)\]¢) = m

It goes without saying that relations (1.18)—(1.20) correspond to scattering
“from 400 to —00”; compare these formulas to (0.8), (0.25) from [20]. Scatter-
ing in the inverse direction (“from —oo to +00”) is described similarly. We give
the formulas for the family {e ™"k, —2ixs,,_c-20003(., Ao)} only; asymptotics for
{e""’\”"fc{si(zzm v_e—2ixey (-, Ao)} are the same.

Corollary 1.5. We have
s {e”"’\“”k{siefmz v_e-2ixay (5 A0) } = 57 ME(., No) +0(1), x — —oo0,
5(=20)s {eTM k(s em2inny_em2000y (5 o)} = e7PTE(, Ao)
+5,e?k(, —X) +0(1), = — +oo
in L?-sense on the real line. As for A,
eii)\‘rk(sie—21>\m v_e—2ixey (4 do) = o(1)

in L2 -sense as x — —oo. As before, for a A\, € A,

lim e

2Im )\kzk
xr—+00 {s

1
_e—2irz ,/78721:)\:':}()\](” )\k) - m
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We set

- E(,ho), AER,
k(.,Ao):{Of 0) NeA

Theorem 1.4 follows immediately from the following result.

Theorem 1.6. The following relations hold true:

EEIJPOQ||8Mzk{s+c2“m,V+u2“‘“}(‘ﬂ)‘0) 761Azl;’(‘,)\0)||{5+,u+} = 0, (122)
.EEIJP()O Ilei)\zif{aurcz“‘,l/+(:2“‘}(‘a )‘0) - 61‘)\1"1%(.’ A0)||{5+,V+} = 0. (123)

The proof of this theorem is the main purpose of Section 2.
Remark 1.7. Relations (1.18)—(1.20) follow easily from Theorem 1.6.

Indeed, let us have a look at (1.22). Recalling that k(., Ag) = 0 on A, we sce

(EM‘T’C{SJFC%/\I),,Jr(,gi/\x}(.,)\0) — CMI%(‘?)‘O)H%SJNVJJ
= "ei)\zk{erc?“T,lurc?“«“}(‘: )‘0) - ei)\mk(" Ao)Hi
+ H@ZA:L‘]{:{‘&FEZz)\z,V+e‘27)\ac}(‘, )\())H,z,+ — 07

as  — +00, so the first relation in (1.20) is proved. Then we notice that

I e R R e I
This implies that the first summand on the right-hand side of the above equality is
o llZ, = s (€ kga, eaine, vy eainey (4 A0) = €K (., M0)) I3
[|s (ei)\mk{5+621)\m’l,+@2lkm}(., /\0));
= (e7R(, = Xo) + s4€™k(, M) |13

The presence of the first term on the right-hand side shows that we are done with
(1.18). To deal with (e™ky,, c2ias ,, c2003 (-, Ao))5_, We use Lemma 2.2 and its
corollary saying

+

- 1

lim k{sfefz“z(hxub,;o)",7/76’2“’”(1&01),;\0)"}(7/\077)‘0) = m

xT—+00

(see also Lemma 2.8). Hence, we come to

S()\O)S {eiikzk{s,e*m“’(b,\ub,;o)*‘,V,e*%”(b,\ub,;\o)*l}}
=" (, =) + 54 (bry b5, )€™ k(- do) + o(1)

as ¥ — +oo. This is the second relation in (1.19) up to changes z — —z, Ao —
—X0, 5= (bagb_3,) " — sy and sp(bx,b_5,) — s—.

Equalities (1.21) are proved in Corollary 2.5.
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2. Asymptotics of reproducing kernels

2.1. Definitions and notation

In this subsection, we prove several propositions concerning special properties of
the reproducing kernels introduced in Section 1.
For Ny € C4, let

k{s+,u+}('7/\0) f({ }( )\0) _
) RIS Q) = —
ki, iy (Ao, Ao) Fgsr vy (Ao, Xo)

]Ac 5 ('7)\0
Koy h0) = Fporwiy (5 R0)

be their normalized versions. It is also convenient to put

k(X o) i (2Im X\g)1/?
K\ X)) = = _ .
A 2) = R =~ A%

For a fixed z € R we define H{z_9+ y+}(:v) as the closure of the functions

F) = BroWgNe™, g€ H®, By € B 2.1)
In particular, H?S%w} = H{25+’,/+}(0). In the similar way we define the set of

spaces H{Z_G%wr}(.’ﬂ), so that H{i%w} is related to z = 0.
It is easy to see that
Hi,, (@) = ™ HE ooy ciayy Hiop o y(@) = € HE iy, 20y,
and
k{s+,u+}()‘7 Ao :E) = em(kiAU)k{&resz?,,+627>\av}(/\, )\0),
k{s+,u+} ()‘7 Ao; I) = elm()\7>\0)k{s+621*1,u+e2’“}(/\7 )‘0)

are the reproducing kernels of these spaces, respectively. We also have their nor-
malized versions

K{ﬁ+,u+}('7/\0;x) = eiZ(AiREAO)K{s+62”‘$,1/+62’>"}('7/\U)v
K{s+,u+}(-: /\0; L) = (jlw(A_RCAO)K{S+621)\I)V+621:)\.'l,'}(.7 >\U)

This section is mainly devoted to the proof of asymptotic formulas for both
types of kernels as x — +00.

2.2. Some special properties of the reproducing kernels

We comment once again the +-mappings introduced by formulas (1.13), (1.14).
They actually depend on the scattering data {si, v+ }, although we do not indicate
this dependence explicitly in most cases.

Lemma 2.1. Let w be a meromorphic function on C such that [w(A)] =1 on R
and w(Ag) # 0,00, for all A, € A. Put w.()\) :=w(=N). The following diagram is
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commutative »
2 2
L WWy S, WW Vg } — L S4,v4}
+T - +T - (2.2)
2 W 2
{w’lw:ls,yuﬁlur:lu,} - L{S w-}

Here the horizontal arrows are related to the unitary multiplication operators and
the vertical arrows are related to two different +-duality mappings.

Proof. Note that both w and w;! are well defined on R U A. Evidently, wf €
L, .., means that f € L7 vy Since Jw(A)] = 1, X € R, we have
that {w™lw;ts_,wlw;lv_} are minus-scattering data for {ww.sy,ww.rvy} if
{s—,v_} corresponds to {s4, v+ }. In other words, the s-function remains the same
for both sets of scattering data. Then we use definitions (1.13), (1.14). O

WWy S 4, WWs

A—Xo
N Note that (ba,)« = b_5,-
Lemma 2.2. We have

Let by, =

_ 1 b:%\o()\) k{b;(}b:ios, Bgblh, v (A =0)
5(_)\0) 2Im >\() k{b—lb—i s b’lb’, v }( )\0,75\0)7

(k{s+,v+}(/\7 )‘0))7 (23)

and, consequently,

. - 1 1
k{u,w}()‘m/\O)k{b;nlbjios_ b b5, - }( Ao, —Ho) =

s(=Xo)s(Ao) (2Im Ag)2’
(2.4)

Proof. First we note that the following one-dimensional spaces coincide
(s iy (A M)} = {lfl k{zflbi s_, b*lbi v_ }()‘7*5‘0)}'

This follows immediately from Theorem 1.3, but we prefer to give a formal proof.
Starting with the orthogonal decomposition

2 2
ks wiyN o)} = Hi,, 34 © b>\0H{bxub,xos%b)\ob,;ou}

we have

{k{s+,u+}(/\v AO)}7 = (H{2.9+,y+})7 © (b)\ﬂH{Zbeixofur‘bxub,;\ou+})77
or, due to (2.2),

{(Bloy iy N A0)} ™ = (HE,, uy)” ©075 (Hp, b SoS+brob_sgrat)
Now we use Theorem 1.3

(Frop w20} =(Lf, ., y© HE ,4)

1 2 72
eb™s (L -1,- 1, [SF: . _
—Xo ( {bxébiiﬂs,,lﬁghiiny,} {bA$b7§0,97 bteL })

2o "=Xg

=b75 (H Brg b5, 5= bxg b5, }Qbf?\aﬁ{?sﬂuf})'

—%o 20" =xg
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Thus
(kgsy wiy(A X)) ™ = Cb_% k{bflbi b 1 (A =Xo). (2.5)

The essential part of the lemma deals with the constant C'. We calculate the

scalar product
iB(\)
ks vy (A o), > .
< o A=Xo {s4.ve}

On the one hand, since @ﬁf

can use the reproducing property of k¢, .,y

iB()\)> _ B() _ B(=Mo)
{s+.v4}

belongs to the intersection of L%s# .y with H 2 we

N2

<k{s+’”+}(’\’ M) TS, T 2Im A 2Im Ao (2:6)

On the other hand we can reduce the given scalar product to the scalar product
in the standard H?. Since B(\1.) = 0, the v-component disappears and we get

1/71 35 Egswiy (A Ao) iB(Ag
§<L+ flo i) {“AB(A?)
= <s(/\)(k{s+,v+}()"/\0))’ /Z\Bi&-(//}\)o > .

Substituting here (2.5) and using s = s./B we come to

C<SC(A)1;{,7;;,7: i (A =X0),b AO(A)HA >

. < 7
Sm(':e SE()\)k{bflbf >77,);01{;0,,7}()\, —Xo) belongs to H? and bi;i’()\)m =

' is the reproducing kernel of H?, relation (2.6) yields
A+ Xo
vy B(=)
Cse(—N\ )k{bqbi T }( Xos —Xo) = TS
Thus (2.3) is proved. Comparing the norms of these vectors and taking into account
that the —-map is an isometry we get (2.4). O

As a consequence of the above lemma, we have
b,;o(ei)‘zK{He%”,u+62"'“}(" X)) € IA{{QL(IAU}:,;O)*‘,Vf(hxob,;o)*l}’ x> 0.
Indeed, using diagram (2.2), we get for z > 0
(6T MKy, =20,y 2oy (5 X0)); = €M (K (g, em2ine 1y e=20003 (5 X)) pzine
= C0)e™ Ky eaine (b5, )1, ve23 (bagb_sy )~} (= A0)

by (2.3). So, the latter function is in g{QS—(bxab,XO)’lvV—(bxnb,j\u)’l}'
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For discrete measures vy (1.6), let v4y be their truncations
N

VLN = Z yi()\k)é,\k‘
k=1
We say few more words about spaces
2 72 2 72
H{Simi}’H{Siy%} and H{SiJ’iN}’H{SiniN}'

Recall that HfS%H} - H{25+,V+}'

Lemma 2.3.
i) Let |[s4|lcc <1 (or, what is the same, infg |s¢| > 0). Then
2 _ 2
H{S+1V+} - H{S+1V+}’

and, consequently, K¢, .. y(-; o) = IA({S%,#}(.M\O).
ii) We always have

Koy vy (Mos o) < Koy, 11 (M0, M)

The equality above takes place if and only if Ky, ,.1(., do) = K{S%M}(.7 o).
iil) Obviously,
2 2 Fr2 Fr2
H{S+>'/+} c H{5+>'/+N}’ H{8+1V+} c H{3+W+N}’
and

K{s+,u+}(/\07)‘0) < K{S+,D+N}()\O7)\O)7
Koo 3(Mos20) <0 Koy voni (Ao, Ao)-

As before, the inequalities become equalities if and only if the corresponding
reproducing kernels coincide.

Proof. To prove i), we only have to show the inverse inclusion. Suppose that f €

H?8+ ».y- By Definition 1.2, f € L?S#V” and s.f € H?. Since s.,1/s. € H®, we
see f € H? and hence f € H{Qs+ vi} The claim about the reproducing kernels is

trivial.

The inequality in ii) of course fo}lows from inclusion H{23+,u+} C H{25+,U+}'
Consider a system { fp }nez, , fn = bKnK{u(bxab,;D)",V+(bxnb,;o)"} (-, o). Thisis an
orthonormal basis in IA{{ZS%M}. We have Ky, ,,1(., Ao) € PAI{ZS%W} and || K, .}
(")\O)ll{s+,u+} =1.So

K{s+,u+}('7 /\O) = Zan,fn
n

and ag = K(S%,,Jr}(/\o,Ao)/IA('{S%W}()\O,/\U)‘ Obviously, |ag|? < 1 and claim ii) is
proved.
Let us have a look at iii). The first inclusion follows from the fact that for
feHn*(Cy)
||BN’,oofH{S+,V+N} < HBNU,OOfH{SJr,wr}‘
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The second one follows from Definition 1.2 of H{Qs+ vil The inequalities for the

reproducing kernels are corollaries of these inclusions; to prove them just argue as

in ii). O
Rewriting (2.4), we have

Koy v em2ine) (A0, M) K (s_e2ixn (bygb_5,) =1 v €237 (b b5, )1} (=X, =20)
1
[s(X0)](2Im Ag)
under assumptions i) of the above lemma.
We denote by Py, .. the orthogonal projector from L%S%W} on H{23+,u+}‘

Furthermore, P, (., ..} and P, (s, ..} are orthogonal projectors on H{Zs%w}(:r)

and H«[23+,u+} (z), correspondingly.

2 .
Lemma 2.4. We have for any f € L{S%w},

1) J:El;noc P.’L“{S+,V+}f =/, zl{l—noo [:)m,{s+,u+}f =f (27)
11) EETwPI’{s+,V+}f: 0, zE&lsz’{s+’V+}f:0 (28)

Symbolically, we may say that

2
{s+wvs}b

2
{s4v4}

: s iAT 172
i) lim e"™H, s 2ixay = L
)ggﬂfoo {sqe2ire, pvye2ire}

: AT 772 —
ZEIPOOE H{s+62““",v+c2'“3} =L

.o . i . i\ A
ii) zEToo e’ IH{25+621)\z7V+e21>\1} = {0},1Er£oo e’ IH{QSNMI‘VNM,C} = {0}.
Proof. We prove the first equality in (2.8); the argument for the second equality
is likewise. Relations in (2.7) drop by duality, since

. SN +
2 _ _idx 72 —iAT 172
L{.§+7,j+} =€ H{5+€21)\:r',,+€27',)\m} 53} (6 H{‘S_E—Qm)\m V_€—21.)\m}) .

Obviously, e***2 {2 ixz 2

{s4e? %2 v e {s+e?®1 p e
ks vi1(Ao, Aoy ) = e_ZIm)“””k{erezm,V+emw}(/\g, o) is decreasing with respect
to € R. We have to prove that

2iAza } Ce 2ihe1} for z1 < x5 and so

IEIEOC elem )\uzk{3+e2“”1 u+62”“'}()‘07 /\0) =0,

which is trivial since the second factor tends to k(Ag, A\o) by Lemma 2.8. O

Corollary 2.5. We have

_ 1
HMMTainey, eainey (A, Ak) = ——

v(Ak)

lim e
Tr——00
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Proof. Let us consider g = (1/v4(Ag)) dx,- Recall that
k{5+=V+} (., Ao; I) = eiz(/\ixﬂ)k(“ezzm’ vy e2ira} (., /\0).
Hence, we obtain for a f € H?s+)u+}(x)

(fs 1) sy} = % vi(Me) = f(Ak)-

On the other hand,

FOw) = (F ke vy AR 2)) sy ey = (F Pofsg g yI0) (s v )
By Lemma 2.4,

i gy vy AR,y = okl
which becomes the claim of the corollary if we write the norms explicitly. |

2.3. Proof of Theorem 1.6

Lemma 2.6. We have
ks iy (5h0) = EEI&(E + T+ Hio, iy) "ER( o),

where Hy,, .y is the Hankel operator coming from the metric (1.7) and the limit
is understood in L%S%H}—scnse‘

The argument follows [20], Lemma 1.2, and is omitted.
Lemma 2.7. Let ||s+||oc < 1 and vy be a measure with a finite support. Then

lim K{s+521xz‘u+c2ur}()\0,)\0) -1

z—+00 K()\o, )\0)

Proof. We see that
k(s e2ine 1y c2iney (Ao, Aa) = k(Xo, Ao)|?
= ‘(k{s+c2i”\1, V+c2i*f}(‘7 )‘0) - k(7 /\0)7 k{s+c2uz7 lurch*z}(‘a )‘0)){5+62Mz, V+c"”“'}‘2
= (I + Hygye2ne ye2one ) {(I + Hig, o200 4, e200)) T R o) — k(- Ao) )
(I Hieyazine,eioney)” (o Ao)) 2
= ‘(H{aurcz“\”, V+c.2‘*”}k('7 )‘0)7 (I + H(S+62“\1,l/+€2i)‘l'})71k(" )‘0))‘2
< C('(Hs+c2“1'k(': /\0)7 (I + H{eure?i“',u+c2“1'})71k('7 /\0))|2
+ |(HV+€2‘*”'k(‘7 )‘0)7 (I + H{5+62M”7 u+52’*w})71k‘(‘7 )\0))‘2)

The bound for the first term is easy

[ ] <

1 = _
< e [Py (s e 722 R(=X, M) [k (- Ao) |2 — 0
1= [s+lloo
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as ¢ — +oo by the L?-Fourier theorem. Since F' = (I+-H{,, c2ire ,, e2ix2}) " k(., Ao)
€ H? satisfies ||F||2 < C, we get |F(A\;)] < C/+/Im A and

|(H1/+62‘“k('7 )‘0)7 ([ + H{s+e2f*1, y+52“z})71k('7 )‘0))|

N
- E(Ak, Ao)|
< O vyp(g)e HmAee | : .
- ; +() vVIm Ag
The right-hand side of the inequality goes to 0 as z — +oo. |

The following lemma is the main key to the proof of the asymptotics.

Lemma 2.8. We have
K{SJrEsz, D+€21)\z}(A07 )\0) -1

li 2.
s—too K (o, Ao) ’ 29)
Ky ey, e2inay (Aos Ao)
. {sye2irm 1y, e2irn} (A0, Ao
1 =1 2.1
oo K (Mo, M) (2.10)

Proof. We start with the proof of the first equality. Taking the square root of both
sides of (2.4), we see

K{5+ezmz" ,,Jrezmm}(/\(], )\0)

1 1
2Im )\0‘5()\0” K{S—E’Q’M(b/\ob,xo)’l,Dfe’z”“(bxub,;o)’l}(75‘07 75\0)
1 1
2Im )\0‘5()\0” Iﬂ({sfe’?“f(bmb,xu)’l,V—I\'e’z“\z(bxob,m)’1}(_;\07 —5\())
|B(Xo)|
= m[({hremm,w]\,emz}(/\0,)\0). (2.11)

Then we continue as
K{SJrezMw’ ,,+521>\z}(/\[]7 )\0)
IBN,00(0) | (ks c2ine o, ye2inay(Aos Ao))'/2 (2.12)

‘BN&O()‘OH((E +1+ H{s+c2i*‘”, V+N€21/\1})71k('7 )‘0))1/2()‘0)

1
\/ﬁIBN,oo(/\O)‘K{%Esz"ﬁTIZEZME}(/\07 )\0)‘

[\VAmLY

Let sy = s¢/B1,n. We have

K, e2ne y, e2ney (Ao Ao) < Ky, e2ine y, ye2iney(Aos Ao) (2.13)
B 1 1
2Im /\O‘SN(/\O)‘ f({s,e*m)\"(l)m boxg) ™t V—Ne’z“\‘(bxob,;g)’l } (—5\07 —5\0)
1 1

2Im )\0‘5]\](/\0)‘ K{sfe*m)‘”(bxnb,;\u)’hV—Ne’z“\‘”(bxob,xu)’l}(_5\0* —5\0)
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by ii), Lemma 2.3. We set s_ . = s_/(1 +¢),v—n. = v_n/(1 + €); the functions
SN,e; S+, are defined by unitarity of the scattering matrix, and vy is defined
by v_n. through relations (1.12). Notice that the support of vy n . is the same as
the support of vy n (and equals {Ag }x=1,~5). Since K- and K-kernels are the same
for pairs {s4 c,v4n,c} and {s—.,v_n,} by i), Lemma 2.3, we continue as

()< V1ite 1

— 2Im )\0‘51\7()\0)‘ K{Sf,se’z”"(b,\ub,xo)’l-, V—N,55721Aw(bxub75\0)71}(7X07 7;\0)

\/1 +E|SN7 ()\0)|
= TA(J)E‘K{S+)EQ21)\I,V+NASF/2’L>\E}(AO7 /\0).

That is,

B A
% {%62&1’%6%/\1}()\07/\0) < Ky, e2re,y, e2ixwy (Ao, Ao)

V1+e ‘SNﬁé()\o)l

< |SN()\0)| {S+_5621u1,j+N'552m»}()\0,/\0).

The quantities K{iezmm vin e2im}()‘07 Ao) and K, c2ine v _e2ire} (Ao, Ao) tend

Tte s Ite © . , .
to K (Ao, Ao) as © — 400 by Lemma 2.7. Remaining factors in the left- and right-
hand side parts of the inequality go to 1 with ¢ — +0, N — +o00. Hence, for any

¢’ > 0 we can choose appropriate €, N to have

K{S+c21)\z)y+c2i)\r}()\o, /\0)

1—¢ < liminf
e = Ko, M)
< limsup K{5+821’>\‘E7 ,,JrEzMz}(/\o, /\0)

<1+¢,
T—+00 K()\07)\0) -

and (2.9) is proved.
The proof of (2.10) is almost identical. First of all, to keep the notation we

used to, we prove

lim k{s_e21km. v_e2idz} (—;\0, —;\0)

r—+00 K(—S\O,—S\O)

=1 (2.14)

instead of (2.10). This is obviously the same thing up to changes —\g — Ao and

s— +— s1. The second modification is that we estimate the value of a K-kernel by

the values of K-kernels (and not vice versa as we have just done to prove (2.9)).
So, as in (2.12), we have

f({s,em/\*‘, v_e2irey (7X07 75‘0) > K{s,em“} v_e2irr} (75‘07 75\0)
1 . .
> \/ﬁK{ l:fs e2ira %@21/\1}(7)\0» 7/\0)
|B,00 (Ao)] SV
ﬁ[{{%emm’ ";T!;’ezum}(*/\m —Ao).
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The first inequality in the above estimate is ii), Lemma 2.3 and the last one repeats
computation (2.11). Similarly to (2.13), we get
K{s,ewr,u,ewr}(—;\o, o) < K{s,e%M,u,Newr}(—;\o, o)
1 1
2Im Aol (A0)| K fs, e=2ixe (bygb_5 )1, wiwe=237 (brgb_s,) -1} (A0, Ao)
Vite 1

2Im )\O‘SN(/\O)‘ K{%e*%*”(bxob,xo)’l, Y+N 6—21)\1(b>\0b7;0)—1}(A0y )\0)

Tte
V1 ] o) = _ _
te |§N"E( o)l K{Si‘ngl)\m'l,iN‘Ec2i)\m}(7)\07 —Xo)

lsn (Ao)l
vV 1 + e |5N7s()\0)|

Q)] e (o, 20)

Above, the pair {s_.,v_y.} comes from {737, 22} as explained after (2.13).
Hence,

| BN, (o) 33 - 15
ﬁ {%621"AI1 %62“\1}(—)\0, —)\0) < K(57€21A17V7€2mz}(—)\0, —)\0)

Vi4e ‘SN)g()\o)l

lsn (Ao)l

Repeating the argument from the first part of the proof, we see that for every
e >0

< K{571562im,,,ﬂ\,.ECQMz}(fj\o,75\0).

K{5762;)\11 v_e2irr} (75\0, 7;\0)

—¢ < limi R AL
o
K ixe ey (=g, —A
< limsup {oe2, v }(— 0 ~%0) <1+¢€,
r—+0o0 K(*)\m 7/\0)
and relation (2.14) is proved. O

Proof of Theorem 1.6. At present, the claim of the theorem is an easy consequence
of Lemma 2.8. For an arbitrary N, we have

Hei)\wK{s+e2i*’”,V+e2"*“”}('ﬂ)‘0) - ei)\wk('v/\U)H{S+,V+}
||eiAzK{s+e2“Klureh*“”}('ﬂ )‘0)

= Byt K(,20) {54017

+ PR 20) = Broooe™ K (20| 00}
The claim will then follow if we prove

limiup [ K (., X0) — Br,oo€ K (., M)l (5,001 < Cill — Br,so(Mo)|  (2:15)
T— 100

IN

limsup HGMEK{”czuz# V+c2“‘}('ﬁ )\0) - BN)OCCMEK(., )\0)||{s+’

V.
R +}

< (3|1 = Bn,oo(Mo)|  (2.16)
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with some constants Cy, Cs. The computation for (2.15) is easy and elementary
R (2 A0) — Broee™K( o), )

< 1€ (1 = Broo) K (5 Ao)llz, + (1€ B oo K (5 M),

The second term above obviously goes to 0 as z — +00; for the first one we have

1€ (1 = By oo) K (-, A0)[1Z, < 2[1e (1 = By oo) K (-, M)|[3 < 4]1 = By 0o (M0)-
We pass to (2.16) now. Once again, for an arbitrary N,
Ilei)\xK{SJreZ’”,l/+e27“—'}(‘7 )‘0) - BN,ooei)\xK('v )‘U)H%auﬂwr}

A

< €M K e2ne, iy e2ney (5 M) sy 0y
= 2Re (Kyo, e2ire, 2000} (5, A0)s BN,oo K (15 A0)) oy e2ire, oy e2inny
BN 0B (A0 coine e
By Lemma 2.8, we get for the second term
Re(...) Bn,00(X0) K (Ao, Ao)
Ko e2ixe 1y, 20y (Ao, Ao)

— BN, (Ao)

as © — +o00. The third term is

() 1BN,00K (s M)I[2, caine + [1BNooK (s M) I3, caine

<GB + 11Ps[s1€2 By oo K (4 Ao)) (= A)l2 [ By ,co K (-, 20) |2
+ BN (5 20)[[7, one — 1,

since || K (., \o)||3 = 1 and the rest tends to 0 with z — oo (for the second term,
this is Fourier L2-theorem). So, summing up

thupHei/\wK{s+ez1>\ap),,+621>\1}(.,/\g) - BN,OOEMZK(.,/\U)||{S+1V+}

r—400
S 2R6 (1 — BNYOO()\O))7

and (2.16) is proved.
The proof of (1.23) is likewise, we just have to use (2.10) instead of (2.9). O

3. Unitary node, I

2 _ )\2
Consider the multiplication operator by 0, v = /\2—5\37 acting in
]
2 _ ({2 + 2
Lis, vy = Hi_ )T @ H, Ly (3.1)
Lemma 3.1. The multiplication operator by v acts as a unitary operator from
{’2:?;71‘/7)()\7A0)} ®H%s+,u+}(g;) (32)

to

(K, =Ao)} @ HE,, (@), (3.3)
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b
Proof. Tt is obvious that the multiplication by v = bTD acts from

0
{f € H{Qs,,u,} : f()\O) = 0} = b)\oH{ZbADbixns,,bAob,;ﬂl/f}
to
{feH, , y:f(=X)=0}= b—XQH{ZbAOb,gos,,bAOb,;\UV,}'
Therefore it acts on their orthogonal complements (3.2), (3.3). a

We now recall the definition of the characteristic function of a unitary node
(6, 7] and its functional model. An extensive discussion of the subject and its
application to interpolation problems can be found in [11}-[13].

Let K, FE1, E> be Hilbert spaces and U be a unitary operator acting from
K @ E; to K @ E;. We assume that F; and Es are finite-dimensional (dim By =
dim F5 = 1 in this section, and dim £y = dim E» = 2 in Section 4). The charac-
teristic function is defined by

0(¢) == Pp,U(Ikek, — (PxU)|E1. (3.4)

It is a holomorphic in the unit disk {¢ : || < 1} contractive-valued operator
function. We make a specific assumption that ©(¢) has an analytic continuation
in the exterior of the unite disk through a certain arc (a,b) C T by the symmetry

principle
1\t
0)=0"(= .
© <C )

F(¢) = Pr,U(I - CPcU) . (3.5)
This Fs-valued holomorphic function belongs to the functional space Kg with the
following properties.

e F(¢) € H?(E») and it has analytic continuation through the arc (a,b).
« F(Q) = 0"(QF (1) € B2 (Ey).

For f € K define

F*} (¢) belongs to the image of the

e For almost every ¢ € T the vector { F

operator {é @I } (¢), and therefore the scalar product

(5 5B,

is well defined and does not depend of the choice of a preimage (the first term
in the above scalar product). Moreover,

/ {é (ﬂ[i” ﬁ;][?] dm < oo. (3.6)
g E1®E,
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One can consider the above items as the definition of the space Kg. The integral
in (3.6) represents the square of the norm of F in the space.
Note that PgU|K becomes a certain “standard” operator in the model space

F(()—-F(0
I I (37)
see (3.5).
The following simple identity is a convenient tool in the forthcoming calcu-
lation.

Lemma 3.2. For a unitary operator U : K & E; — K & F»
U*Pp,U(I —(PrU) ' =1+ (C—U")PxU(I — ¢(PgU) (3.8)
Proof. Since Ixgp, = Pk + Pg, and U is unitary we have
U*Pg,U=(I—(PxU)+ ((—U")PgU.
Then we multiply this identity by (I — (PrU)™t. |

Theorem 3.3. Let ey, es be the normalized vectors in the one-dimensional spaces
(3.2) and (3.3),
kL (A o) kL, (Do)
er(\) = %7 ea(\) = # (3.9)
kis_ w_1(X0, Ao) Eis_ v_1(X0s Ao)

Then the reproducing kernel of H?u,w} is of the form

_ (wea)(N)(vea)(n) — ex(Nea (i)
1= o(\o(m)
Proof. First, we are going to find the characteristic function of the multiplication
operator by © with respect to decompositions (3.2) and (3.3) and the corresponding
functional representation of this node.
By (3.9) we fixed “bases” in the one-dimensional spaces. So, instead of the
operator we get a scalar function 0(¢):

k{s+,u+}(/\7u) (310)

O(C)e1 := Pr,U(I — (PrU) te; = e20(C). (3.11)
We substitute (3.11) in (3.8)
v(N)e2(N(C) = ex(A) + (¢ = v(A\)(PxU(I = (PrU) " er)(N). (3.12)

Recall an important property of /Ac{tﬂui}(/\, Ao): it has analytic continuation in
the upper half-plane with the only pole at —\o (see Lemma 2.2). Therefore all
terms in (3.12) are analytic in A and we can choose X satisfying v(A) = ¢. Then
we obtain the characteristic function in terms of the reproducing kernels

o(o() = — LY

Ve (3.13)
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Similarly for f € K = H{2.§+7D+} we define the scalar function F(¢) by
Pr,U(I — CPrU)" f = eaF(C). (3.14)
Using again (3.8) we get
v(Ne2(NF(Q) = F(N) + (¢ = (W) (P U = (PxU) " f)(A).

Therefore,

F) = %

Now we are in a position to get (3.10). Indeed, by (3.14) and (3.15) we proved
that the vector

(3.15)

P (I —o()U*Px) "' U*egv(p)ez(p)
is the reproducing kernel of K = H{5+,I/+} with respect to p, |[v(p)| < 1. Using the
Darboux identity
1 - 08(2)0"(¢)
1—¢Go
(in this setting this is a simple and pleasant exercise) we obtain
— 0(v(A\)I(v(n) ————
kis, vor(Ap) =v(Ne _ e
(s} (A ) = v(Nea (A ) Lo\ v(p)ea(p)
for [v(A)] < 1, Jv(p)] < 1. By analyticity and (3.13) we have that relation (3.10)
holds for all A\, u € Cy. O

Pp,U(I — CPxU) Y Pr(I — (U™ Py )" 1U*|Ey =

Corollary 3.4. The following Wronskian-type identity is satisfied for the reproduc-
ing kernels
(seg ) (1) (sc ) (1)

1 . !
ea(p) er(u) | = 7Uosv(w))’, Tm pu>0. (3.16)

Proof. To be brief, we write k, V”( .) instead of (ks 1, 3(.;-)) ™. So we multiply
k{s+_u+}()\, —[) by b,()) and calculate the resulting function of X at A = u. By

(2.3) we get
B ) 1
{0k, =) b= = S(@)2m 1

Now we make the same calculation using representation (3.10). Since

) W) e
e T3Vt Bt ) R e e

(3.17)

we get in combination with (3.17)
L) e e
o(@sw) | er(—n) %wam

By the symmetry l%{sﬂ,,f}()\, Xo) = 1%{57,,,7}(75\, —Xo), we have ea(—f1) = e (p).
Thus (3.16) is proved. O
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Corollary 3.5. Let ;1 € Ry and as before Re \g > 0, then

lea(1)|* = lex()* = %(logv(u))’- (3.18)

Proof. All terms in (3.16) have boundary values. Recall that on the real axis
(se19)(1) = (s—e1,2)(1) — e1,2(—fi). Then use again the symmetry of the repro-
ducing kernel. |

We finish this section with a translation of the relation

f

veg K,

2
Hf“%er,wr} =

0

((3.15) is a unitary map from Hfs+ by tO Ky) to the following proposition.

Theorem 3.6. Let
ea(—A)
62()\) ’

extended by the symmetry si(—:\) = 59 (\) to the whole R. Let l/i be a positive
measure on the imaginary half-azis

s8N =

XER,, (3.19)

dvl(\) = % € iR,. (3.20)
Then
WFlFss sy (3.21)
— 24,0 1 s L s )
= [, ropato g [ [T =50 Loty O] [
for all f € H? In other words

{s4v4}”

P 2
zd.H{M,H} — H o

{(s2.02)

s an isometry.

Proof. We use definition of the scalar product in Kpy, relations (3.13), (3.15), and

(3.13). O

4. Unitary node, II: a canonical system

In this section we associate a canonical system (see [5, 18]) with the given chain

{H{Qs%w}(x)}meng of subspaces of L%S%W} .
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4.1. Characteristic function of a unitary node and transfer matrix. Definitions
This time we consider the unitary multiplication operator by o,

A2 — N2

N

V=

with respect to the decomposition

L%5+>'/+} = (I:I{stwu—})Jr © K{5+=V+}(x) ® H{25+,U+}(‘T)' (4‘1)

Actually this is definition of the space Ky, .., }()-
The following lemma is similar to Lemma 3.1.

Lemma 4.1. The multiplication operator by v acts from

(k3 (A0} ® Ky @) ® (e, (A Ao )} (4.2)
to
{k{ﬁ,,y }()\, 7)\0)} D K{S%,,Jr}(ﬂ?) D {k{er,l,Jr}()\, 7)\0;1‘)}. (4.3)
We define normalized vectors that form orthonormal bases in Fy and Fs
ot
(11)()\) _ k{s l/f)()“)\o) 1)( ) k{éur V+}(/\ )‘0; ) . (44)
5 A0)ll [l
and
S_,v_ )\ )\0 k S, )‘7_5‘ 5T
632)()\) _ { ) }( ) eéZ)()\) _ Mt +}( 0; %) (4.5)

=2l e vy O R 2)1

We point out that the vectors e( )()\)7 i =1,2, depend on z and egi)(/\)7 1=1,2,
do not.

Generally for an operator A: Hy & Hy — H1 @ H2 its Potapov-Ginzburg
transform A : Hy ® Hy — Hy @ Ho is defined by [15, 10]

b _ g™ where Yl — 4™
x2 Y2’ Y2 T

All A12
A21 A22

A 0 |2 _ I —Ap||n
Ay —I] |y 0 —Agp| |x2]”

In terms of the block decomposition of A = { ] we have

Therefore,
GO [T —Ar] T [An 0] | [Au - Andy'As Andy (16)
0 —Asp| |Ao T — Ay As Ay | ’
The transformation is well defined if Ay, is invertible. Note, that if A is unitary,
Iyl + llyell® = llaa || + [z,



Inverse Scattering Problem and Canonical Systems 307

then A preserves the indefinite metric

lyal® = llall? = llz2]1* = 2]l

For the unitary node given by the multiplication operator by v and decom-
positions (4.2), (4.3):

U:(Ka{e"h) o} — (Ko {eh) (P} (4.7)
we define the j-unitary node
U: (K {e") @ {e?} — (Ko {e?) @ {ei) (4.8)

by (4.6), separating in this way the z-depending “channels”.
The characteristic operator-valued function for the node (4.7) is

0(¢) := Pp,U(I - CPxU) By, (4.9)
and its matrix with respect to the chosen bases is
C C
o(0) [ () 5(21>()\)] [C;] = [6(22)()\) 5§2)()\)] 0(¢) [Cj : (4.10)

where
0= [on ] ©

Respectively, its functional representation is of the form
_ F
P, U(I - (PgU) f = {e;”(x) 652)@)] [ Fj (©), (4.11)

for f € Ky, v y(2).
The transfer matrix is actually the characteristic matrix function of the node
(4.8). Having (4.9), (4.10), we rewrite (4.7) in the block form as

Ck(¢) k(¢)
{f;ﬂ B hz; Z;j © [zﬂ : (4.12)

Consequently, we get for U:
Ck (<)

o il B[P0 H0)pg) - e
021(C)  022(Q)] [e2 0 1] |e

Therefore the transfer matrix 2(¢) of the j-node is related to 6(¢) by

4O {9211(4) 9220(4)} - {9110(0 9121(0} :

QI(C)*F”O(O 9121(0] {9211(0 OQﬁC)}_lz [(1) :Z;jééﬂ_l {gigg —2]1'4)

U

U
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4.2. Calculating 0 and A

We are following the same lines as in Section 3. Let us substitute (4.10) into (3.8)

o) [P @] 00 =[P e ]
¢ o)) (P (T = Pl [l e]) 0.

All terms here are analytic in A and we can choose A € C, with the property
v(A) = ¢. Then we get

o [P0 2] 0e0) = [0 ] (4.15)

Similarly, by (4.11)
@) ) 3! _
v(\) [62 () el (/\)] {Fg] (w(\) = FN). (4.16)

It is tempting to make the change of variable A — —X, A € R, in (4.15),
(4.16) and to write

o) [ @)= @)~ W] o) = [ @)w], @)
and
oW [0 @] [7] e = o, (118)

However, to succeed with this plan, we need to prove that 6(¢) has an analytic
continuation in C\ D etc. That is why we prefer to consider a dual node given by
the diagram

KoE -5 Kok,

lf lf (4.19)
K-®EBEf -5 K ®E;
The characteristic matrix-valued function remains the same since we choose basis
in E| , as the image of the basis in 2. Then we obtain (4.17) and (4.18) simply
repeating the arguments from (4.15) and (4.16). Hence

@)= (- o NI
oY) {“2 ;@) }(A) ["1 92} (V) = [(1 ) }(Ax (4.20)

6(22) e<12) 021 022 6(11) es
and

() 632))} B _|fT
o) |2, Sl o(N) = ). 421
(){eg) cg) (){FJ(()) [f}() (4.21)
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(2)y— (2)
Lemma 4.2. Both det {( (2)) (61(2)) } (A) and 022(\) do not vanish identically.
€1
Furthermore,
()™ (&) i (Y
0a(N) det N=- (). 422
22(A) de [ é) (2) (N sO0 \u() ( )

In particular, the characteristic matriz-valued function 6(¢) and the map
Ko, wy(w) — Kp are well defined by (4.20), (4.21) in terms of the reproduc-
ing kernels.

Proof. This follows from an obvious consequence of (4.20)
(€<2)) (6(12))7 |:1 _012:| 1)(6(22>)7 _(6(21))7
A A A) = A), (4.23
u( )[ e§ egz) () 0 —0g (v(N) vegz) _egl) YA )

and (3.16) that says

v(Ee?)- el v’
det { o T4 ] =it
2 €

5(A)

O

By (4.14), we have for the transfer matrix

2y _ |1 —bhe e 0

woe =y o [ ] eon. (124)
The map from Ky to the corresponding de Branges space H(2) [5, Sect. 28] is of

the form .

Ar] oy [T —b12]  [F],

{AJ (\?) = {0 _922} |:F2:| (v(N). (4.25)

Combining (4.20), (4.24) with

(2) (2) ) L 6(2) -
v(A) [( X 2)) (6 )" (\) {011 PJ (v(N) = (651(1)) _(1);(2)) } (), (4.26)
we have
@)-  _ 6(1) - 6(1) - 6(2) B
[v(;(;B (_62<21>) (MNA(N?) = (;(11)) _(ve1§22 ] \), (4.27)
and ( "
o)™ =@ o [ e 2 [, 4.28
[UG;Q) egl)}()[@}( ) {f}() (4.28)

Note that the condition I — 660* > 0 is the same as

L= [1 0)[L —0)" [ou O)[L 0][6n 0] _
0 —922 0 -1 0 —022 021 -1 0 -1 921 -1 =
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That is, the transformation (4.24) maps contractive matrices onto j-contractions,
. . . 1 0
_ * > =
J—A5AT >0, j {0 71} ;

although this was clear from the definition of j-node (4.8).

4.3. de Branges’ Theorem
Theorem 4.3. For every x > 0,

—is _eM eMy— e = _y(e®y-
o,(2) = (A)[ S }@) [m )T —ulel?) }@) (129)

() |—vel?  v(el?P)- eV —vel®

is an entire matriz-valued function of A\* and

—18 78(1> e(l) - -
H(m)—{ | or=2 [_Uﬁg% qf(ggﬁ)} |’ o, feK{.q+7y+}(x)}7
(4.30)

is the de Branges space of entire functions [5, Sect. 28].

Proof. The entries of the matrix-valued function in RHS of (4.29) are holomorphic
in the z-plane, z = A2, cut along the positive half-axis. Moreover, the limits 2, (£ +
i0) and (¢ — i0) coincide for a.e. £ € Ry. We have to prove analyticity of the
matrix-valued function on the cut.

Fix & € Ry and a disk D¢, = D(&, ) of a sufficiently small radius r centered
at the point &, such that |s(1/z)| is bounded from above and below on its boundary.
This is possible because s has non-vanishing boundary values almost everywhere.
We would like to apply Morera’s Theorem [9, p. 95]. However, the glued functions,
generally speaking, do not belong to H' in both half-disks {z € D¢, : Im z > 0}
and {z € D¢, : Im z < 0}. For this reason, first, we have to use the normalization
procedure given in Lemma 2.6. Recall that for ||s; || < 1 every function from H?
belongs to the standard H? even without the factor s. Hence, for each ¢ we get
that the matrix-valued function 2, (z; €) is holomorphic on Dy, . On the boundary
of this disk .(2;€) goes to A, (2) in L' with the weight |s(v/2)||(z — &)? — 2,
that is, actually, in L' after multiplication by (z — &)? — r2. Therefore, 2, (z) is
also holomorphic on the disk. O

We point out that for all # the a-depending matrix in the RHS of (4.29)
meets the following normalization condition

e (o) =0, P (No) > 0. (4.31)

As the result we get a family of 2 x 2 j-contractive matrix-valued functions
with a certain normalization at A\g. The family is monotonic in x, and every matrix
is an entire function in A2 of the zero mean type (concerning the corollary of the
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last condition see [5], Theorem 39). According to de Branges’ Theorem [5, Sect.
36, 37], Theorem 37, such a family can be included in the chain

d

J A1) = {N [g g] )+ [g ‘(ﬂ (t)}Ql(/\z,t), Bl=a  (432)

such that 2,(\2) = A(N\2,t,), where 2 = z(t) is a monotonic function. Here we
choose A2 = i as the normalization point.

4.4. Parameters of the system in terms of reproducing kernels
Theorem 4.4. For the system (4.32)

B s(h) dk(Mo, o)

=— — —— —. 4.33
a 5(=X0) dk(=Xo, —Xo) (4.33)
Proof. Set
_. (1)y— _ -
g=|", (62(2)) = 1 { ]’?{ Zio } (4.34)
—vey” v(ey ) k(Ao Ao) L7VR-X0  VR_3,

The subscripts of the kernels are obvious (see (4.4), (4.5)) and are omitted. We
note that due to (4.29) jAA~1 = ;€€ L. In particular, for A2 =i

#0000 =~ [0 2], (435)

On the other hand, using (2.3), (2.4), we have
T ar||-1 0
E(Xo) = {0 7_,1} {0 C’] (4.36)
with a constant C' and

7= VDo, do),  a:=s2(No)(2Im Xo)2k(Xo, —Ao). (4.37)

In these notations,
JEO0)E (M) = L’) df} .
Comparing this with (4.35) we get g = —%. Since
772 = 5(A0)s(=A0)(2Im Ag)2k(—Ao, —Xo),

we come to (4.33) using (4.37) O
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5. de Branges system and Sturm-Liouville equation

In this section, we rewrite the results of the previous sections for a particular case
of the Sturm-Liouville equation. Let

Ly=—y"+aqy (5.1)
be a self-adjoint operator acting on L2(R), and let
L-—X
u = ﬁ, Re )\() > O,Im /\() > 07 (52)
0

be its Cayley transform.

Lemma 5.1. Let e*(x,)\) € L?(Ry), |le (2, \)|| = 1, be such that

7£ei(x, N+q(@)et(z,A) = et (z,)), z€Rs, Im A>0,Re A#0. (5.3)
Then for all f+ € L2(Ry)
ufy = Ce™ (z, 20)(f+. " (z,~ o)) + g+, (5.4)
where C = C(u) and g+ € L*(R4).
Proof. Let
g—(z), zeR_
(uf ) = {%Ez;, e

or, what is the same,

PYEY: o) — g-(z), zeR_
(L*/\% f+> () = {FH(@ —fi(x), zeRL’

Therefore,

—g” +ag- =XNg-, ze€R-,
and g_ € L*(R_). That is,

9-(@) = C(f+)e” (2, Ao)-

Thus we get

ufy =C(f4)e” (z,Xo) + g+

For C(f+) we have
C(f+) = (ufy, e (2, 00)) = (f+,u"e (2, Xo))-

Now we are looking at

3232
e (@, h) = <I + 20 f\g) (2, 2) = { - (@) T ER
L=X hi(z), = € Ry

or B _ 5
R qho — N2, zeR_
7’}11 + qil+ — 5\(2);1,+, r e Ry

)

(08 = A2)e (2, o) = {
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where h = h — e~ (x, o). This implies
- {—e(m7 )\0)7—&- Cre~(z,—Xo), © € R_
Coet(z,—Xo), z € Ry ’
where C1,Cy are defined by the conditions
h(=0) = h(+0), R'(=0) = I'(+0).

Notice that the equality Co = 0 contradicts the linear independence of e~ (z,\o)
and e™ (z,—\g).
Hence,

Cre(z,—Xo), © € R_

! , 5.
Coe™(z,—No), © € Ry (5:5)

u'e” (z,\o) = h+ e (x,\o) = {

and (5.4) is proved with
C(f+) = <f+7 026+ (.’I,‘, _5‘0)>'

Corollary 5.2. The operator u acts from L*(R}) @ {e~(z,—Xo)} to L?*(Ry) @
{e7(x, o)}
Proof. Similarly to (5.4),

uf- = Cet(z,Mo){f- e (z,— o)) +g-. (5.6)
That is, uf- = g— € L2(R_) if f_ L e~ (x, —Ao). Moreover, (uf-) is orthogonal
to e~ (x, Ao) by (5.5) in this case. O
Corollary 5.3. For every xo > 0, the operator u acts from
(L2[0,20] @ {e™ (2, = X0)}) @ {ef, (z, — o)} (5.7)
to
(L2[0,z0] @ {ef, (. Mo)}) & {e™ (2, M)} (5.8)

where e}, (z, A) € L*[wg,00) is the normalized solution of (5.3).
Below, the dot means the derivative with respect to z.
Theorem 5.4. The transfer matriz of the unitary node (5.7), (5.8) is of the form
T y1-1 _ 3 _
leo ()\2) _ |:6IU (io, )\o) —e;rg (Io, —%\0):| %ZO ()\2) |:—€ (07 _%\0) € (07 )\0)

ét (zo,Ao)  —€f (x0,—Ao) —¢7(0,=Xo) €7(0,X0)]"’
(5.9)

oy ez, A) s(x,A)
B (X) = L(J;,A) s\ (5.10)
is the standard transfer matriz for equation (5.1)

%%”(AQ):L(J;)O—/\Z (1)] B,(\2), Bo(\?) = 1. (5.11)

where
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Proof. In the block form we have
Che ke
(&) = d1 5 (512)
dg C2

[jj —A(¢) H . (5.13)

with

In other words,

/\2 _ ;\2 _ -
<I + LO /\20>{Ckg +c1e” (z, —Xo) + daef (x,—Xo)}
-0

=k¢ + dle;ro (z, M) + coe™(z, No),
or
i
L - )\2
=(1 = Qk¢ + dief (x, M) + c2e™ (2, o) — c1e™ (x, —Ao) — dae (z,—No).
(5.14)

This means that the RHS of (5.14) has the second derivative and we have on the
interval [0, zo)

{Ckg+b1c ((L 7/\0)“1’(12(, (.’E 7)\0)}

—k{ + qh¢ = Nke. (5.15)
for the spectral parameter

C _
N =22+ 1fC(Ag —22).

,)\3
,j\g'

Above, ( = iz
Let
(1 = Q)ke = Ac(z, A) + Bs(x, A). (5.16)

Then the continuity at z = 0 implies

A= [l o[l

and by the continuity at = = x,
el (w0, Xo)  —€f (2o, —Xo)] [du _ [e(zo, ) s(zo, M| [A
é:—o (ZL’U, )\0) 76 (.’Lg7 AU) d2 C(IL’U, )\) S(CL’O, )\) :

The theorem is proved. O

We now compute the parameters of the related canonical system under the
chosen normalization.

We start observing that, up to the initial matrix g, the transfer matrix has
the same normalization as the transfer matrix (4.24) (or (4.29)) in Section 4.
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Corollary 5.5. The transfer matriz of unitary node (5.7), (5.8) is of the form

2,(02) = 3, (22)2,

9110()\2): ef (w0, ho) —ef (w0, — )\o)] B, (A2) [eo(g,io) 760(0 o)

é.;ro(xov/\n) - IO(T(), —Xo) €,

Therefore, Az (\2) meets the normalization:
@A) >0, (As(A5)21 =0
for all x > 0.
We use the same notation as in (4.36).
Theorem 5.6. Let m(\) be the Weyl function of operator (5.1) and let
,(32) = [g ;‘L] .

Then

da c(x, o) m4(Ao) + s(z, Ao)

d(r=2)  c(x, Ao) mi (M) + s(x, o)’

Proof. First of all,

[?”’Ei iﬂ B [mﬁ(A)} pwo), > o,

where p(z) should be found from the condition

/Oo|e (z,\)|? dz = 1.

Zo

Using
SHBLONTB00) = 02 - ) g 1 0] )

with J = {_01 (1)] , we obtain

o) [Ty een [g] 1 om.00)["4Y] @

[my(N) 1] B3, (A2) I8, (A2) {7’”(”}
= *(x0) . !
/\2 _ )\2
That is, -
#(z0) = aa—

[me (V) 1] %85, (A2) T B4, (A2) {mﬁ(’\) '

7(0,) —¢éf(0,—Xo)]

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.23)
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In particular

Since for x > xg

+
.09 [£0)] =308

P OR N e SRS

0

we get for the first column of the matrix 2, (A2) (5.17)

ety (w0, %) =€, (w0, =20)] " [ef, (w0, 20)] p(0) _ [1] p(0)
| e Pl

édo (o, 20)  —éd (o, —Xo)|  |&d, (w0, 20)] plxo) ~ [0] p(xo)’

Therefore, we deduce from (5.18) that 7 = ’E(ZO) and, recalling (5.23), (5.24), we
come to

2 m4(Ao) —my (Mo) _ (5.26)

(s Oa) 1] 85, (A2)7B,,(A3) {mﬂw]

To compute ar, we proceed as

atA = — [—é} (z0,—Xo) €, (20, —A0)] By () m+1( 0) p(0)
= — [ed, (w0, =X0) €&}, (z0, ~Xo)] T B, (X5) +£)\ )} p(0) (5.27)

= plawo) [ma 0] 1] %85, (3) 7B, (A3)

m+1(>\0)] p(0),

where

3 (0, 20)  —ef (x0,— o)
A =det Cizo 0, A0 0, —A0
€ GIU (.’Eo, )\0) 761,0 ((Eo 7)\0)

= (e, —0) e (o —ha)] 7 [0 0] (5:29)

—plan) ) 1) 22, 08)782,08) ™) o).

Combining (5.27) and (5.28), we obtain

e Oal 1] 82, 08)%.,08) [+ )]

a=— (5.29)
mi(o) 1] B, (A2)JIB,, (A2) {”” 0)]

Using (5.21) and the Wronskian identity for B,(\) we get (5.19) from (5.26) and
(5.29) by a direct computation. O
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6. Appendix 1. An example

In this section we give an example which shows that the class of canonical systems
discussed in Section 4 is larger than the class of Sturm-Liouville equations from
Section 5. We will see that generally

2 (72
H{5+vl’+} # H{5+vl'+}’ (6.1)

alwavs H2 p) . I also diseuss S Tt
alt%lough always H [ H (sid and we will also discuss some other inter-
esting phenomena.

Throughout this section we set sy = %

+ and vy =0.

First, we prove (6.1). Since

(54 )N, =f (=) =0
for all f € H?, we get || f||(s, v 3 = ||f]]- Therefore, in this case H{Qs%”} coincides
with the standard H2.
On the other hand, we have s(\) = )\#ﬂ,
le L% s, wsy- This follows from the identity

Y
IR ©2)

so s-1 € H?. Let us check that

Hence, by the definition of fl{25+_u+} a constant function belongs to this space, but
of course 1 ¢ H? and (6.1) is proved.
The above conclusion can be sharpened. Using

1 L sy 1 ACY N A 1)) —
5oty A0 = e -trem =0 63
for all f € H?, we get that 1 is orthogonal to H{25+,V+} - I:I{ZS%V”‘ Actually we
have the following orthogonal decomposition

H{23+7y+} :{1}@H{23+,1/+} = {1}@H2 (64)
This implies that the reproducing kernel of H {2&1”” is

. - 1 i
k(A A0) = Kgsy iy (X do) = T + (6.5)
{s+v+} Hl”%&r,m} A= o

and, by (6.2), 111, ., = 1

. ) 2
Now we show that the property H. (swil

Namely, Hf, , 4(z) = IA{{QS%H}(JE) for & > 0 despite (6.1) for z = 0.

(z) # ﬁ{25+ v,y (@) is not z-invariant.

Lemma 6.1. Let s, = {35, v = 0. Then H{Zs%”}(x) = H{25+,V+}(x) for allz > 0.
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Proof. Notice that
2 Az FT2
{S+,V+}(I) = ZH{S+C2IA1YV+U21')\I}7
and HY, (z) = e*" H2. So we have to show that H2
o4} {

By definition f € H? y means that

{sp €2y, e2ira

spe2ire y, e2idz} = H2.
i
A+
) A _
2iAx g g 2
—f(A) = f(=N) e L~
a0 2 F0) -~ (N €
We have to prove that f € H”.
Let g(A) = % f(N). Conditions (6.6) can be easily transformed into

i
Me2g(\) +g(=N)} € L?
with g € H?. Let G denote the Fourier transform of g. Obviously, G € L?(R,)
since g € H?. In these terms we have
{GEa+1) + G(-0)} € I, (6.7)
Since the supports of the functions G(2z + t) and G(—t) do not intersect, we get
from (6.7) that G’(t) € L?. Therefore A\g()\) € L?, and, consequently, f belongs to

f) e 12,

(6.6)

L? and, in fact, to H2. O
Corollary 6.2. Let sy = )%—w vy = 0. Then H?S%V”(z) = fl{zu’w}(z) for all
r <0.
Proof. We only have to mention that s_ = sy in our case and to use Theorem
1.3. ]
Corollary 6.3. Let s4 = )\%ri, vy =0. Then
. 2 _ 2
Jim HE (@) = HE o, 4(0). (6.8)

Proof. Obviously, limy_.,+o H{25+,V+}(x) = H{25+,V+}($o) for g > 0. Therefore by
s_ = sy and the duality stated in Theorem 1.3,

lim H?5+,V+}(LL') = H{25+,V+}(1L'0)

x—xo—0
for g < 0. Finally, we use Corollary 6.2
ll_l,n;lo H{2-9+w'f+}($) = J,I_ifr_lg H{2-9+=V+}($) = H{2-9+=V+}(O)' U
This means, in particular, that the canonical system related to the given
scattering data is not a Sturm-Liouville equation.

Indeed, let A(wo,1;A?), 29 < 71, be the transfer matrix (4.24) (or (4.29)).
Recalling (4.27), we write

[ve(;)(z]) 6(21)(1'1)] = [egl)(xg) ve(12)(xo)] A(zo, 115 A%).
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We also introduce B(xg, 71; A?) by

[veg)(xl) e(zl)(xl)} = [ve(22)(:c0) egl)(xo)] B(z0,71; A%), (6.9)

so that we have the chain rule
Az, x93 A2) = Ao, 21; A2)B(21, 295 A?).
Fix zp < 0, put 3 = 0, and let
B(N\?) = lim ~%B(x1,0; A2%).
Using (6.9) and (6.8) we have
[vegz)(:cl) 6(21)(131)] = [végz)(xl) é(zl)(azl)] B(N?), (6.10)

where (see (4.4), (4.5))

D0 = /%{.u,w}(% Ao; ) D) = ]:C{s+,u+}(/\7 */:\0:, ) .
1o gsy vy (A dos )| [1e(sy vy (A —=Aos2)]|
Thus B(\2) is a non-trivial divisor of 2(wo, ; A?) for x > 0. The chain 2(zg, z; A?)
is not even continuous in x,
zliIEOQl(:L'O, 23 A%) # A(zo, 0; A?).

Of course, we can get an explicit formula for B(\?). Since B depends on A2,
(6.10) implies
2 e vy 0] [ ey ey | o) 0 )
Lé)(—A) () e 9= D D) g mon.
or, with the help of (6.5),
k(/\m)\o){ k(A =Xo) k(A AO)} {U(A) 0}
kE(Xos o) [K(=A, =Xa) k(=X Ao) 0 1
kL =Xo) R\ o) ] [y 0 6.11
=[S A [ 1 =en o
k

LT AL TR A EOA) T PO 0] g2
*{2[1 1] {( A Ao) KA 00 1) B
Thus, directly,
N W i P Y P DY 2
1+ 4Im )\olf{m[i)\er)\% )\2+)\2 + 17 B(\%).
Note that the determinant of the matrix in curly brackets is 1+4Im \g, so B(\2)
is indeed an entire function of A% (a linear polynomial),
1 i [-A2402 A2+ 02
)= I 0 I
B V1 + 4Im AO{ +Re/\g{)\2—)\% X2\
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7. Appendix 2. On a certain sufficient condition

7.1. On a certain sufficient condition

The following lemmas are related to attempts to rewrite the As condition for the
spectral density [20] directly in terms of the scattering function.

Lemma 7.1. Let ~
W= [1 S*} )

S+ 1
The following conditions are equivalent

Qv (i) o [f0)) = o v [56) i) o
forall f € L3, ©HZ, and
) 1P <QIf Iz (7.2)
for f=(t) € H2 ,teT.

Lemma 7.2. If (7.2) holds, then H2 = H2

2 | moreover the norm in H? s equiv-

alent to the standard H?-norm.
Lemma 7.3. H2 = H2 implies ﬁi =HZ,
Proof. H, =(L; e HI )" = (L e HI)*
_ 72 T2 N 2
_L5+ e(HS,) _H5+' g

Nevertheless, we cannot guarantee that the norm in H, 3+ is equivalent to the
H2-norm. Thus in addition to (7.2) we have to impose the condition

B

for all f € H? (this is exactly the condition on equivalence of the norms). Obvi-
ously, the last inequality is the same as

R e
Thus we get
Theorem 7.4. The combination of the following two conditions
(WEP,WHE, (W3 PLW3)F) < Q(F, F) (7.5)

i _wi | f® 2 2
with F = W2 {ff(f) and f € Ly, ©H , and
(WEPW™3)F (W3 P,W™3)F) < Q(F, F) (7.6)
with F = W2 {g;((%} and f € H? is equivalent to the first (or the second) condition
from [20], Theorem 3.1.
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Proof. Relation (7.5) is a slight modification of (7.1) and (7.6) of (7.4), respec-
tively. Observe that if (7.6) holds with f € H?, then every f € HZ, belongs to

H?2. Therefore, in fact, (7.6) has a perfect sense for f € H?2 . O

In any case, W € A is a sufficient condition for (7.5), (7.6). Let us transform
this matrix condition into a scalar one.

Lemma 7.5. W is in As if and only if

1 / s — (se)r+ (1= [(s4)1]*)
sup — dm < oo, (7.7)
r I Jr L—Isqf?
where for an arc I C T we put
1
(1)1 1= —/s+ dm. (7.8)
I Jr
Proof. By definition we have that there exists ) > 0 such that
Whr<Qw);! (7.9)

for all I C T. Note that

=i, T}:L; U6 1oimel b &

Therefore (7.9) is equivalent to

E bﬁsm\?} [(1) WW”*[@ ﬂ B 1&5”1'2]@.

Since the matrix in the RHS is positive, its boundedness is equivalent to the
boundedness of its trace. The last condition with a small effort gives (7.7) and
vice versa. O
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Remark on the Compensation of
Singularities in Krein’s Formula

A.B. Mikhailova and B.S. Pavlov

Abstract. We reduce the spectral problem for an additively perturbed self-
adjoint operator Hy = Hy — V, to the dual problem of finding zeros of the
operator function

Sign V — [V["/*[Ho — N 7' |V['/2,

and develop the Schmidt perturbation procedure for the resolvent of Hy .
Based on Rouche theorem for operator-valued analytic functions, we observe,
in the Krein’s formula for the perturbed resolvent [Hy — AI]™*, the compen-
sation of singularities inherited from Hy, and suggest a convenient algorithm
for approximate calculation of the groups of eigenfunctions and eigenvalues
of the perturbed operator.

Mathematics Subject Classification (2000). Primary 47N50; Secondary 35Q40.

Keywords. Lippmann-Schwinger equations, eigenvalues, eigenfunctions.

1. Introduction: formal solution of the Lippmann-Schwinger
equation and Krein’s formula

The non-homogeneous equation with self-adjoint operators Hp, and V' in a Hilbert
space E

[Ho—V = Mu=f (1.1)

can be conveniently reduced, see [1], to the corresponding Lippmann-Schwinger
equation

w=[Hy—M|™" f+[Ho— M]"" Vu:= R} f + R3Vu. (1.2)

The formal solution of this equation leads to the dual problem of localizing zeros

of a relevant operator function. Indeed, assuming that the perturbation V = V+

is bounded, we represent it as V = |V|'/20y|V|/? with a unitary self-adjoint

The authors acknowledge support from the Russian Academy of Sciences, Grant RFBR 03-01-
00090.
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operator Oy = [Oy]T = Sign V acting in Ey = |V|1/2E. Then we rewrite (1.2)
as

VIY2u= VIR + [VIV2R|V ]V 20v V] 2, (13)
and find [V|'/?u as

-1
VIY2u = [1y = V2R VI 20y VIV2RS S, (1.4)

where Iy is the restriction of identity to Fy. This gives a convenient formula for
the solution of (1.2)

Iy
Ov — [V[\2R}|[V['/2

A similar formula in operator extension theory was first suggested by M. Krein, see
(2], and, in different form, by M. Naimark, [3], as a device for the parametrization
(of resolvents) of self-adjoint extensions of a given symmetric operator. Later,
the idea of reducing the eigenvalue problem for the additively perturbed op-
erator Hy = Hy — V to the dual problem of zeros of the denominator D =
Ov — |[V|'2R|V|'/? appeared in [4, 5], and, since publication [7], is called the
Birman-Schwinger principle. All these formulae are based on the reduction of
the inversion of an infinite-dimensional operator to the simpler problem of in-
version of the corresponding denominator D with a compact or finite-dimensional
[VI'/2RY|V|'/2. In this paper, for historical reasons and for sake of brevity, we
refer to the corresponding formula for the resolvent

u= [R§+R§|V\1/2 |V\1/2R§} 1. (1.5)

Iy
V= VIRV

as general Krein’s formula. In the original Krein formula [2] the denominator D
is finite-dimensional. The above derivation of the formula, in case of Schrédinger
operators with general bounded self-adjoint perturbations V', which are in a certain
way subordinated to Hy can be found in [6].

Both summands in the right side of (1.6) are singular at the eigenvalues of the
non-perturbed operator Hy. For one-dimensional V', the singularities of the first
and second summands in the right side of (1.6) inherited from the unperturbed
operator Hy, compensate each other, so that only zeros of the denominator D arise
as isolated eigenvalues of the perturbed operator Hy — V. The compensation of the
singularity inherited from a single simple eigenvalue of the unperturbed problem
was noticed in [8, 9, 10, 11] and used for approximate calculation of resonances in
[12]. Though it was commonly expected that the singularities of both summands in
the original Krein formula compensate each other in case of isolated singularities,
but the proof of the fact for a group of isolated eigenvalues requires a deeper
insight into the problem and revealing connections with the Schmidt perturbation
procedure, see [1].

The standard analytic perturbation procedure, see [13], is applicable to the
problem of perturbation of an isolated eigenvalue Ao of the operator Hy, if the

RY :=[Ho—V =" :R§+R§\V|1/2e [VI'2RY  (1.6)
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perturbation V' : Hy — Hy = Hy — V is dominated by the spacing of the non-
perturbed operator Hy at the eigenvalue \g :

201V ll< min (A= ol =t p(). (L.7)

A modified (“Schmidt”) analytic perturbation procedure sketched in [1] is
based on the conjoint perturbation of the eigenvalue Ay and the nearest to it
eigenvalue A; to the end of augmentation of the spacing p(Xg). Our version of
the Schmidt procedure permits to extend the tight bounds (1.7) of application
of the standard analytic perturbation procedure to the individual eigenvalues by
considering the simultaneous perturbation of a group of eigenvalues, situated on a
certain “essential” spectral interval A as zeros of the corresponding denominator
D, via comparison of it with the relevant model denominator D, based on the
operator valued Rouche theorem, [16].

In this paper, based on the announced compensation result for a group of
eigenvalues, see Section 2, we obtain in Section 3 convenient formulae for the
eigenfunctions and eigenvalues of the perturbed operator. In last section of this
paper, based on the compensation of singularities, we reveal a transformation of
the intersections of the dispersion curves of a periodic Sturm-Liouvilles problem
into quasi-intersections.

2. Compensation of singularities

The original Krein formula permits to reduce the calculation of the resolvent of
the perturbed operator to the construction of the inverse of the Birman-Schwinger
denominator:
ov — [VI'2R|V|'/? .= D. (2.1)
In case when the condition || |[V|'/2R|V|'/2? ||< 1 is fulfilled on a real spec-
tral interval A, the inverse D~! can be calculated based on standard analytic
perturbation procedure, see for instance [1], resulting in a corresponding Neu-
mann series. We extend the “Schmidt method” suggested by R.Newton, see [1],
to treat the perturbation problem for a group of few eigenvalues of Hy on A:
o(Ho)NA =: od = {A1, A2, A3, ..., An }. We denote by ¢1, @2, ¢3, ..., on the cor-
responding eigenfunctions, by Ea the linear hull of {Lps}ivzl, by P? the orthogonal
projection on it in E, and by H» = Zivzl Asps) (s the part of Hy in E®. Assume,
that the perturbation V is subordinated to Hy so that |V|'/2R}|V|'/? is compact
on the complement of 0® in the complex neighborhood Q4 of A, see in [14, 15] for
properties of compact-valued analytic operator functions. Then the denominator
D is a meromorphic function on Qa with a finite number of real poles A; and a
finite number of real vector zeros )\;/, e : D(/\Z) es = 0, es € E. These zeros are
eigenvalues, in Qa, of the perturbed operator, Us\Y = Jé. Hereafter in this paper
we assume that the sets o2, 09, are disjoint, o® N 09 =0.
Following [16] the indez of the vector zero zs of D denotes the total dimension
of the corresponding root space. For instance, for an elementary Blaschke factor
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B of degree k in the upper half-plane S\ > 0, with a complex zero z; and an
orthogonal projection Ps onto the null- space {v : B(z,)v = 0},

A — 2
A= Zg

k
B()) = ( ) P+ Pl P+ Pl=1,
the index is equal dim Ps; x k. For poles the index is defined similarly, but with
negative k. The total index of a meromorphic function in the domain € is the
(algebraic) sum of all indices at zeros and poles of the function situated in Q. The
operator version of Rouche’s theorem, proved by Gohberg and Sigal, see [16], con-
nects the total indices of two meromorphic operator functions D, Dy in a domain
Q, if the difference D — Dy := D is relatively small on the boundary:

If on the boundary 0K the inequality

sup | I —Dg'D ||=sup | Dy* 6D |< 1 (2.2)
o0 o0

is fulfilled, then the total indices of D,Dq in Q coincide. In particular, if the poles
of D,Dg coincide and have the same indices, then the total index of zeros of D in
Q coincides with the total index of zeros of Dg in €.

Combining the idea of Schmidt method, see [1], (2, Chapter 9) with Rouche’s
theorem for matrix valued functions, [16], we develop a perturbation procedure
and localize the isolated eigenvalues A of the perturbed operator. This provides
a basement for the proof of the compensation of singularities and the derivation,
in the next section, a formula for the eigenfunctions of the perturbed operator.

To formulate the main result of this section, we need specific notations. De-
note £ © E® =: E* and introduce Pgy =: P = I — P2, The identity operator
in B2 will be denoted by I® = P2| . We denote by H® the part of Hy in

EA
E2 and by H' the part of Hy in EL, the spectrum of H will be denoted by
ot. The resolvents of H® and H' will be denoted by Rf and Rf respectively,
Rf = Z)\beA %. A small complex neighborhood of A, specified below, will be
denoted by Qa.

In our analysis, when using the operator-valued Rouche theorem, we choose
Dy =: Dyeaq := OV — |V|V/2R{|V|'/2 and substitute the condition (1.7) by the
condition imposed onto 6D = Dt = |V|'/2R{|V|'/2, on a selected neighborhood
QAa, such that

sup | DX(N) ||= sup || [VIV2R3|V[V? < 1-¢ > 0. (2.3)
AEQA AEQA

Due to the maximum principle the weaker condition

sup | D*(A) = sup [[[V['ZRS|VIV? < 1—¢, e>0,
A€0QA A€
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is equivalent to (2.3). On the other hand, the following slightly stronger condition
also implies (2.3):

VI'2PH VY2 < (1 - A= A| = (1 —e)dist(,
s [IVIPAVI IS (e ot h = = (- 2)dist (),
(2.4)
We consider the matrix function acting in Ey
D=0y — |V['2R}|V|'/? = @y — D*. (2.5)

The matrix D is invertible on Q4 since (2.3) due to the Banach principle, because
of the geometrical convergence of the series:

D' =0" + 0D 0 + 6D eD 0 +- -
Lemma 2.1. If (2.3) is fulfilled on Qa, then D is invertible and
PAVIVAD (V)| VY2PA = V()
is analytic on Qa. It is represented by the geometrically convergent series

PA‘V‘1/2D—1()\)IV‘1/2PA _ PAVPA +PA‘V|1/2[D—1 7@V]|V‘1/2PA

= PAVP® + PAVRyVP® + PAVRYVRYVP® + ... = PAVP® 4+ 52,
where
l 1-¢
IS =l PAVE2 Y [OvDE] ev|VV2PA <[ PAVIY2 |12 —
>1
Moreover
=2y
a

Proof. The proof of the statements can be obtained via a straightforward estima-
tion of the above series. For instance (2.3) implies the above estimation for £ on
Qa and

$A PA|V|1/2Z [@VDL}’ ("')V‘Vll/QPA

>1
= P2V[Ry + R{VRy +---]VP?
I
=PV vps
Hi — M+ - pLvpt ’
hence A
b I
B2 _ pay sV P2 > 0. |
dA [Hi- — M+ - PLVPL]

We will also use the analytic matrix function d in E®
d=H” - \I* — PAV|'2D YWV |V2PA = HA — A2 =V ())
= HA - \[® — PAVPA —52()).
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Theorem 2.1. If, for given V.= V*, there exist a domain Qa such that the above
condition (2.3) is fulfilled, then the total multiplicity of eigenvalues of the perturbed
operator Hy —V in Qa is equal to the total multiplicity of the eigenvalues of Hy
on A and the perturbed eigenvalues can be found as zeros of d. The resolvent of
the perturbed operator is represented on Qa by the modified Krein formula

RY = R{ + Ry PHV|'/*D Y |V|'/2PL Ry (2.6)
[PA+R§\_PJ.‘V|1/2D 1‘V‘1/2PA] I [PA+PA|V|1/2D 1|V‘1/2PJ_RJ_:|

Proof. The group of leading terms of the denominator on the spectral interval A
includes Oy and the part of the spectral expansion of the unperturbed resolvent
in Ex: P2 RY PA = R, squeezed between the factors |V|'/2.

V1/2 V1/2 o
chadiz@v*|v|l/2Rf\V|l/2 oy +Z‘| <|‘ 99

(2.7)
The rest D+()\) := |V|'/2R{|V|'/2 of D, containing the part of the unperturbed
resolvent Ri in the complementary subspace, E+ = F'© E® can be estimated on
Qa, due to (2.4), as

VY2 vz |
dist(ot, \)

Due to the above spectral estimate of D+ and (2.3) D is invertible for A € Qa.
Note that functions D = Djeaq + D+ and Djeaq have the same singularities
in Qa. Then, based on the quoted operator-valued version of Rouche theorem, one
can localize the zeros of D comparing D with Dje,q. The inverse of D is calculated
on 2 via Neumann series. We calculate the inverse of D, solving the equation:

1D < <1-e (2.8)

{D7|V\1/2RQ|V|1/Q}u: WVI'2RYf, f e E. (2.9)

Multiplying it by D~! and introducing the new variable

N
0= vipe = RV,
s=1

with v = (A\s — A) (| V|Y/2p,,u), we consider the dot-product of the result with
V"2,
N
e = Ve = > (VY200 DHVY 20 )0, = (VY2 DTHVIYPRY ). (2.10)
s=1

This equation for v can be reduced, via multiplication (2.10) by ¢;, and subsequent
summation over ¢, to

(H® = M\I2) v — PAVII2DT VY2 P2y = PAIVIV2DYVV2RYf. (2.11)
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The analytic matrix function H® — A2 — PA|V|Y/2D=1V|/2PA = d is invertible
for all A € Qa, except the zeros of detd. Then, on the complement of the set of
zeros we have:
v=d"t PAV|V2D YV |V2R) .
hence (2.11) implies:
w=D V|V +D Y WV|'/2R)f

=D VR [PA dmt PAVIVED VIV 4 1) RS . (2.12)

Inserting the above result into the above Krein formula (1.6), we obtain

RY = R + RY|V|*/2D~Y|v|/2 {PA d~! PAV V2D V|2 4 1] RY. (2.13)

Both summands in the right side of (2.13) have singularities at the spectrum of
Hy. But we are able to observe compensation of the singularities. Let us represent
the left and right resolvent factors RS in the right side of (2.13) as

Ry =P*R}+ PR},
and consider the matrix elements of the second term in the right side of (2.13),

with respect to the decomposition F = E® @ E*, denoting the square bracket in
(2.13) as [PA AL PAV\2DHV|V2 4 1] = [«]:

RYPAVIEDTNV2[PA RY = a {} a,
Ry PHVIEDVIYPHPA RY = 1 {+) a,
RRPAVIEDTVIRPE Ry = s {#} 1,
REPLHVIV2D VY2« PL Ry =: | {x} 1.
The square bracket in the first expression can be substituted by
[{]PA = PA d~t PAIVY2D YV |V2PA 4 PA = d 7 [HA — ATA).

Then adding to a {*} o the component Rf of the first summand R(){ in Ea, we
obtain

R® 4+ aA{s}a =R |I+PAVIY2D YV |V/2pA 4! pA
=R [HY — M2 PAd™! PA=P2d7! P4, (2.14)
thus, the singularities of first expression at the eigenvalues of H, UA are compensated

by the singularities of the first term RS.
The second expression | {*} A is represented as

1 {*}a = Ry PHVI2D VY24 P2 RY
= Ry PHV]'?D 1V |V2d ™ [HS — AI®| Ry
= Ry PHV|V2D YV |V/2PA a7t PA. (2.15)
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Hence it is not singular at the eigenvalues of HOA. Similarly the third expression is
transformed:

A} =PA a7 |VV2DTYV|V2Ry.
The last expression | {*} ; does not have singularities at the eigenvalues of Hy
on A:

N {*}L — R}%‘V|1/2'D—1|V‘1/2PA d—IPA‘V‘1/2D—1|V‘1/2R>%
— Rx|V|'?*D~ Y|V |'/?Ry.. (2.16)

Summarizing the results derived, we obtain the announced form of the Krein for-
mula in the domain Qy:

RY =Ry{+ Ry PLV|\2D7 Y|V PL Ry
n PA+R*PL|V‘1/2D—1‘V|1/2PA] q-! [PA+PA|V|1/2:D—1‘V‘1/2PLR§]

The only singularities in the right side of the above expression in Q2 are the
zeros \Y € A of the N x N analytic matrix function d in agreement with the
elementary spectral perturbation result that the shift of the spectrum of Hy does
not exceed the norm of the perturbation. These zeros of d define the eigenvalues
of the perturbed operator Hy — V in Qa. Really, the left and right factors

PL 4 REPHVV2DYVV2PA) PL 4 PAVI2DTYVV2PARY  (2.17)

are invertible analytic functions on A, hence none of the vector zeros of d on A
can be compensated by the corresponding zero of the factor. |

3. Spectral results

Corollary 3.1. Group localization of eigenvalues. Assume that, together with con-
dition (2.3), the group localization of zeros of the operator function

d(\) = H® =M% — PAV(\)PA = HA —XI® — PAVPA —322())

is observed:
1. The discs B, centered at the eigenvalues AV of the operator H® — PAV P2,
with radii p,
Ay/(1/2 12
oo LAV 0 Pt | )
€
are contained in Qa.
2. The union Us B; = B is represented as a sum of non-overlapping connected
components B;: B = U;B;.
Then the total multiplicity of eigenvalues of the perturbed operator Hy — V'
in each component By coincides with the multiplicity of eigenvalues of HE =
HA — PAVPA in By.
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Consider, together with the denominator d, the “shortened” denominator
— M2 — PAVY20y|VY2PA = HA — XA — PAVPA = d;(\).

Estimate the deviation of the ratio [d;(A)]~'d(A) from the unity. We can estimate
the difference d(\) — d;(\) = 2 based on Lemma 2.1. Then, due to the spectral
estimation of the resolvent of HY

I [HE A2 <o
we obtain:
[ 1—dNd; (N [[<]| PAVI2 H2 “fci-e
pE

Hence the indices of zeros of d and d; in each connected component B; are equal
due to the matrix Rouche theorem. Since both functions are analytic in Qa, the
total multiplicity of zeros of d on each connected component B; is equal to the
total multiplicity of zeros of d;.

Choosing p,e properly, we may assume that the first condition Bj € Q4 is
always fulfilled.

Corollary 3.2. The perturbed spectral projections.

The spectral projections at the isolated eigenvalues of a self-adjoint opera-
tor coincide with the residues of the corresponding polar terms in the resolvent.
Though the operator function d = H® — \[4 — PAVPA — 5(A) is self-adjoint
if A € A, we should prove that all poles of d~! are simple. Note first that all
zeros of d are simple, because % =I%+ ‘é—)i > I. Now, assuming that )\[‘{, ep is a
simple vector zero of d, and denoting eg) (eg =: Py, we represent d in close vicinity
of \g as

d(/\):HA7/\IA7PAV()\0)PA7()\7)\O)dZ +O0{(A—X\)?}.

Neglecting the quadratic error, we represent, in the vicinity of Ao, the equation

AV = f
via the resolvent [H2 — AI* — PAV()\V)PA]71 =RY as
0 ds4 dzA

w=Rf = (A= AR~ A\ Ju~ Ry f — Py—7

A dX a

with the projector Py = eg) (eg. Due to Lemma 2.1 (e, %(/\(Y)eo) > 0, hence in
a small vicinity of Ay

1
u=Ryf— ———————— (/\V)R
A 1+ (e, & T ()\V) 0)
1 1
= Pof+---.
1 + <€07 %(/\X)e@ /\(‘)/ - )\
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Denoting by J, J* the left and the right factors (2.17), we calculate the polar
term of the perturbed resolvent at \g
1 JPyJ*
1+ (eo, T2 (A )eo) Ay — A
Then we conclude from the above formula that generally, for the simple vector

zeros of d, index one, the following holds
The vector zeros N/, vY of d are simple eigenvalues of the perturbed operator
Hy —V and the corresponding spectral projections are
v JPyJ*
PS = dEA

L+, (W)
The eigenfunctions of the perturbed operator may be obtained from the eigenfunc-
tions {v)'} of the operator HA — PAV(AY)PAV as:

v, =JvY,

with subsequent normalization.

-1
In case of multiple zeros of d the factor [1 + @Y, %()\Z)VX )] is substi-

tuted by the corresponding operator-valued function.

4. Example

While the standard analytic perturbation technique is aimed on a description of
the behavior of a single eigenvalue under a small perturbation, our version (2.6)
of Krein’s formula permits to observe the behavior of groups of eigenvalues under
perturbations. Note that considering groups of eigenvalues we do not connect the
eigenpairs of the perturbed and the ones of the unperturbed operator “one-to-
one” (individually), but just establish the correspondence between groups. This
additional freedom permits to observe transformation of the intersection of terms
into the quasi-intersection and details of the Landau-Zener phenomenon, see for
instance [18, 19].

In this section we consider the behavior of the eigenvalues and eigenfunctions
of the quasi-periodic Sturm-Liouvilles problem on a finite interval under a per-
turbation defined by a real continuous potential V. The role of the unperturbed
operator in Ls(0,1) is played by

Ho(p)u = —u", u € WZ(0,1), u(1) = e u(0), v'(1) = e®u'(0) (4.1)
with quasi-momentum p,0 < p < 27. The unperturbed eigenpairs are
db(x,p) = TP N (p) = (2w + p)*. (4.2)
The perturbed operator, with the potential V' is defined as
Hy (p)u = —u" + Vu, u € W(0,1),
u(1) = ePu(0), v'(1) = eP4/(0), 0 < p < 2. (4.3)
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It also has discrete spectrum with corresponding eigenpairs

Uy (@,p), Ay (p). (4.4)
The asymptotic behavior of the eigenvalues
v (p) = Xo(p) +O(1) (4.5)

with uniformly bounded error O(1) and the corresponding asymptotic of eigenfunc-
tions is obtained by WKB methods, see for instance [17]. The low-energy results
are obtained for a small potential by the analytic perturbation technique, see for
instance [20]. The above Krein formula (2.6) permits to describe the low-energy
spectral properties of the quasi-periodic operator for any real continuous potential.
Note, first of all, that the spacing between consecutive eigenvalues A (p),
)\f)*l(p) of the unperturbed operator is growing linearly with {. Hence one always
can select, for given continuous real potential V| a spectral interval A, such that
dist (o2 (p), o+ (p)) > 2 max |V|. Moreover, one can select A such that the parame-
ter ¢ in the condition (3.1) is large enough, to guarantee that the radius p estimated
in (3.1) is as small, as we need. Then the search of eigenvalues of the perturbed
operator, reduced by Theorem 2.1 to the search of zeros of the corresponding func-
tion d, is substituted by the much easier search of eigenvalues and eigenfunctions
of the finite matrix Hy — PAV P(A), with an error p. For the calculation of eigen-
values and eigenfunctions of the classical Mathieu equation with V(z) = cos2nz
for 7/2 < p < 3m/2 it is sufficient to choose A = [0, (Z£)?]. The spectrum o= is
situated above (47)2, hence dist (o (p), o (p)) > % >> 1 = max |V (z)], so that
€= % — 1 > 32. Then p can be chosen as 0.03. The original periodic spectral
problem in Lg(R) is substituted by the spectral problem with 4 x 4 matrix:

MNP0 0 0
0 A 0 o0
0 0 X o
0 0 0 N

W', Vg Wt V) (gt V) (ygt Vi)
@8, Vg ') @0, Vi) (WS, Vg (W8, Vg)
Wa, Vg ) W V) (W, V) (Wd, Vd)
@8, V') (W8, Vi) (W8, Vbg) (W8, Vg)

Here A\yt, A3, AJ, A2, are the eigenvalues of the unperturbed operator, with zero
potential, and v, t ¥3, ¥, Y2 are the corresponding eigenfunctions. The group
of unperturbed eigenvalues is situated on the interval [0, (77/2)?] and reveal an
intersection of terms depending in quasi-momentum p. The perturbed terms A,
I = —1,0, 1, 2, with non-trivial V' # 0, as functions of p reveal typical quasi-
intersections. The first order approximation of the perturbed therm is found as
zeros of the determinant det d. More precise results can be obtained in course of
analysis of the corresponding 4 x 4 matrix Hy — P2|V |20y |V|'/2PA.

di(\,p) = Hy — PAVP? =

+
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On Some Properties of Infinite-dimensional
Elliptic Coordinates

Andrey Osipov

Abstract. A number of the equations in classical mechanics is integrable in
Jacobi elliptic coordinates. In recent years a generalization of elliptic coordi-
nates to the infinite case has been offered. We consider this generalization and
indicate the connection of infinite-dimensional elliptic coordinates with some
inverse spectral problems for infinite Jacobi matrices and Sturm-Liouville op-
erators (two spectra inverse problems). Also a link with the rank one pertur-
bation theory is shown.

Mathematics Subject Classification (2000). 47B36; 49N45, 81Q10.

Keywords. Elliptic coordinates, Inverse spectral problems, Weyl function, Her-
glotz function, Rank one perturbation.

1. Introduction

One of the most powerful integration methods for equations of motion in classical
mechanics is separation of variables. In a number of important cases there exists
a substitution known as Jacobi elliptic coordinates which allows one to find such
separating variables. For example such problems of classical mechanics as plane
motion in the field of two attracting centers, Kepler’s problem in the homogeneous
force field and geodesic motion on an n-dimensional ellipsoid are integrable in
elliptic coordinates [1].

They can be introduced in the following manner. Consider the space H = CP
(or RP), a symmetric operator A in H with simple eigenvalues and a vector z € H.
Then we can define the elliptic coordinates (e. c.) of the vector x as the set of
numbers {~,}, which for some fixed C' > 0 satisfies the equation

(R)\LI) =C, R)= (A — /\E)fl.

This work has been supported by the Russian Foundation For Basic Research: project 05-01-
00989 and by the Ministry for Science and Technology of Russia: project NSh-5247.2006.1 .
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If we take the orthonormal basis {e,}!_; in H such that Ae, = A\, e,, and A, <
Ant+1, n=1,...,p— 1 then the above equation can be written as

O L ICIP .
Aooa = = (@),

n=1

Assume that z,, # 0 for all n. One can easily check that the above equation has
exactly p roots and 71 < A1, A—1 < Yn < An, n=2,...,p. For the coordinates
x; we have (see, e.g., [1]):

‘T|2 _ CHZ:l()\i - 'Yn) i—1
Hn#i(%ﬁ - 'Yn) ’

V.I. Arnold posed the following question [1]-[2]: Generalize Jacobi elliptic coor-
dinates to the infinite-dimensional setting and find equations of mathematical
physics integrable by this method.

The first step in this direction has been made by Kostyuchenko and Stepanov
in [3]. Considering a separable Hilbert space H instead of C? and applying the
above operator approach they found the necessary and sufficient conditions for
a sequence {7y,} to be the e. c. of a certain vector © € H. Unfortunately these
conditions are too restrictive for some cases important for the integration task. In
[4] Vaninsky considered a more general concept of e. c. which is operator-free. He
has shown that the Camassa-Holm equation (approximation to the Euler equation
describing an ideal fluid) is integrable in e. c. introduced in this manner.

The aim of this paper is to indicate the connection between both concepts of
e. ¢. and some two-spectra inverse problems. It allows one to formulate some known
results on these inverse problems in terms of e. ¢. Also our examples show that both
concepts of elliptic coordinates can be embedded into the rank one perturbation
framework. The first concept corresponds to the bounded perturbations and the
second concept to the singular ones.

.2

2. First definition of infinite e. c. and link to inverse problems

Consider a self-adjoint lower semibounded operator A in a separable Hilbert space
H with a simple purely discrete spectrum {A,}32 1, Ay < Xg < -+ < A\, — 00 as
n — oo. Let {e,}22, be its orthonormal eigenbasis. As in [3], define the elliptic
coordinates {v,}52; of a certain cyclic vector € H as the ordered roots of the
equation (1). If we define a function

o~ el
F(A):Z/\ =G an = (@),
n=1""

then (1) is equivalent to the equation F(A) = 0. This seems to be the most nat-
ural way to generalize the above definition of elliptic coordinates to the infinite-
dimensional case. FI()\) is a Herglotz function, so its zeros and poles interlace:

"‘/1<)\1<'YQ<)\2<"'. (2.1)
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Theorem (Kostyuchenko-Stepanov). Let the operator A is defined as above. A
sequence {152, satisfying (2.1) represents the elliptic coordinates of some vector

x € H and cyclic for A, iff the following condition holds
o0
> = m) < 0. (2:2)
n=1

In this case for the coordinates x; = (x,e;) of x the following equations hold:

(s — 1)
xiQ:CM_ i €N 23
il = L =) (23)

CYOn =) =3 ol (2.4)

It is interesting to note (see [4]), that (2.4) is a direct generalization to the
infinite-dimensional case of an ancient formula of Boole.

Now we discuss one inverse problem for semi-infinite Jacoby matrices consid-
ered in [5]. Namely, consider the matrix

b1 al 0 0
J=|@ b a 0| g 50 b, eR neN,

such that the limit point case (see, e.g., [6]) holds, and the spectrum of the cor-
responding self-adjoint operator J in the space {?(N) is purely discrete with the
accumulation point at +o0o. Denote by {e,}32, is the canonical basis in [2(N).
Let {\,}22, be the ordered sequence of eigenvalues of J (they are always simple).
Also consider the following bounded rank one perturbation of J:

Jn = J + h(es,-)e1, (2.5)

where h is a negative integer. Denote by {u,}52; its ordered spectrum (which is
also purely discrete). The problem studied in [5] is to find J and h for a given

{An}oiy and {pn}i2,.

First of all, we recall the definitions of the basic objects in the theory of Jacobi
operators [6]. Namely, for the operator J one can introduce the right-continuous
resolution of identity E(t) such that J = [, tdE(t). Then the spectral density
function p(t) of J is defined as follows:

p(t) = (E(t)e1, e1).
Vector e; is cyclic for J. Also consider the function
dp(t
MmO\ = (J = AE)~ter, e1) = / dp(t).
Jrt—A
which is called the Weyl function of J.
The solution f = {f,}52; of the equation

Jf=Af, XeC
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is uniquely determined if one gives f; = 1. For the elements of this solution the
following notation is standard: Pg(\) = fi+1, k € Z4, where the polynomial P, (of
degree k) is referred to as the kth orthogonal polynomial of the first kind associated
with J. If for some A = Ay, e |[Pe(An)]? < oo, then A, is the eigenvalue of
an operator J and f = f(\,) is the corresponding eigenvector. The coefficients
an = oo |Pe(An)|? are called the normalizing factors.

For the considered operator J the corresponding p(t) and m(A) are given by
the formulas.

pt) =" ai m\) =Y m (2.6)

An<t n=1

1= (en, el):/de(t) -y L @2.7)

(o2
n=1 "

Also

In general, p(t) or m(A) uniquely determines J [6]. In our case it means that the
knowledge of {A\,}22, and {a,}52; is enough for the unique reconstruction of .J.
It was shown in [5] that the normalizing factors of .J can be calculated by the

formula
—h Hn#i(lj‘i — Iin)

o = , ieN, 2.8
Ai = i TInzy (N = ) @8)
and the following trace formula holds
oo
Z()\n — fn) = —h. (2.9)
n=1

Therefore (2.8)-(2.9) give us a key to the solution of the above-stated inverse
problem. Also in [5] some sufficient conditions for a pair of sequences to be the
spectra of a Jacobi operator and its rank one perturbation were given.
On can easily obtain (2.8)—(2.9) by using the Kostyuchenko-Stepanov theo-
rem. Indeed, according to the Aronzajn-Krein formula
m(\)
1+ hm(X)

where mp () is the Weyl function of Jj.
Therefore {1, } being the poles of my (), satisfy the equation

> 1 1
> it
an(dn—A) A

n=1

mp(\) =

For the normalized eigenvectors fn of J we also have

N Py(M, 1
(fnvel): —U( ) = s ’ILEN7
V a‘ﬂ \Y4 a’ll
so {un} are the elliptic coordinates of the vector e; for C' = —}—IL > 0. Then the

formulas (2.8)—(2.9) follow directly from (2.3)—(2.4) and (2.7). In view of the above
we obtain the following result.
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Proposition 2.1. The spectrum of J and the elliptic coordinates {v,}2 of ex for
C= 7% > 0, uniquely determine J and h, and {y,} coincide with the spectrum
of Ji, defined by (2.5).

Now consider another vector ¢, cyclic for J. Define

J=J+h(¢,)p, h<0

t—1

and

where dj,7(t) is the spectral measure for ¢ associated to Jy,. Then applying the
Aronzajn-Krein formula we obtain that the eigenvalues of .Jj, satisfy the equation

. T 1 A
7; m + no 0, 7n="(fn 9)-

therefore they are e. c. of ¢. Conversely, if we take the e. c. {y,}52, of some ¢ for
C > 0, then one can check that {v,} is the spectrum of J — &(¢,-)¢

Note that according to the Stone theorem (see, e.g., [6]) the above-defined
operators A and J are equivalent. Thus we are coming to the following conclusion.

Theorem 2.2. Let the operator A in H be defined as above. Then for an arbitrary
cyclic x € H its elliptic coordinates for any C > 0 and the spectrum of its rank
one perturbation

1
A— a(x,)x

are identical.

3. More general definition and Sturm-Liouville inverse problems

As we see, the condition (2.2) plays an important role in the above construc-
tions. However, as pointed in [4], for the string spectral problem associated to the
Camassa-Holm equation, (2.2) does not hold for the spectra of the string with dif-
ferent types of boundary conditions. To overcome this obstacle, in ([4]) the infinite
elliptic coordinates were introduced in a more general way.

Namely, pick some C' > 0 and consider the function

F) =Yl 25— C (3.1)
A, >0,neN; A\, <Ap1 =00 as n— oo,

and satisfying the condition

A,
21t a2 =% (3.2)

n=1
We will consider the roots of F(A\) = 0 as the elliptic coordinates arising from
some sequence {A,} and C >0
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Theorem 3.1. The sequence {y,}22, represents the elliptic coordinates arising
from the sequence {A,}32, satisfying (3.2) and some C > 0 iff {yn} interlace
{An}:

’Yn<)\n<7n+17 HGN; )\N—1<0<7N+17

and the following condition holds:

o]

11 Ao (3.3)

n=1 Tn

(where the prime in the infinite product means that it does not include the factor
n=N).

Proof. Necessity. Consider the function (3.1), satisfying (3.2). Then it is not hard
to see (e.g., by using the Herglotz representation theorem) that F(A\) maps the
upper half-plane onto itself and its poles and zeros interlace. Also limy_,oc F'(A) =
—C. The F(\) admits the following representation [7]:

F(A):K(A_7N> ﬁﬂ K <0.

A=) T,
Therefore —C = limy—.—oo F(A) = K [, ; ’%.

Sufficiency. Suppose that the conditions of the theorem are fulfilled. Consider
the Herglotz function

I it 17)\/771
F(\) = 7nH:1’71 S

From the Herglotz representation theorem we obtain that

r- > 1 )\n
FO) =+ B+3 A5 -1
n n

n=1

where A >0, BeR, A, >0 and

n=1
Since limy—_oc F(A) = — 2, '5* > —oo we have A =0 and
= A'ﬂ)\n
Z 14+ A2 <
n=1
Thus F(\) admits the representation (3.1). O

A similar theorem has been proved in [4] (Theorem 5.2). The above theorem
is more suitable for our case.
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_ To see the examples of these e. c. consider the self-adjoint operator Lj, =
7% +g(z) in L%(0,7) with boundary conditions

y'(0) + hy(0) =0, (34)

y'(m) + Hy(m) =0, (3.5)

where h, H € R and g(x) € Cg[0,n]. Denote by {\!}°° | its ordered eigenvalues

and by ¢, = ¢! the corresponding eigenfunctions such that ¢, (0) = 1 and ¢/,(0) =
—h. The following asymptotic formulas are well known.

M=m-1242(H-h+3[7qr)d(r) +o(L), (3.6)

ol = [T d2(x)d(x) =F +o(L). (3.7)

The spectral density function py,(t) of Ly, and its Weyl function my,(\) are defined

similarly to (2.6) (a, = af). Now pick two values of h : hg = 0 and hy > 0.

Then, as shown in [8], the eigenvalues of Ly,, being the poles of mp, (A), satisfy
the following equation

- 1 1
n=1 - n\"\n

As we see from (3.6-3.7), for the spectrum of Lo and {7, = A"} the condition
(2.2) is no longer valid, whereas the condition (3.3) is valid. This allows us to
formulate the following result.

Proposition 3.2. For the operator Loy and any h > 0 the spectrum of Ly, represents
the elliptic coordinates arising from the sequence {O%Q} and C = %

The operators Ly, can be considered as singular rank one perturbations of Lo

(see, e.g., [9]).
Ly = Lo — h(¢,")¢,
where ¢ = dy, the delta function at zero. So for this case, similarly to (1) we can
define the elliptic coordinates of the singular vector ¢ for some C > 0 as the roots
of the equation
(0. (Lo =) '¢) = C,

and the spectrum of Lj, coincide with the e. c. introduced in this manner for h = é

Finally note that one may obtain a similar results for the Sturm-Liouville
operators considered in L?(0, 00), having a discrete spectrum and satisfying (3.4)

([8], [10]).
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Finite Difference Operators
with a Finite-Band Spectrum

F. Peherstorfer and P. Yuditskii

Abstract. We study the correspondence between almost periodic difference
operators and algebraic curves (spectral surfaces). An especial role plays the
parametrization of the spectral curves in terms of, so-called, branching divi-
sors. The multiplication operator by the covering map with respect to the
natural basis in the Hardy space on the surface is the 2d 4 1-diagonal matrix;
the d-root of the product of the Green functions (counting their multiplic-
ities) with respect to all infinite points on the surface is the symbol of the
shift operator. We demonstrate an application of our general construction to
the particular covering, which generate almost periodic CMV matrices re-
cently widely discussed. Then we study an important theme: covering of one
spectral surface by another one and the related transformations on the set
of multidiagonal operators (so-called Renormalization Equations). We prove
several new results dealing with Renormalization Equations for periodic Ja-
cobi matrices (polynomial coverings) and for the case of a rational double
covering.

Mathematics Subject Classification (2000). 47B36, 30F35, 47B32.

Keywords. Hardy Spaces, Riemann Surfaces, Spectral theory, Jacobi matrices,
iterations, expanding polynomials, CMV matrices.

1. Introduction

1.1. Ergodic finite difference operators and associated Riemann surfaces

The standard (three-diagonal) finite-band Jacobi matrices [9, 27] can be defined
as almost periodic or even ergodic Jacobi matrices with absolutely continuous
spectrum that consists of a finite system of intervals. We wish to find a natural
extension of this class of finite difference operators to the multi-diagonal case.

Partially supported by the Austrian Founds FWF, project number: P20413-N18 and Marie Curie
International Fellowship within the 6th European Community Framework Programme, Contract
MIF1-CT-2005-006966.
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The correspondence between periodic difference operators and algebraic
curves (spectral surfaces) was discussed in detail in [18]. Let us generalize this
construction to show (at least on a speculative level) how almost periodic or er-
godic operators give rise to a corresponding spectral surface.

Recall the definition of an ergodic operator (7, 19], see also [29]. Let (22,2, dx)
be a separable probability space and let 7 : @ — Q be an invertible ergodic
transformation, i.e., 7 is measurable, it preserves dx, and every measurable 7 -
invariant set has measure 0 or 1. Let {¢®)}¢_, be functions from Lg,, with q‘D
positive-valued and ¢(©) real-valued. Note that in the periodic case = Z/NZ,
where N is the period and 7{n} = {n+ 1}, {n} € Z/NZ.

Then with almost every w € Q we associate a self-adjoint 2d + 1-diagonal
operator J(w) as follows:

d
T2 = 3 P @rnn @ = {2.}32 0 € (Z)
k=—d

where i (w) := ¢ (T"w) and ¢ (W) 1= ¢®) (T Fw).
Note that the structure of J(w) is described by the following identity
J(w)S = SJ(Tw), (1)
where S is the shift operator in (?(Z). The last relation indicates strongly that one
can associate with the family of matrices {J(w)}weq a natural pair of commuting
operators (in the periodic case one just uses the fact that J and SV commute).

Namely, let Lﬁx(l2(Z)) be the space of {2(Z)-valued vector functions, z(w) €

12(Z), with the norm
el = [ Jls@P dx.
Ja
Define
(fm)(w) = J(w)z(w), (§m)(w) =Sz(Tw), =x€ LZX(F(Z)).
Then (1) implies
(J8z)(w) = J(w)Sz(Tw) = SJ(Tw)zx(Tw) = (5]z)(w).

Further, S is a unitary operator and J is self-adjoint. The space L3, (3(Zy)
is an invariant subspace for 5. It is not invariant with respect to J but it is invariant
with respect to JS?. Put

8y = SIL3,(3(Zy)),  (F8Y). = TSULE(2(2+).

Definition 1.1 (local functional model). We say that a pair of commuting operators
Ay :H — H and Ay : H — H has a (local) functional model if there is a unitary
embedding i : H — Hp in a space Hp of functions F(¢) holomorphic in some
domain O with a reproducing kernel (F — F({p), (o € O, is a bounded functional
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in Hp) such that the operators i,A; and i.As become a pair of operators of
multiplication by holomorphic functions, say

A1.’LW—>CL](C)F(C), A2.’L’?—>GQ(C)F(C)
As usual i, A is generated by the diagram

H X §
il il
Ho 4 Ho

Existence of a local functional model implies a number of quite strong conse-
quences. In what follows a(¢) and b(¢) denote the functions (symbols) related to
the operators (j G 4), and §+. Let k¢ be the reproducing kernel in Hp and let ];‘C
be its preimage i~k in L7, (1*(Z4)). Then

(Sthe,a) = (ke Sy) = (ke, bF).
By the reproducing property
(k¢, bF) = b(Q)F(C) = (b(Q)ke, F).
Hence, . .
<SikCrI> = <b(c)kC=‘T>'
That is ’%C is an eigenvector of 51 with the eigenvalue @ In the same way, ]ACC is

an eigenvector of (JS )% with the eigenvalue a(().
Thus, if a functional model exists then the spectral problem

Sihe =Bk , (2)
(78N ke = a(Q)ke

has a solution ];‘C antiholomorphic in ¢. Moreover, linear combinations of all 1%4 are

dense in L7, (I(Zy)). Vice versa, if (2) has a solution of such kind then we define

F(Q) = (z,k¢),  |IFI* := |||
This provides a local functional model for the pair §+, (f §d)+.
The following proposition is evident.
Proposition 1.2. Let Y : L3, — L2 be the unitary operator associated with the
ergodic transformation T: (Uc)(w) = ¢(Tw), ¢ € LZX. We denote by the same
letter q both a function q € L, and the multiplication operator q (e.g., (g¢)(w) :=
q(w)e(w)). Problem (2) is equivalent to the following spectral problem

d
{ 3 ukq“%’“(o} cc = 2(Q)ec, ©

k=—d
where z(¢) = a(¢)/b%(¢) and c¢ is an anti-holomorphic L, -valued vector function.

Moreover {c¢} is complete in LSX if and only if {kc} is complete in L3X(12(Z+)).
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We may hope to get a global functional model, see Section 2, on a Riemann
surface

Xo={(z,b) : |b| <1}
with a local coordinates ¢ given by (3). We do not claim that the global model
always exists (even existence of a local model requires some additional assump-
tions on the ergodic map and the coefficients functions). But, in particular, in the
periodic case, when L(ZZX =CV, we have

Co C1

CN-1 Co R
1 0
where ¢, := c({n}) and the ¢(*)’s became the diagonal matrices. Thus (3) means
that the N x N matrix has a nontrivial annihilating vector and we arrive at the
curve X in the form:

d
det { > ukg®vk — El} =0

k=—d

and the restriction |b] < 1.

The surface Xy is in generic case of infinite genus. However we can reduce
it because X possesses a family of automorphisms. Assume that Xy = D/
is its uniformization with a Fuchsian group T'o. Let e(,} be an eigenvector of U
with an eigenvalue fif}. The systems of eigenfunctions and eigenvalues form both
Abelian groups with respect to multiplication. Using (3) we get immediately that
{7} : (2,0) = (2, py4yb) is an automorphism of Xy. Taking a quotient of X, with
respect to these automorphisms we obtain a much smaller surface X =D/I", I =
{7T'0}. In periodic case this means that (1.1) is actually a polynomial expression in
z, X and A~! where A := bV (since it is invariant with respect to the substitutions
b e2™iNDh, 0 < k < N), see [18], see also Section 6.

Note that z is still a function on X but b becomes a character automorphic
function. Finally, using z we may glue the boundary of X, remove punched points
(where z = 00) and get in this way a compact Riemann surface X, , such that

X = (X \ {P: (P) = oo}) \ E.

The simplest assumption is that the boundary E is a finite system of cuts
on X,. In this case we get that the triple {X.,z, E} characterizes the spectrum
of a finite difference operator. We came to this triple basically due to heuristic
arguments, but the opposite direction is already a solid mathematical fact: every
triple of this kind gives rise to a family of ergodic finite difference operators [18,
Sect. 6]. In Sections 2 and 3 we give details on constructions of such operators
using the theory of Hardy spaces on Riemann surfaces.
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Now we would like to note that one can describe all triples of a given type
up to a natural equivalence relation. This natural parametrization of the triples
is one of the main point of the current paper. It allows us to put consideration
from the pure algebraic points of view to a wider setting and to recruit very much
analytic tools.

1.2. Parametrization of the spectral curves in terms of branching divisors

Probably the best-known result in spectral theory of the nature we want to discuss
deals with the description of the spectrum of periodic Jacobi matrices, see, e.g.,
(17, 27]. Such a set E should have a form of an inverse polynomial image F =
T~Y([-1,1]). The polynomial T' should have all critical points real {cj, : T"(cx) =
0} C R, moreover all critical values t := T'(c;) should have modulus not less than
1 and their signs should alternate, i.e.: |T'(¢x)| > 1 and

T(ck—1)T(ck) <0 for -+ <epog <cp <---.

The claim is that the system of numbers {¢; : |tx| > 1, tr—1tx < 0}, determines
a polynomial with the prescribed and ordered critical values ¢;, uniquely, modulo
a change of the independent variable z — az + b, a > 0,b € R. The proof uses a
special representation of T":

T(z) = £ cosd(z),

where ¢ is the conformal map of the upper half-plane onto the half-strip with a
system of cuts:

D={w=u+iv:0<v<md}\Up{v=rk, u<h},

where d = deg T and cosh(hy) := |tg|, ¢(c0) = oco.

We mention a more general theorem of Maclane [15] and Vinberg (28] on the
existence and uniqueness of real polynomials (actually, and entire functions) with
prescribed (ordered!) sequences of critical values. In the case of polynomials, this
theorem says that there is a one to one correspondence between finite “up-down”
real sequences

s Slgm1 2t St 200
and real polynomials whose all critical points are real, also, modulo a change of the
independent variable z — az + b, a > 0,b € R. The MacLane-Vinberg theorem is
based on an explicit description of the Riemann surfaces spread over the plane of
the inverse functions 7.
To be more precise in the general case we start with the following

Definition 1.3. We say that two triples (Xcq, 21, E1) and (X¢a, 22, E2) are equiv-
alent if there exists a holomorphic homeomorphism h : X.; — X 5 such that
21 = h*(22) and Ey = h(E)).

Note, that for any triple (X, z, E) the holomorphic function z : X, — C,
C = CU {oc}, is a ramified covering of C. The fact is that it is possible and
very convenient to describe equivalence classes of ramified coverings in terms of
branching divisor. Namely, a point P € X, such that Z—Z| p = 0 where (¢ is a
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local holomorphic coordinate in a neighborhood of P is called ramification point
(or, critical point). Its image z(P) is called a branching point (or, critical value).
The set of all branching points of function z form a branching divisor of z. Note
that infinity also can be a branching point. Since in our consideration it plays
an exclusive role it is convenient in what follows to denote by Z := {z}, all
branching points from the finite part of the complex plane C.

Clearly, branching divisors of equivalent functions are the same. Moreover,
the compact holomorphic curve X, is also uniquely determined by the branching
divisor and some additional ramification data (of combinatorial type). Namely,
assume that z has degree d. Let wy € C be a non branching point. Fix a system of
non-intersecting paths v = {7;}i=1,... ~. The ith path 7; connects wo and z;. We
want to construct a system of loops I; C C. To construct I; we start from wy and
follow first ; almost to z;, then encircle z; counterclockwise along a small circle
and finally go back to wg along —v;. Using I; we associate with each branching
point an element of the permutation group o; € X4.

The point wg has exactly d preimages. Let us label them by integers {1,...,d}.
Let us follow the loop I; and lift this loop to X. starting from each of the preimages
of wg. The monodromy along path [; gives us a permutation o; € ¥, of preimages.
We add to this system of loops one more /o, related to infinity (starting from wg
we go sufficiently far then make a big circle in the clockwise direction and go back
to wp). This loop gives us one more permutation o.

Note that the product o1+ - --on times 0 is the identity operator. Therefore,
the function z, including its behavior at infinity, determines N branching points
and N permutations. These permutations are not uniquely defined, they depend on
the labeling of preimages of wy. Therefore, they are determined, up to a conjugacy
by the elements of 3.

Given a set of branching points Z(z) = {z;}i=1,..8 C C and a system of
permutations o(z) = (o1,...,0n) € Bg X - -+ X ¥4/5q, where the last quotient is
taken with respect to diagonal conjugation, we can restore by Riemann theorem
the surface X. and the function z. Actually there is one more topological condition:
the surface should be connected. Throughout the paper we assume that the system
of permutations guaranteed this condition to be hold.

Hence, the triple (X, z, E) is equivalent to the triple (Z,0,, E). We use this
triple as free parameters determining the spectral surface of a 2d + 1-diagonal
matrix.

Summary. Comparably with the case of Jacobi matrices, where we have only sys-
tem of cuts (spectral intervals) in the complex plane, in the multidiagonal case
we have a new additional system of parameters. We have to fix in C a system of
critical points Z, and associate to them a system of permutation o, which actually
depends on the base point wy € C\ Z and the system of paths . They define a
Riemann surfaces X. and a covering z. Then on the set z71(R) C X, we chose a
system of cuts E, and thus (X, z, E) is restored up to the equivalence 1.3.
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Remark 1.4. As it was mentioned by the branching divisors language one can
extend consideration from the pure algebraic level. In particular, we are very in-
terested in infinite-dimensional generalizations: the point is that starting from the
5-diagonal case we have the branching divisor Z as a completely new system of
parameters characterizing the spectral surface. What is its influence on the proper-
ties of the corresponding surface? Consider, indeed, the simplest case of 5-diagonal
matrices. Then we have just to specify the point set Z (all permutations are of

1 2
the form o; = (2 1
of points Z to, say, a finite system of cuts E so that X, \ E is of Widom type,
or of Widom type with the Direct Cauchy Theorem (for the definition of these
type of surfaces see [12], see also [26] for their role in the spectral theory)? We
provide here the following ezample. Let W(z) be the infinite Blaschke product in
the upper half-plane with zeros at {zx}r>0. Define

R={P=(z,w):w>=W, Sz>0}.

>) ‘What is the speed of accumulation of an infinite system

Then /222 is the Green function in R. Note that C = (2,0), k > 1 are its

—Z

critical points, and therefore the Widom function is

A= /W@_
Z— 20

Note that the Carleson condition for this function on fR is the standard Carleson
condition for {zj}r>1 in the upper half-plane. Thus the Blaschke and Carleson
conditions on the zero set in the half-plane guarantee that R is of Widom type
and of Widom type with the Direct Cauchy Theorem respectively.

1.3. Structure of the paper and main results
In Section 2, having the spectral surface fixed, we define a system of Hardy spaces
on it (natural counterparts of the Hardy space in the unit disk). In that section
we assume that there is only one “infinity” Py € X.\ E, z2(P)) = oo, that is,
the product of permutations oy - --- - oy is a cycle. There is an intrinsic basis
in the Hardy space: each next basis elements has at Py a zero of bigger and
bigger multiplicity. Of course, this is a counterpart of the standard basis system
{¢"}n>0 in the standard H2. Extending this basis to the negative integers (the
system extends in the direction of functions having a pole at Py with growing
multiplicity) one gets a basis in the whole L2. Finally the multiplication operator,
by the covering map with respect to this basis, is the 2d 4+ 1-diagonal matrix (to
this end it is important to note that z has a pole of multiplicity d at P). The
complex Green function with zero at P is playing the role of the symbol of the
shift operator. Then we study the question of uniqueness of such a model for an
ergodic operator (see Theorem 2.3 and the example right after it).

The general case (several “infinities”) is considered in Section 3. Now the
d-root of the product of the Green functions (counting their multiplicities) with
respect to all infinite points on the surface becomes the symbol of the shift. We
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have the ordering of the infinities as one more parameter, defining the basis system
and the corresponding multidiagonal matrix.

In Section 4 we demonstrate, how an application of our general construction
to a particular covering, generate the well-known and now widely discussed almost
periodic CMV matrices.

Starting from Section 5 we discuss an important theme: covering of one spec-
tral surface by another one and the related transformations on the set of multi-
diagonal operators (so-called Renormalization Equations). Let 7 : Y, — X, be
a d-sheeted covering. For a system of cuts E define F' = n~!(E). Then we have
m: Y.\ F — X\ E. The study is based on the relation between the Hardy spaces
on these Riemann surfaces.

The Renormalization Equations generated by polynomial coverings have play-
ed an important role in studying of almost periodic Jacobi matrices with a singular
continuous spectrum, [5], see also [21], [22]. They act in the most natural way on
periodic Jacobi matrices, see Section 6.

In Section 7 we proof several new results dealing with Renormalization Equa-
tions for periodic Jacobi matrices: describe the complete set of their solutions; show
their relation with the Ruelle operators. Finally, we give a possible generalization
of the constructions from Section 6 for a wider class of almost periodic Jacobi ma-
trices with a singular continuous spectrum. In particular, we prove the Lipschitz
property of the Darboux transform.

Having in mind importance of the paper [3], where the Renormalization Equa-
tion generated by “just” quadratic polynomial was used, we investigate in Section
8 the case of rational double covering w(v) = Tv — 77717 7 > 1. As usual, the renor-
malization procedure is simpler to formulate for operators acting on the (integer)
half-axis Z .

Definition 1.5. Let A be a self-adjoint operator acting in li = [?(Z4) with a
cyclic vector |0) and the spectrum on [—1,1]. We define its transform 7*(A) in
the following steps. First we define the upper triangular matrix ® (with positive
diagonal entries) by the condition

A% 4 4r(1—1) = 3.
Then we introduce A, := ®A®~! and define the operator
kY
o A
acting in 12 @ (2. Finally, using the unitary operator U : I3 — I3 @2, such that
Ul2k) = k) ®0, Ul2k+1)=0@ |k)
we construct

" 1 ] A &
W(A)::;U {cp A*}U:liﬂlf_.
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We give a theorem (see Theorem 8.8) on the weak convergence of the itera-
tive procedure 4,11 = 7*(4,) to an operator with a simple singular continuous
spectrum supported on the Julia set of the given expanding mapping and pose
here a question on the contractivity of the renormalization operator, at least for
large values of 7. The main general conjecture deals with contractivity of all renor-
malizations, generated by a covering with sufficiently large critical values.

2. The Global Functional Model (single infinity case).
Uniqueness Theorem

2.1. Hardy spaces and bases

There are different ways to define Hardy spaces on Riemann surfaces, — the spaces
of vector bundles, multivalued functions or forms. These definitions are equivalent.
We start from 1-forms, the most natural object with this respect from our point
of view.

Let 7(¢) : D — X be a uniformization of the surface X = X\ E. Thus there
exists a discrete subgroup I' of the group SU(1,1) consisting of elements of the
form

_ {’711 Y12

T2t e
such that 7(¢) is automorphic with respect to I', i.e., m(v(¢)) = 7(¢), Vv € T, and
any two preimages of P € X are I'-equivalent. We normalize

Z(¢) = (zom)(C)

by the conditions Z(0) = oo, (¢?Z)(0) > 0.

Note that I' acts dissipatively on T with respect to the Lebesgue measure
dm, that is there exists a measurable (fundamental) set E, which does not contain
any two I-equivalent points, and the union U,ery(E) is a set of full measure. In
fact E can be chosen as a finite union of intervals, — the T-part of the boundary of
the fundamental domain. For the space of square summable functions on E (with
respect to dm), we use the notation LgmUE'

A character of I is a complex-valued function « : I' — T, satisfying

a(1172) = a(n)a(y), 71,72 €T,
The characters form an Abelian compact group denoted by I'*. The further Hardy
spaces on X are marked by characters of I'.
Let f be an analytic function in I, v € I'. Then we put

Al = LD 1o,
(v21€ + 722)
Notice that f|[y]2 = f for all v € T', means that the form f({)d( is invariant with
respect to the substitutions ¢ — v(¢) (f(¢)d¢ is an Abelian integral on D/T").
Analogously, f|[y] = a(y)f for all ¥ € T, @ € I'*, means that the form |f(¢)|? |d(]
is invariant with respect to these substitutions.

}7 Y11 = 722, Y12 = Y21, dety =1,



356 F. Peherstorfer and P. Yuditskii

We recall, that a function f(¢) is of Smirnov class, if it can be represented
as a ratio of two functions from H* with an outer denominator. The following
spaces related to the Riemann surface D/T are counterparts of the standard Hardy
spaces H? (H') on the unit disk.

Definition 2.1. The space A3(T, ) (A3(T, «)) is formed by functions f, which are
analytic on D and satisfy the following three conditions

1) f is of Smirnov class

2) finl=a)f (fivle=a()f) ¥yeT

9 [l <oo ([1s1am <o)

A3(T, ) is a Hilbert space with the reproducing kernel k((, (o), moreover
0 < inf &%(Co,Co) < sup k%(o, o) < oo
aer™ €T
Put

k() = k*((,0) and K"(C):K?(O):%<

We need one more special function. The Blaschke product
7(0) = ¢ [v(0
wo—¢ [T 2O nal
~ET,y#£12 1- ’V(O)C v

is called the Green’s function of I' with respect to the origin. It is a character-
automorphic function, i.e., there exists u € I'* such that

b(v(€)) = p(7)b(Q)- 4)
Note, if G(P) = G(P, Py) denotes the Green’s function of the surface X, then
G(m(Q)) = —log[b(¢)]-

We are ready to construct the basis in A?(I, o). Consider the following sub-
space of this space

{f € A}(T,a) : f(0) =0}
The following two facts are evident
1) {f € A}T,a): f(0) =0} = {bf : f € AH(T, ")} = bAY(T, p~"a),
2) A2(T,a) = {K*} @ {f € A}(T,a) : £(0) = 0}.
Thus
A2(T,a) ={K*} @ bA}(T, )

={K*} & {(bK** "} @ b2A2(T, p2a),

and so on.
Basically we proved the following theorem, note, however, that the second
statement is not a direct consequence of the first one.
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Theorem 2.2. Given o € I'*, the system of functions {b"K"V"}nEO forms an
orthonormal basis in A3(T, a); the system {b" K" " },.cz is an orthonormal basis

; 2
m Ldm\]E‘

2.2. The Global Functional Model

Of course the constructions in this section and our speculations in Section 1 are
closely related and of mutual influence. In this subsection we close the construction
from Section 2.1 by proving the Global Functional Model Theorem.

Let T'g := ker p1, pu given by (4), that is To = {y € " : u(y) = 1}. Evidently,
b(¢) and (2b%)(¢) are holomorphic functions on the surface Xo = D/T.

Assume that oy € T'g can be extended to a character on T, i.e.,

Qoo ={a el :a|l'y = ag} #0.
Note that the set of characters
Q, ={aecl*:aly=1}
where () =1 for all v € T is isomorphic to the set (I'/Tg)*.
Let us fix an element ég € 2q,. Since
{a el :ally =ap} = {&f: B € T* such that 8Ty = ¢}
we can define a measure dyaq, (@) on 4, by the relation

AXaro (@) = o (Q0B) = dx.(B),

where dx,(3) is the Haar measure on (I'/Tg)* (the measure dyq,(a) does not
depend on the choice of the element éy).

Obviously, 7« := u~la is an invertible ergodic measure-preserving transfor-
mation on Q = Q,, with respect to the measure dy = dxa,-

The following theorem is a slightly modified version of Theorem 2.2 given in [29].

Theorem 2.3. With respect to the basis from Theorem 2.2, the multiplication op-
erator by z is a 2d + 1-diagonal ergodic finite difference operator with Q = Qq,,
dx = dXay, Ta = p ta and ap = a|Ty. Moreover, the operators §+ and (j§d)+
are unitary equivalent to multiplication by b and (b*Z) in A3(To, o) respectively.
This unitary map is given by the formula

> bl ) = Y @@ K, f e Af(To, o),

{y}er/ro n€Z+

where the vector function x(«) := {x,(a)} belongs to L?lX(ZZ(Z+)).

2.3. Uniqueness Theorem

The natural question arises: up to which extend is our functional realization
unique?
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Theorem 2.4. Assume that a finite difference ergodic operator has a finite band
functional model that is there exist a triple {X,, Z, E}, a character ag € T* and a
map F from Q to ) := Qo such that FTw = p~'Fw, x(F~1(A)) = %(4), A C Q,
with dx = dXa,, here p is the character of the Green’s function b on X, \ E.
Moreover ¢ (w) = ¢ (Fw), where the coefficients G () are generated by the
multiplication operator Z with respect to the orthonormal basis {B"K ‘”‘_n}ngz.

If the functions Z and {dlog l;/dé} separate points on X, \ E then any local
functional model is generated by one of the branches of the function b.

For the proof see [23].

The following example shows that in the case when these two functions 2
and {dlogb/dz} do not separate points on X, \ E one can give different global
functional realizations for the same ergodic operator.

Ezample [23]. Let J = S 4+ S~ There exist a “trivial” functional model with
X.\ E ~ D. In this case J is the multiplication operator by z = (¢ + (=% with
respect to the standard basis {¢'} in L2. Note that b = ¢, thus

dlogb 1
) 1= ==,
b dz d_(dq

that is 22 + (wd) =2 =4, |(wd) ™! + 2| < 2.

On the other hand let us fix any polynomial T'(u), deg T = d, with real critical
values on R\ [-2,2] and define X.\ E = T7}(C\ [-2,2]) ~ C\ T71[-2,2]. As
we discussed the last set is the resolvent set for a d-periodic Jacobi matrix, say
Jo. Moreover T'(Jy) = J, and —log|b] is just the Green’s function of this domain
in the complex plane. So, using the standard functional model for Jy (see Section
7 for details) with the symbols v and b we get a functional model for J with
2 = T'(u) and the same b. Note that as before 2% + (wd)™2 = 4, [(wd)™* + 2| < 2

with w := %. ]
¥

Remark 2.5. In [8] the identity T'(Jy) = S?+S~¢ which holds for a periodic Jacobi
matrix Jo with spectrum 7~1[—2, 2] is called the Magic Formula. There it plays an
important role in proving counterparts of Denisov—Rakhmanov and Killip-Simon
Theorems for perturbations of periodic Jacbi matrices.

3. Several infinities case. Existence Theorem

Now we examine the situation in which the reduced surface X, has several “infini-
ties”, that is, the covering function z (the symbol of an almost periodic operator)
equals infinity at several (distinct) points on X..

We start with a simple example.
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3.1. A five diagonal matrix of period two

Assume that z is a two sheeted covering with only two branching points, say,

. e 2
21 = —2, zo = 2. Thus the corresponding substitutions are o3 = 09 = 9 1) In
this case X. is equivalent to the complex plane C, moreover we can put
1
z=v+—-, veC (5)
v

Thus, on this surface we have two “infinities” v = co and v = 0.
Note that z*(R) = TUR. We cut C over the interval [a,b], where 0 < a <
b < 1, that is we consider X, \ E of the form C \ [a, b]. We uniformize X, \ E by

a+b b—al/C(+¢
= _ D.
v 2 + B) 5 Ce

For v = co we have (y = 0. Solving

b

G2 cr1=0

b—a

we get the image of the second infinity in D, (; = — ﬁ;g As a result we get a

symbol function z : D — C (see (5), (3.1)) for the forthcoming operator with two
infinities (o, (.
Next we derive the symbol b for the shift operator. Recall that the Green
function in D is the Blaschke factor
(-G

b, = ¢, bClzl_CCI'

The product b¢,b¢, is the smallest unimodular multiplier that cancels poles of z.
Since b? is of the same nature, b2z is holomorphic with a unimodular function b
on T, we have b2 = b¢,be, -

Finally, we need a certain functional space and an intrinsic basis in it that
generalize the construction in Theorem 2.2. Recall b should be related to the shift
S, and we are going to define the periodic operator J as the multiplication operator
with respect to this basis. To this end we define the following functional spaces.
Given ay € T, k = 0,1, we associate the space H?(«p, ay) of analytic multivalued
functions f(¢), ¢ € D\ {¢o,¢1}, such that |f(¢)|? has a harmonic majorant and

fovi=af,

where ~; is a small circle around ;. Such a space can be reduced to the standard
Hardy space H?, moreover

H*(ag,on) = bRbZ H?, o = €™, 0 <7y, < L.

Lemma 3.1. The space bH?(—1,1) is a subspace of H*(1,—1) having a one-dimen-
sional orthogonal complement, moreover

H2(1771):{\/bflkCu}@sz(*l?l)v (6)
where ke, is the reproducing kernel of the standard H? with respect to ;.
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This lemma allows us to repeat the construction of Subsection 2.1. Iterating,
now, the decomposition (6)

H%(1, 1) ={\/be, k¢ } ® bH?(—1,1)
:{V b(lkCo} @ b{ V bCukCl} @bQHQ(L*l) ="

one gets an orthogonal basis in H2(1,—1) consisting of vectors of two sorts

bzm{ Vv bCl kCo} and b2m+1{ V b{okCl}'

Note that this orthogonal system can be extended to negative integers m so that
we obtain a basis in L2(1, —1).

Theorem 3.2. With respect to the orthonormal basis

L R o =2
n b2m+1 /bCUHk( m n=2m+1

the multiplication operator by z is a 5-diagonal matriz of period 2.

3.2. General case

Let z : X, — C be d-sheeted covering with d (distinct) infinities. Further, let D/T’
be a uniformization of X, \ E. For a given character a € I'* and a fized ordering
of infinities Py, P, ..., P; we denote by

e b; = bp, the Green function with respect to Pj, bj oy = pu;(v)bj, p; € T'";

o ki = kf,j the reproducing kernel of A3(T', ) with respect to P;,

KUt P k?
T kIl

Similar to the previous subsection we get
Theorem 3.3. Let b= (by .. .bd)ﬁ‘ With respect to the orthonormal basis

bdmb% bd; Ka(m )"
1 d— 1 ’

dm—+17d T K“#l Hpaopa) "™ _ 1
e = b b2..4bd 1 , n=dm + )

n=dm

1 el apy gt (g pa) ™™
pdmtd=lpd p TK, T , n=dm+d-1

the multiplication operator by z is a (2d + 1)-diagonal almost periodic matriz.

4. Five-diagonal almost periodic self-adjoint matrices and OPUC

We start again with the two-sheeted covering (5). We have X, ~ C and z~*(R) =
R UT, but let us, in this case, cut C on an arbitrary finite union of (necessary
non-degenerate) arcs on the unit circle, E ~ {T \ U._y(a;,b;)}.
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The domain X, \ E is conformally equivalent to the quotient of the unit disk
by the action of a discrete group I' = T'(E). Let

v:D— {C\ T} U{Uj(a;,b;)} (®)
be a covering map, voy = v, Vv € I'. In what follows we assume the following nor-
malization to be hold v : (—=1,1) — (ag, by), so that one can choose a fundamental

domain § and a system of generators {7_7-}_2-:1 of T" such that they are symmetric
with respect to the complex conjugation:
=3 ="

Denote by ¢y € § the preimage of the origin, v({y) = 0, then v({y) = oc. Thus the
infinities of z defined by (5) and (8) on D/T" are trajectories of (o and (o under
the action of the group I', Py = {7(¢o)}yer and Py = {7((o)}yer. There are two
infinities that we have in the case under consideration.

Thus, to define the function b (the symbol of the shift operator) we have to

introduce the Green functions B(¢, () and B((, (). It is convenient to normalize
them by B((o,¢o) > 0 and B(o, (o) > 0. Then

.. B
o(¢) = ¢ie B9 (9)
B(¢, o)
Also, we can rotate (if necessary) the v-plane so that ¢ = 0. Note that B((,(p) is
a character-automorphic function

B(v(¢), ) = u(7)B((,¢0), v€ET,
with a certain u € T*. By (9), B((, o) has the same factor of automorphy,

B((¢),¢0) = u()B((;¢0), v €T
By the definition ¥ = B(¢,{o)B(¢, (o) we get a multivalued analytic function b
on the punched surface {D/T'}\ { Py, P }.

In this case we have only two possibilities for ordering of the infinities:
{Py, P} and {Py, Py}. According to Theorem 3.3, to any of them, say the first
one, and to an arbitrary o € I'* we can associate the operator J = J(—1,1;a) by
fixing the space H2%(—1,1;a) = \/B((, (0)A3(a) and a natural basis in it. Up to a
common multiplier /B((,{p) it is a basis in A?(a) of the form

K¢, G0)s B(G QK™ (¢, ), B(GGo)B(G QK™ (¢, &), .-

Thus we get the same system of functions that we used describing almost
periodic Verblunsky coefficients [20]. The last one we can define by

K*(¢o, o)
ale) =a= "2,
(@ K*(¢o, o)
In [20] they appear in the following recursion

1

KT = al@)K (&) +p@BCOE™ (T gy
K2(Go) = a@K(C,G) + pla)B(G Q) K™ (¢, ),
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where

= K (6. %)
=p=+/1-—1a]?> = B({,l)—==—"—".
pla) =p=+/1-|al (€0, <o) Ko, 00)

The goal of this section is to represent J in terms of Verblunsky coefficients.

Lemma 4.1. With respect to the basis

ey K*(C,G0) /B(C, Go)y K2(C,Co)s BIC, QK™ (¢, o), -

(11)

the multiplication operator by v is a matriz having at most two non-vanishing

diagonals over the main diagonal. Moreover,

plap)plap?) 0 1
—plap)alap®) 0
v~ —a(ap)a(a) pla)a(ap=1)
* —a(a)a(ap=1)

Similarly, the multiplication operator by 1/v is of the form

0 0 T
plapa(a) — pla)plop)
1o~ | —alopa(e)  —plajaan)
* —a(ap™Y)a(a)

(12)

(13)

Proof. We give a proof, say, for (12). Recall (9), from which we can see that the

decomposition of the vector v(¢)K (¢, (o) begins with
a7 K (¢, o) K(¢, o)
W(OVK*(¢, &) = )
HORNG S =g o) T B q)
Multiplying by the denominator B(¢, (o) B(¢, () we get
B2(6,G0) K (¢.Go) =0k (¢. Co) + 1 K (¢, Q) B(C. Co)
+ea K¢, o) B(¢,G0)B(¢ Go) + -+ -
First we put ¢ = (. By the definition of p(a) we have
K (G0, o)
K (Go, o)
Putting ¢ = ¢p in (14) and using the definition of a(«), we have
I S () alop?) _
g 00 =
K1 (Co, Co)B(Cos o) plap?)

co = B*(Co, ¢o) = plap)plap?).

¢ = = —ployg) plap®)

+ CZKO‘(QCT)) +-

—plap)a(ap?).

(14)
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Doing in the same way we can find a representation for ¢ that would involve
derivatives of the reproducing kernels. However, we can find ¢y in terms of a and
p calculating the scalar product

ea = (B2((, Q)K" (¢, C0), B¢, ) B(C. C0) K (¢ Go))-
Since B((, (o) is unimodular, using (10), we get
_ <Ka# (676) — a(au)KaH(Cv CO)
plop)
Recall that k%(¢, (o) = K*(¢, ¢0)EK“(Co, Co) is the reproducing kernel. Thus
~a(ap) B(Co, G0)K*(C0, %) _  alap)

2T ) Kon(Go, o) p(w)m:*a(au)@~

To find the decomposition of the vector v(¢)B((, @)K"“H (¢, ¢o) is even sim-
pler since only two leading terms are involved. Note that all other columns of the

matrix in (12), starting from these two, can be obtain by the character’s shift by
1~ 2 along diagonals. O

k) B(C‘ <7O)Ka ((7 <70)>'

C2

Now let us remind the CMV representation for operators related to OPUC
24]. For a given sequence of numbers from D
g

..., @1, Ao, G1, A2, ... (15)

define unitary matrices

A = {ak Pr } sk =1 —|ag|?

pr - —ay

and unitary operators in [2(Z) given by block-diagonal matrices

_ A . Ay 1
Ao = Ay A =9 A, St
The CMV operator 2, related to the sequence (15), is the product
A = A({ar}) = AoAs. (16)

Theorem 4.2. Define the sequence ax = a(ap™%). Then v ~ A({ar}), see (16).

Proof. Note that the operators in (12) and (13) are mutually conjugated, therefore
the under-diagonal entries of both operators are also known. The rest is an easy
direct computation. |
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Theorem 4.3. With respect to the basis (11) the multiplication operator by z,

¢(a) 0
q(71>(a) q(72)((w71)
cv | d@ ()
* a9 (ap™)

is defined by the functions
47 (a) = plap)plar®), 4P (a) = plap){a(a) — alap®)},

and

¢ (@) = —2R{a(a)a(ap)}.

It is worth to mention that the second column is not only the shift by p~!, there
is also conjugation.

Proof. Recall that z = v+ 1/v and use the previous lemma. O

Using general constructions from [18] one can define and integrate the flows
hierarchy given by
A= (A" + A, A (17)
Note that for n =1, (17) gives the Schur flow [11].

5. Coverings

Discussing this subject we prefer to use a functional version of presentation of
Hardy spaces. First we introduce these spaces and then we will remark how they
are related to the spaces of forms.

Let wp, denote the harmonic measure on an open surface X, \ £ with respect
to Py € X.\ E. Note that wp, is the restriction of the differential ﬁdlog b(P, Py)
on E. By H?(a,wp,) we denote the closure of H*(a) in L? with respect to the
measure wp,. The natural question is how this space is related to the space with
another point fixed, say P, € X. \ E, or, more generally, with H?(a,w), which
denotes the closure of H*(«) with respect to an equivalent norm given by a
measure of the form w = pwp,, where 0 < C; < p < Cy < co. (By the Harnack
Theorem wp, and wp, satisfy this property.)

To answer it, let us define an outer function ¢, such that p = |¢|?. This
function belongs to H>°(3) with a certain § € I'*. In this case

f—of

is a unitary map from H?(a,w) to H?(af,wp,). Then the equality

t
(1) (P) kG (P; w)d(P)H(Q)) 12 (apor,) =(f(P), kG (P 0)(Q)) B2 (ar0)
=f(@Q)9(Q)
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shows that the reproducing kernels of H?(a3,wp,) and H?(a,w) are related by

kg (Piwn,) = kg (P;w)é(P)o(Q)
For the normalized kernels we have

4(Q)
16(Q)

Therefore the matrix of a multiplication operator in H?(a,w), with respect to
the reproducing kernels based basis, actually can be obtained by a character’s
shift for the matrix with the same symbol related to the chosen space H?(a, wp,).
(Let us mention in brackets a specific normalization of a basis vector given by the

K3 (Piwp,) = K&(Pyw)— <2 o(P).

unimodular factor ‘ﬁgg;‘ )

The relations between A?(a) and H?(a) are of the same nature. Indeed, let
p:D/T' — X\ E, p(0) = Py, be the uniformization of the given surface. Then
H?(a) is a subspace of the standard H? in D: f(p(¢)) € H? for f € H?*(a),
moreover

\mP:Avwwwmmw

where dm is the Lebesgue measure. Fix a fundamental set E for the action of '
on T, T = Uyery(E). Then

I1£112 :./E\f(p(t))lzld)(t)\Qdm(t)-,

where
[P =Yt
yer
Again, we can consider ¢ as an outer function and then
f—=(fep)

is the unitary map from H?(«a) to A?(a/3), where the character 3 is generated by
the 1-form ). The 3 here is a particular character, so when « runs on the whole
group I'* af covers also all characters, and we have one to one correspondence
between two ways of writing Hardy spaces.

But, as we noted above, working with coverings, it will be convenient to use
character automorphic H?2-spaces with respect to the following specific measure

o
:IZ (18)

associated with a system of points {P;} on X, \ E. Naturally in what follows P;’s
are infinities on X, \ E.

Now we can go back to the coverings. Let 'y (respectively I'y) be the fun-
damental group on X, \ E (respectively Y. \ E). We have 7, : I'y — I'x (7.(7)
is the image of a contour v € T'y) and n* : T'x — T'y (7*(7) is the full preimage
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of a contour v € I'x). Note that 7*m, = dId. The maps 7, : I's — I'y and
7w : 'y — I'j are defined by duality.

For a system of points {P;}._,, P; € X..\ E, define the measure w, on E by
(18). Let {Q\"}¢_, = 7=(P,). Define

w* = %ZwQ(;).
/F (f om)w” = /E fo.. (19)

/fw _/(Sf)w*, where (£f)(P Z Q). (20)

7r(Q) P

In this case

Moreover,

As a direct consequence of (19), (20) we get
Lemma 5.1. The map V : H?(o,w,) — H*(7*a,w*), defined by
Vf=/fonm, f€H*a,w), (21)

is an isometry with

(V*H)(P) = (£f)(P), [e H*(n"a,w"). (22)
Also,

D S )
=(Q")=P

for the reproducing kernel kg, € H2(a,w,).

Theorem 5.2. Let z, : X, \ E — C. Using the notations introduced above, assume
that

2z E—R, z7' (o) C{P}_,

*

Let z.(a) be the multiplication operator by z. with respect to the basis (7). For
an arbitrary ordering of {Q;:)}lgkgdﬂgigl subordinated to the ordering of {P;}
consider the operator z*(m*«) with the symbol z* := z, o and the, by (21),
related isometry V. Then, the following relations hold

V*z* (1*a) = z,.(a)V*, V*§¢=8V*, (23)

Equations (23) are very close to the so-called Renormalization Equations that
we start to discuss now.
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6. The renormalization of periodic matrices

We recall some basic facts from the spectral theory of periodic Jacobi matrices.
The spectrum E of any periodic matrix J is an inverse polynomial image

E=U7"-1,1] (24)

the polynomial U of degree g + 1 should have all critical points {¢y} real and for
all critical values |U(cy)| > 1. For simplicity we assume that |U(cy)| > 1. Then
the spectrum of J consists of g intervals

E = [bo, ao] \ (Uj_, (a;,b;))-
Also it would be convenient for us to normalize U by a linear change of variable
such that by = —1 and ag = 1. In this case U is a so-called expanding polynomial.
Having the set E of the above form fixed, let us describe the whole set of
periodic Jacobi matrices J(E) with the given spectrum. To this end we associate

with U the hyper-elliptic Riemann surface (the surface is given by (1.1) with
A=V N=g+1)

X={Z=(2,0):A=2U(z) + \"' =0}.

The involution on it is denoted by 7,

17 = <z§> e (25)

The set
X ={ZecX:|\N2Z)| <1}

we call the upper sheet of X. Note X, ~ C\ E, in fact, 2(Z) e C\ F if Z € X,.

The following well-known theorem describes J(E) in terms of real divisors on
X. The Jacobian variety of X, Jac(X), is a g-dimensional complex torus, Jac(X) ~
C9/L(X), where L is a lattice (that can be chosen in the form L = Z9 + QZ9 with
S0 > 0). Consider the g-dimensional real subtorus consisting of divisors of the
form

g9
D(E)={D =Dy - D¢, Dy =Y Z: % €X, (%) € [a;,bi]},
i=1

here D¢ is a point of normalization that we choose of the form

g
Dg =Y C;:Ci € X, 2(Ci) = (cv)i, [NCi)| > 1,
i=1
— the collections of the points on the lower sheet with the z-coordinates at the
critical points. (At least topologically, it is evident D(E) ~R9/Z9.)

Theorem 6.1. For given E of the form (24) there exists a one-to-one correspon-
dence between J(E) and D(E).
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Let now U and T be polynomials of the form described above, and let us
define U = UoT. Then we have a covering 7 of the Riemann surface X associated
to U by the surface X associated to U:

w(z,\) = (T'(2), \), (26)
note 7 : X4 — X,
According to the general theory, this covering generates different natural
mappings [16], in particular,
7.t Jac(X) — Jac(X),
and
7" Jac(X) — Jac(X).
Thus, in combination with Theorem 6.1, we get the map

D(E) ™% D(E)

|

JE) & gk

We study this map as described in the previous section.

The differential ﬁdlog b, restricted on 0X, is the harmonic measure dw
of the domain C\ E with pole at infinity. The space LP(8X ), in a sense, is the
LP space with respect to the harmonic measure, but it should be mentioned that
0Xy = (E —1i0) U (E +10), i.e., an element f of LP(0X ) may have different
values f(z 4 :0) and f(z —0), z € E, and HP(X,) is the closure of the set of
holomorphic functions uniformly bounded on X with respect to this norm.

Since A o = A we have the relation

bor =bl
Thus, we get
1 SN g~
fdw= / g SN 12) | (2)de (27)
OX4 X, ey

for every f € L*(0X,).

As it follows directly from (27), the covering (26) generates an isometric
enclosure

vyt H3(X) — H*(X,)
acting in the natural way
(v N)(2) = f(x(2)).

Remark. As it was mentioned, the function b is not single valued but [b(z)] is a
single valued function. We define the character p € I'* by

b(v(2)) = u(7)b(2).
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Let +; be the contour, that starts at infinity (or any other real point bigger than
1), go in the upper half-plane to the gap (a;,b;) and then go back in the lower half-
plane to the initial point. Assuming that by < --- < a; < b; < aj41 < -+ < ag, we
have p(vy;) = 672”1‘%, equivalently w([bj, ag]) = Q;i;j. Note that the system
of the above contours 7; is a generator of the free group I'*(E). In other words a
character « is uniquely defined by the vector

[a(n), a(r), ..., ay)] €T9.

This sets a one-to-one correspondence between I'*(E) and T9.

Recall the key role of the reproducing kernels &% in our construction. In this
particular case they are especially well studied [10]. First of all, they have an
analytic continuation (as multivalued functions) on the whole X, so we can write
k*(Z).

Theorem 6.2. For every o € I'* the reproducing kernel k*(Z) has on X ezactly
g sitmple poles that do not depend on o and g simple zeros. The divisor Dy =
91 Z; of zeros
k%(Z;) =0
with the divisor of poles form the divisor
div(k*) = D+ — D¢ (28)

that belongs to D(E), moreover (28) sets a one-to-one correspondence between
D(E) and T*(E).

The functions k® possess different representations, in particular, in terms of
theta-functions [16], and the map D — « can be written explicitly in terms of
Abelian integrals (the Abel map).

Summary. The three objects J(E), D(E) and I'*(E) are equivalent. Both maps
I'*(E) — D(F) and I'*(E) — J(F) can be defined in terms of the reproducing
kernels of the spaces H?(X,a), a € T*(E). The first one is given by (28). It
associates to k*(Z) the sets of its zeros and poles (the poles are fixed and the
zeros vary with «). The matrix J(«) € J(E) is defined as the matrix of the
multiplication operator by z(Z)

2(2)e5(2) = piesa(2) + ¢5eS(Z) + piaesa(2), Z€ X, s € Z,

with respect to the basis

e(2) = b (Z)K" " (2). (29)

s

It is really easy to see that J(«) is periodic: just recall that b9F! is single val-
ued, that is, 4971 = 1, and therefore the spaces H?(X 1, ) and H?(Xy, au~(0FD)
(and their reproducing kernels) coincide.
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Now we can go back to the Renormalization Equation. Note that 7 acts on

T'(E) in the following natural way:
my ={n(2), Z ey} e (E), for~el(E).
The map 7* : I*(E) — I'*(E) is defined by duality:
(*8)(7) = ().
Theorem 6.3. Let T, T~!:[-1,1] — [7171~], be an ezpanding polynomial. Let J
be a periodic ,{acobi matm’:{mithﬁpectmm E c [-1,1], and thereforejhere exists
a polynomial U such that E = U~'[-1,1] and a character & € I'*(E) such that
J=J(&). Then )
J = J(m*a) = Jr(J)
is the periodic Jacobi matriz with spectrum E = U™1[-1,1], U := UoT, that
satisfies the Renormalization Equation
T'(2)
d

where the isometry matriz V is defined by V|k) := |kd).

Viz =)V = (T(z) - ),

Remark 6.4. Let us mention that the Renormalization Equation can be rewritten
equivalently in the form of polynomials equations, as it should be since we have
the map from one algebraic variety, Jac(X), in the other one, Jac(X). Equation
(6.3) is equivalent to, see [21],

VT (J) = JV*,
v*%ﬁm" = T'(2)/d.

Proof of Theorem 6.3. First we note, that for the operator multiplication by z(Z)
in L2(0X ), the operator multiplication by Z(Z) in L?(0X ), the spectral param-
eter zo and the isometry

WH(2) = [(x(2)), v:L*0X) — L}(0X4),

we have
[ tglen@pa=[ (LS | ir@re. 6o
ox, %0 — %(Z) ox, \d _“—~ _z—2(2) '
7(2)=2
It is evident, that
1 3 L T'(z)/d
d 20—y T(z)—x

T(y)==
Thus B
v*(20 = 2(2))"'v = (T'(20) /d)(T(20) — 2(Z)) .
It remains to show that 7 transforms the basis vector € = b K% " into
= (B" o W)K”*(&ﬁin).

o _ pnd g (rr @)
end” ="K
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Or, what is the same, that K% om = K™ @ for all & € F*(E). Note that both
functions are of norm one in the same space H2(X, 7" @), in particular, they have
the same character of automorphy 7*& € I'*(E). Note, finally, that the divisor

div(k® o) = (D) — n~H(De),

where div(k®) = Dy — D¢, belongs to D(E), therefore k% o 7 is the reproducing
kernel and the theorem is proved. O

Probably it would be better to call (6.3) the Renormalization Identity in the
above theorem. The idea is that one can try to define J as the solution of (6.3)
with the given J. Indeed, in the case of one-sided matrices such an equation has
an unique solution. Now we demonstrate that in the two sided case for the given
periodic J we can find 24! solutions. This proof is based on Theorem 6.2. For an
alternative proof see [21].

To find all this solutions of (6.3) let us look a bit more carefully at the proof
of Theorem 6.3. Note that the same identity (30) holds for any isometry v of the
form

of =vef =0(f o),
where 6 is a unimodular (|f| = 1) function on 90X .

Concerning the second part of the proof, let us mention that the set of critical

points of U splits into two sets:

{ev} =T Hegh Ufer)-
Correspondingly,
> (Cu)y = > (Culry+ > (Cr)j,
kE m(Cu)k,;=(Cy)r
and the divisor of k% o 7 consists of two parts, the one that depends on &
7 1(D),
and the part that corresponds to the critical points of the polynomial T'

{(Cr);}i=t,

since
B B d—1 B d—1
D =div(k*om)=n"1(D)+ Y (Cr); — 7 '(Dc) — »_(Cr);.
j=1 j=1
d—

Thus we can fix an arbitrary system of points {Z. ; j=11 such that z(Z. ;) belongs
to the same gap in the spectrum F as the critical point (cr);. If 6 is the canonical
product on X with the divisor

d—1 d—1
div(0) = > Zey — Y (Cr);,
j=1 j=1



372 F. Peherstorfer and P. Yuditskii

then 6k o 7 is the reproducing kernel simultaneously for all & € F*(E) But to
make 6§ unimodular (zeros and poles are symmetric) our choice is restricted just
to Zcj = (Cr)j or Z.j = 7(Cr);. Note that 7(Cr); — (Cr); is the divisor of the
complex Green function b(.,,),. In this way we arrive at

Theorem 6.5. For an expanding polynomial T', and a periodic Jacobi matriz J=
J(&), & € T*(E) as in Theorem 6.3 there exist 2971 solutions of the Renormal-
ization Equation (6.3). Denote by ju(.,), the character generated by the Green’s
Junction biery s bier), ©Y = Mer),; (V)0(cr),- Then these solutions are of the form

d—1

Y L(+8(py.)
T T ) (e @

=1

as before
§=A{0r); b Oer); = £1-

Proof. We define the isometry

(0f)(2) = Hbfﬁi‘“” )| £x(2))

and then repeat the arguments of the proof of Theorem 6.3. O

7. The Renormalization Equation for two-sided Jacobi matrices —
general case

In this section we assume that
T(z) = 2% — qdz®1 +

is a monic expanding polynomial. Under this normalization 77! : [-¢, &] — [=€, €]
for a certain £ > 0. It was proved in [21] that the Renormalization Equation has
29-1 solutions for every two sided Jacobi matrix J with the spectrum in [—£, €],
not only for periodic one. Moreover, they are the only possible solutions. For the
reader’s convenience we formulate these theorems here.

By [2.(s) we denote the spaces which are formed by {|s + k)} with & < 0
and k > 0 respectively, that is I?(Z) = 1% (s) @12 (s+1). Correspondingly to these
decompositions we set Ji(s) = P )J|li(s) Recall that a (finite or infinite)
one-sided Jacobi matrix is uniquely determined by its so-called resolvent function

P (z,8) = (s](Jx(s) = 2)7"[s). (32)
We parametrize this set of solutions by a collections of vectors
0 :={dc}e, (33)

where each component . can be chosen as plus or minus one.
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Theorem 7.1. Fiz a vector § of the form (33). For a given J with the spectrum on
=&, €] define the Jacobi matriz J according to the following algorithm.:
For s € Z we put
1 - .
T(s)(c) = 7T*(T(c)a 5)7 if de = -1, (34)
and
TO(e) = —pi e (T(e),s +1), if 6 =1,
where the functions 74 (z, s) are defined by (32). Then define the monic polynomial
T(S)(z) of degree d by the interpolation formula
TOE) = -l @d+ Y e
(z = c)T"(c) .
T’ (c)=0
Define the block

qsd DPsd+1
Psd+1  Gsd+1 Dsd+2
Je) —
Psd+d—2 qsd+d—2 Psd+d—1
Psd+d—1  qsd+d—1
by its resolvent function

< 0 _T'(z)/d

T TG(2)’

where T)(2) is a monic polynomial of degree d. Finally define the entry psqrq by

Dsd41 - - - Psd+d = Ds+1 }
We claim that the matriz J = J(8,.J), combined with such blocks and entries
over all s, satisfies (6.3).

(z = 1) 0)

Theorem 7.2. [21] Theorem 7.1 describes the whole set of solutions of the Renor-
malization Equation.

In [21] we concentrated only on one of the solutions of (6.3), namely that one
that is related to the vector

o= {717"‘771}7

that is, all T)(c) are defined by (34). Note, J(6_,J) = Jr(J) for a periodic J.
Precisely for this solution we proved (main Theorem 1.1 in [21]):

Theorem 7.3. Let J be a Jacobi matriz with the spectrum on [=&,€]. Then the
Renormalization Equation (6.3) has a solution J = J(6_,J) with the spectrum on
T~Y([~¢,¢€]). Moreover, if min; |t;| > 10¢ then

(5=, 1) = J(6—, To)|| < w1 = ol (35)

with an absolute constant k < 1.
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Let us emphasize the special role of the position of the critical values: the
transform Jr(.J) is a contraction as soon as critical values are sufficiently far away
from the spectrum.

In this work we add certain remarks concerning other solutions of (6.3).

7.1. The duality 6 — —0

At least for one more solution of the Renormalization Equation is a contraction.

Theorem 7.4. The dual solution of the Renormalization Equation J(j7 —d), pos-
sesses simultaneously with J(J,8) the contractibility property.
It deals with the following universal involution acting on Jacobi matrices
J— J;:=U;JU;, where U.|l) =|1-1). (36)
Obviously VU, = U, S 1_dV; Thus, having J as a solution of the renormalization
equation corresponding to J we have simultaneously that S%~1.J.51~¢ solves the

equation with the initial .J,. The following lemma describes which branch corre-
sponds to which in this case.

Lemma 7.5. Let J = J(J,0) then
S§41g,. 81 = J(J.,-9). (37)

Proof. We give a proof using the language of Section 5, so formally we prove the
claim only for periodic matrices.

Note that the involution (36) is strongly related to the standard involution
7 (25) on X. Indeed, the function K (7Z,a) has the divisor

7Dy —7Dc = (tDy — D¢) — (tDe — Dc),

that is,
K(Z,8)
be,(Z)...be,(Z)’

, where v = pi¢, ... fic,. Due to this remark and the property 2(72) =

K(tZ,a) =

and = va~!
2(Z) we have
(J(@)s = J(rpa™L). (35)
Now we apply (38) to prove (37). Let J. = J(a) with & € I'*(X4). Or, in
other words, J = J(fiva~1). Then by (31)
d—1

- R 1(048p,)
J(J,0) = Jmsm* (@), ms = [[nipy, ™7

j=1
But 7*ji = p¢ and 7* () = 1/77(;+1 (just to look at the characters of the correspond-

ing Blaschke products). Thus, having in mind that nsn_s = 75, , we obtain

J(J,0) = J (v~} (@)
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Using again (38) we get
(J(J,8))7 = Tt~ n_sm* (@) = §'~ LI (57 (a)) S™,
and the lemma and Theorem 7.4 are proved. O

Let Jul(7T') be the Julia set of a sufficiently hyperbolic polynomial T'. Having
two different contractive branches of solutions of the renormalization equation,
following [14], to an arbitrary sequence

e={eo,€1,€,...}, € =0d4.

we can associate a limit periodic matrix J with the spectrum on Jul(T"). To this
end we define J as the limit of

In = T NeoT ey - T e, ) (39)

and use Theorem 7.4.

7.2. Other solutions of the Renormalization Equation and the Ruelle operators

Iterating the renormalization transform
Jn+1 = J(Jru (S_),

we obtain an almost periodic operator J = limJ, with spectrum on the Julia
set of the sufficiently expanding polynomial 7' (the key point, here, is of course
property (35)). This operator possesses the following structure [21]: it is the direct
sum of two (one-sided) Jacobi matrices Ji. Moreover, the spectral measure of
the operator J, is the balanced measure p on the Julia set. That is, it is the
eigenmeasure of the Ruelle operator £L*, where

L@ =1 3 W)

Tn(y)==

The spectral measure v of J_ is the so-called Bowen—Ruelle measure. It is the
eigenmeasure for £3,

)

(Laf)(z) = T (z)?’

T(y)=z

We conjecture that actually all branches of solutions of the renormalization

equation are contractions for sufficiently hyperbolic T'. At least the previous sub-

section looks as a quite strong indication in this direction: considering, instead

of initial T, T2 = T o T or its bigger powers, we get, as in (39), several §’s,

N5 = NegT Ney - - - T*Ne,_,, possessing the contractibility property with respect to
the polynomial 7" and different from 04 (related to (7*)™).

Similarly to the above statement we formulate

Congecture. Let T'(z) be an expanding polynomial. For a given ¢ we factorize
T'(z) = A1(2)A2(z) putting in the first factor all critical points related to d. = 1.
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Denote by o1 2, the (nonnegative) eigenmeasures, corresponding to the Ruelle op-
erators

fy)
Ai(y)*’

(Laf)(w) =

T(y)=z

(40)

ie., L}, 0; = p;o;. Finally let .J1 2 be the one-sided Jacobi matrices associated with
o1,2. We conjecture that the iterations Jni1 = J(Jy,d), converges to the block
matrix J = J_ ¢ J; with J_ = J; and J4 = Js. In particular this means that all
such operators are limit periodic.

In the support of this conjecture let us note that the statement holds true,
say, for the polynomial of the form T2(z), and for A;(z) = T'(z), A = T"(T(2)).

7.3. Shift transformations with the Lipschitz property

We say that the direction n € I'* has the Lipschitz property with a constant C(n)
if for all o, 8 € I'*

[7(ne) = JmB)|| < C(m)[| (@) — J(B)]-
Then, one can get the contractibility of the map n7* in two steps:
|17 (" @) = T(gm* B)|| < C)||J (x*a&) = J(x* )|
< Cln)sl|J (@) = J(B)]-

Note, that in fact the situation is a bit more involved because we should be
able to compare Jacobi matrices with different spectral sets, for example, when
E, = T 'E;, E; #* E,. But we just want to indicate the general idea. Note, in
particular, that for directions s of the form (31) such a comparison is possible.
Of course, for our goal the constant C'(n) should be uniformly bounded when we
increase the level of hyperbolicity of 7' making x smaller.

However the key point of this remark (this way of proof) is that, actually,
we do not need to constrain ourselves by the form of the vector n. Combining
a “Lipschitz” shift by n (the direction is restricted just by this property) with a
sufficiently contractive pull-back 7* we arrive at an iterative process that produces
a limit periodic Jacobi matrix with the spectrum on the same Jul(T"). In the
next subsection we give examples of directions with the required property, see
Corollary 7.8.

We do not have a proof of the Lipschitz property of 7;’s, but there is a good
chance to generalize the result of the next subsection in a way that at least some
of the directions 7s will be also available.

Finally, we would be very interested to know, whether there is in general a
relation between the form of the “weight” vector n and the corresponding weights
of the Ruelle operators (if any exists).
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7.4. Quadratic polynomials and the Lipschitz property of the Darboux transform
Consider the simplest special case T(2) = p(22 — 1) + 1, p > 2. Note that the
spectral set £ = T~'E is symmetric, moreover the matrix related to H?(m*@&)
has zero main diagonal (as well as a one-sided matrix related to a symmetric
measure). Now we introduce a decomposition of H?(7*&) which is very similar to
the standard decomposition into even and odd functions.

We define the two-dimensional vector-function representation of f € H?(7*@)

L re - -
s — |:f(Zl(%)):| R |:91(%):| ; (41)

V2 |f(22(2)) 92(%)

where

92(2) 2 [f(Z1(2)) - [(Z2(2))

the first component, in a sense, is even and the second is odd. To be more precise,
let us describe the analytical properties of this object in 0.X .

Note that due to
. 1 "2 g~
[ ipae= [ 5% P
Jox, R Ry

metrically it is from L? with respect to @, moreover the transformation is norm-
preserved.

It is evident that the function g; belongs to H2(X,,&). Consider the second
function. Note that the critical points of T" are zero and infinity. For a small circle
~ around the point T(0) = —p + 1 we have go 0y = —gy and the same property
holds for a contour ~ that surrounds infinity. Let us introduce

{91(5)} _1 {f(Zl(Z)) +f(Zz(Z))} 7

AZ = BT(O)Z;

Note that for the above contours we have A oy = —A. We are going to represent
g2 in the form g2 = Ags and to claim that go has nice automorphic properties in
X 4. Let us note that
z-T(0) _ 522 —T(0)

bro) Az

is an outer function in the domain C\E ~ X+. So, the square root of this function
is well defined. We put

522~ T(0)

bo =y [ B2 42
o o (12)
and denote by 7 the character generated by ¢, ¢ oy = n(y)¢. Thus (42) reduces
the ramification of the function A to the function ¢, which is well defined in the

domain, and to the elementary function y/Z — 7°(0).
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Theorem 7.6. The transformation f +— g1 ® go giwen by (41) is a unitary map
from H*(m*&) to H*(&) ® H?(&#). Moreover with respect to this representation

o[ 1) @

vl = f@0, feHa),
where the isometry vy : H?(&) — H?(7*&) is defined by (6).

and

Proof. By the definition of A we have
go = Aga, where g € Hz(dﬁ).
Further, since
z—T(0
O O}
p
we have, say for the second component,

1 (zf)(Z(Z) = (:0)(Z(Z2)) _ |2=T(0) f(Z(Z1)) + [(Z(2)) _
A 5 = \ " pa2 =3 == o (49

Since on the boundary of the domain
z—T(0)

P*A? = = |¢f®

(the second expression is positive on X ) we have
oA =4 onE. (45)
Using this relation, similarly to (44), we prove the identity of the first components
in (43).
|

Theorem 7.7. The multiplication operator ¢ : L2(8X,) — L2(0X ) with respect
to the basis systems (29) related to & and 7ja, respectively, is a two diagonal matriz
®. Moreover,

J(@) - T(0)7 J(a) —T(0)

P = PP* = (46)

In other words, the transformation J(&) — J(f&) is the Darboux transform.

Proof. First of all ¢ is a character-automorphic function with the character 77 with
a unique pole at infinity (54) is an outer function). Therefore the multiplication
operator acts from bH2(&@i 1) to H2(ij@). Therefore, the operator ® has only one
non-trivial diagonal above the main diagonal. The adjoint operator has the symbol
¢. According to (45) it has holomorphic continuation from the boundary inside
the domain. Thus ®* is a lower triangular matrix. Combining these two facts we
get that ® has only two non-trivial diagonals. Then, just comparing symbols of
operators on the left and right parts of (46), we prove these identities. O
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Corollary 7.8. Let j172 be periodic Jacobi matrices with the spectrum on [—1,1].
Let Drb(J1,2, p) be their Darboux transforms. Then

IDib(J1, p) — Drb(a, p)l| < CP)IIs — Jall (47)

Proof. For the given j1,2 we define Jq o via the quadratic polynomial T'(z) =
p(22 — 1) + 1. Being decomposed into even and odd indexed subspaces they are of

the form
_| 0 2,
Ji2= [@112 0 } .

Due to the Theorem 7.3, that gives the uniform estimate for ||.J; — Jz||, we have
[®1 — 2|l < w(p)[| s = 2],

with k(p) = p%, C' is an absolute constant. Using (46) we get (47) with C(p) =

2pC
PR O

8. Double covering 7(v) = 7v — 1/v

8.1. Over the simply-connected domain
The simplest expanding double coverings are T} = v2—\, A > 2, and Ty = 7v—1/v,
7 > 1. Denote by & 2 the fixed points Ti 2(&1,2) = &1,2, &1,2 > 0. To start with we
give a complete description of finite difference operators related to these coverings
over the simply-connected domain C\ E, where E = [—&1,2,&1,2)-

More precisely, we start with a Jacobi matrix Jy with constant coefficients.
Under the normalization o(Jo) = E we have J = 5172(5 + S71). That is the
symbols of this operator (z.,b.) are related by

G2 (1

(b« is the Green function of the domain C \ E). For 7 =Ty or 7 = T5 we consider
the open Riemann surfaces Y.\ F with Y, ~ C, F = 7~!(E) and describe operators
with the symbols (2*, b*):

2*=zom and (b*)*=b,om. (49)

The main difference between these two cases is that in the first one we have
only one infinity on Y, (co € C) and in the second case there are two infinities:
0,00 € C. Correspondingly an intrinsic basis contains the reproducing kernels
related only to one given point in the first case and to two specific points in the
second case. As result the multiplication operator by v with respect to this basis
is a Jacobi matrix in the first case and a five diagonal matrix (of a special form,
see Lemma 4.1) in the second.
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8.1.1. m =2 — \. Due to (48), (49) we have

A= ((,,1)2 * (W) ' o

Since v is the symbol of a Jacobi matrix,
v~ SA+ Ag+ A15717
where Ag 1 are diagonal of period two matrices, and (b*)? ~ 52, we have from (50)
AN = a2,
A A =0, (51)
A8+ (V) + ()2 = A

8.1.2. m = 7v — 1/v. Repeating arguments (49), (48) we get instead of (50)

o1/ = %’ <(b1)2 + (b*)2> .

or

1= %2 <(bf)2 + (b*)2> v, (52)

In this case we have a five diagonal matrix,

v~ SZAQ + SAl + AU + Als_l + AQS_Z,
but of the specific structure: depending of ordering of infinities one of coefficients
)\(()2)’/\(12) vanishes. Say, )\f) = 0, respectively )\ff) # 0. Using (b*)? ~ S? we get
from (52)

&2

TSQA2S2A2 = 554/\2,
T(SZAQSAl + SA152A2) = %53[\1,
T(5?AaAo + SALSA; 4+ AgS?A,) = %SQAO, (53)
2 —1 _ 82y o1
T(S“AA1S™" + SA1Ag + AgSAL + A1SAs) = ?S AST
T(S?AZS™2 4 SAZS 4 A2+ A2 4 A3) T = %2(521\25*2 + ).
That is T)\(()2) = £2/2 and the second relation in (53) is an identity. Further,
A = ngg‘” = gAg‘” (54)
and the fourth relation is an identity. Finally, from the last equation we get
A+ () + () = 1/ (55)

Thus (54), (55) are counterparts of (51) in this case.
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8.2. The Renormalization Equation in the general case
For 7 : C — C given by Ty (that is X, ~ C and Y. =~ C) let E be a system of
intervals, a subset of [—a,&]. As usual F = 7~1(E). For a system of points on
X N\E
Pi=oco, P, ..., P, (56)
we define
bl =bp, ...bp,.
We consider 2, given by the identical map X. — C. The finite difference
operator J related to this symbol, to a character o € I'y and to the ordering
system of infinities (56), is of the form

J = * ok ok * ,
*

because, actually, z.(P;) = oo only for j = 1.
The system of infinities on Y, is given by

QY =00, 0" =0,....Q", QY (57)
where {QY)7 Qéj)} =m"1(P;), j=1,...,1. Respectively,

1
P =ziom=1v——, (b2 =b.om.
v

We are interested to find a relation between the initial operator J and the finite
difference operator J with the symbol v related to the character 7*a € I'}, and to
the ordering system of infinities (57). Let us point out that the symbol of J is v,
not z*. It gives us an opportunity to iterate the procedure, which appears to be a
certain rescaling.

Let us prove the following lemma.

Lemma 8.1. Let T'(z2) = gg;; Define
(N =5 3 ).

T(y)=z

Then
1 1P (z) 1 T'(2)

zfz:EP(z) dT(z)—z
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Proof. Note that
1 Q'(z) —xP'(z)

—y —_ P
Q) Pw=o * 7Y QE) —2PR)
and then collect corresponding terms

Q'(2) —zP'(z) _ Q'(2) = Q()P'(2)/ P(2) +{Q(z) — 2P(2)} P'(2)/ P(2)

Q(z) —xP(2) Q(z) —zP(2)
_Pe)  QA)PR) —Q()P(2) 1 0
P(z) P2(z) T(z)—z’
Theorem 8.2. The following relation holds
V(2 —J) IV = él;l((:’)) + éT’(z)(T(z) —J), (58)

where J = z.(e) and J = v(7*a).

Proof. We use the previous lemma and the functional representation of all opera-
tors involved in (58). O

8.3. A vector representation of H?(1*)

Due to )
2 ok __ - 2
Jiseer =[5 3 e
we have a certain representation of f € H?(7*«a)
L [F@P)] _ [an(P)
1= JlHaen -~ [n) 9
where

{gm} 1 {f(Ql(P)) + f(Qz(P))]
92(P)] 2 [f(@i(P) = f(QAP))]”
as a two-dimensional vector-function. Let us describe analytical properties of this
object (metrically it is from L? with respect to w., moreover the transformation
is norm-preserved).

It is evident that the function g; belongs to H?(). Consider the second
function. Let ¢t be critical points

i

7
For a small circle v around the point 7(cx) = £2i/7 we have g2 0y = —ga. Let
us introduce

m(ce) =0=cy ==

2.
A% = bageyybr(e)-
Note that A oy = —A. Further, since the ratio
br(e oz
m(et) () — HiC 2 m(c4)
br(e_) z—m(co)
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is single-valued in X, \ E both Green functions have the same character of auto-
morphy, which we denote by v € I'y. Thus, we get

g2 = AJa, where g € H*(av™!). (60)
We can summarize the result of this subsection as
Theorem 8.3. The transformation f — g1 ® g2 given by (59) is a unitary map
from H*(m*a) to H*(a) ® AH?(aw™1). Moreover,
Vi— o0, feHa),
where the isometry V : H?(a) — H?*(m*a) is defined by (21). Also,
DO =k @ (LAAPRE )
for the reproducing kernel kgf € H3(r*a), 7(Q+) = P.
Extending this vector representation onto L2-spaces we get immediately

Theorem 8.4. The transformation f — g1 ® g2 given by (59) and (60) is a unitary
map from L?(7*a) to L?(«) @ L2(awv™1). With respect to this representation the
multiplication operator by z* = z. o7 is of the form
z. () 0

0 z.(aw™h) (61)

z" (") —
To get a similar representation for the multiplication operator by v we need
to introduce the following notations. Let us note that
5 2% 4+ 4t

is an outer function in the domain C \ E. So, the square root of this function is

well defined. We put
22 4+ 41
bootp := 1/ b2 AT

Since on the boundary of the domain
¢2A2 — 22+4T: |¢|2
(the second expression is positive on E) we have

$A%2 =@ on E. (62)

b

Lemma 8.5. The multiplication operator ¢ : L*(a) — L?(aw™1) with respect to the
bases systems related to the infinities { Py, ..., P/} has as many diagonals as z. ()
and z,(av™1). Moreover,

¢z.(a) = 2. (v "),
¢ ¢ =z(a) +4r, (63)
od* =22 (av™t) + 47
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Proof. First of all ¢ is a character-automorphic function with the character v !,

therefore the multiplication operator acts from L?(a) to L2(av™1). Since boo¢ is
an outer function, ¢ has a unique pole at infinity, and, therefore, the operator
¢ has the same structure over diagonal as the operator multiplication by z. The
adjoint operator has the symbol ¢. According to (62) it has analytic continuation
from the boundary inside the domain with the only pole at infinity. Thus ¢ is also
of the same structure over the main diagonal as z.(a) or z.(ar~!). Combining
these two facts we get that the whole structure of ¢ coincides with the structure
of the matrix z,(«). Then, just comparing symbols of operators on the left and
right parts of (63), we prove these identities. |

Theorem 8.6. With respect to the decomposition L*(n*a) ~ L*(a)® L?*(av™!) the
multiplication operator by v is of the form

i Zx (Oé) ¢* (64)

v(r*a) ~ | ¢ (|

Let us mention that according to (63), the operators given in (61) and (64)
commute and satisfy the identity, which is generated by the symbols identity z* =
Tv—1/v.

8.4. One sided matrices and the expanding transform 7(v) = 7v — TT’l

Note that in this normalization v = 1 is the positive fixed point, 7(1) = 1. Put
Ey = [-1,1]. For a continuous function f on
1 1
By =7 Y-1,1])=[-1,-1+-]JU[l - =,1
L= (L) = ul- 2]

we define 1

LH) =5 > fw).

w(v)=x

The conjugate operator acts on measures

£* : C(Eo)* g C(El)*.

Let fo, f1, f2, ... be a certain orthonormal system with respect to a (positive)

measure v € C(Ep)* then

foom, fiom, faom,...

is orthonormal system with respect to p := L*v. Note that if the first system form
basis in L2, the second one form basis in the set of “even” functions from ng
the functions that are invariant with respect to the substitution f(—2=1) = f(v).

Ezample. Let fo, fi, f2,... be orthonormal polynomials in L2,. foom, fiom, fa0
m,... is a certain orthonormal system in LLZiu consisting of “polynomials” of v and
1/v, similarly to the systems that generate CMV matrices:

1v, 1 v,0% 1/0% ...
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Making a small modification in this procedure, we orthogonalize

2 2
-1 -1 —1 —1
177'v+TU ,TU*TTy(T'U)27(T > 7(TU)2+(T )

v v

and denote the orthonormal system by eq, e1,ea,. ...
It is evident that

e = from

and
T—1
62k+](’U) =|7v+ T gk(‘/r(v)),
where g, is also orthonormal system of polynomials but with respect to the measure
(22 + 47(7 — 1))dv(z), since
T—1

—1\?
<7v+T > =22 +4r(r—1), forax=10— —"0.
v v

Let J be the Jacobi matrix, corresponding to the multiplication operator in L<21u
with respect to the basis of the orthonormal polynomials.

The given J we want to describe the multiplication operator in LSM with
respect to {eg}.

We decompose LZH onto even and odd subspaces. Then

T—1 J 0
e — =l 5|

where J,. is the Jacobi matrix corresponding to the measure (x2 +47(7 —1))dv(z).

Further,
T—1 0 o
TV + o — d 0 .

It is quite evident that ® is an upper triangular matrix.

We get that
AR
Uarle g
and
1 J -
71/U?—>72(T_1)|:_<D I, ]

Therefore

J2—0d —Jo 4+ 0%, ] [ —4r(r—1) 0

oJ—J, & J2-00* | 0 —4r(r—1) |

Thus ® can be found in the upper-lower triangular factorization
P*d = J? +4r(T — 1),
and for J, we have J, = ®Jd 1.
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Thus for

0

J=|p 0 p2

we have
- 0 -

Ao 0

P 0 0

0 P1 M )\1 0

v .

0 D2 0 0
0 0 po i—f Ao 0
mrz0 0 py 0 0

The matrix is self-adjoint and A, are defined by the recursion

2. 2
PnPn—
)‘121 = 4T(T - 1) +pi+1 +p?L - )\2 ! .
n—2
with the initial data
MN=p+dr(r—1), M =pi+pi+dr(r—1). O

Theorem 8.7. Let v be the spectral measure of A,
dv(z) 1
YY) oA — ) 5
[ = o= (65)

Then 7*(A) is a self-adjoint operator with the cyclic vector |0) and the spectral
measure pr = L*v.

Proof. By Definition 1.5 and (65) we have
P+ -1
01" (4) = 27110 =2 < S N ] m>

=27(0|(A — 272 — ®* (A, — 272) 71 ®)71|0)
=27(0|(A — 272 — ®*®(A — 272) 1) 71|0)
=27(0|(A — 272 — (A% + 47(1 — 7)) (A — 272)"1)7L|0)

=/ 27dv(x)
z—27z— (22 +47(1 —7))(z — 272) 7!

=/ (z = 272)dv(z)
2722 —2xz —2(1—71)°

Since
1 T — 272

<£Uiz>(l‘):% D T
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we get

0 () =710 = [ (252 ) @avte) = [ 2 dermio

and the theorem is proved. O

Using Ruelle’s Theorem with respect to the map 7(v) we can summarize our
considerations by the following theorem.

Theorem 8.8. The iterative procedure
An+1 =" (An)

converges to the operator A = lim,,_,~, A, with the spectral measure p which is the
eigenmeasure for the Ruelle operator L*p = p. The operator A is the multiplication
operator by the independent variable in Lgu with respect to the following basis

e2r(v) = ex(m(v)),

k
eop+1(v) = <7”U + 7 ; 1> ZC?GJ'(TF(’U)), eo(v) =1,
=0

where the coefficients c;? with ¢& > 0 are uniquely determined due to the orthog-
onality condition (eart1,€1) = dak+1,1, | < 2k + 1. Moreover, ex(v) is a rational
function of v such that e(A)|0) = |k), and

& e
0 e & ... — o1
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Connections Between Dynamical Systems and
Crossed Products of Banach Algebras by Z

Christian Svensson, Sergei Silvestrov and Marcel de Jeu

Abstract. Starting with a complex commutative semi-simple regular Banach
algebra A and an automorphism o of A, we form the crossed product of A by
the integers, where the latter act on A via iterations of o. The automorphism
induces a topological dynamical system on the character space A(A) of A in
a natural way. We prove an equivalence between the property that every non-
zero ideal in the crossed product has non-zero intersection with the subalgebra
A, maximal commutativity of A in the crossed product, and density of the
non-periodic points of the induced system on the character space. We also
prove that every non-trivial ideal in the crossed product always intersects
the commutant of A non-trivially. Furthermore, under the assumption that
A is unital and such that A(A) consists of infinitely many points, we show
equivalence between simplicity of the crossed product and minimality of the
induced system, and between primeness of the crossed product and topological
transitivity of the system.

Mathematics Subject Classification (2000). Primary 47L65 Secondary 16535,
37B05, 54H20.

Keywords. Crossed product; Banach algebra; ideals, dynamical system; max-
imal abelian subalgebra.

1. Introduction

A lot of work has been done in the direction of connections between certain topo-
logical dynamical systems and crossed product C*-algebras. In [6] and [7], for
example, one starts with a homeomorphism o of a compact Hausdorff space X
and constructs the crossed product C*-algebra C'(X) x4 Z, where C(X) is the al-
gebra of continuous complex valued functions on X and « is the automorphism of
C(X) naturally induced by o. One of many results obtained is equivalence between
simplicity of the algebra and minimality of the system, provided that X consists
of infinitely many points, see [1], [3], [6], [7] or, for a more general result, [8]. In [5],
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a purely algebraic variant of the crossed product is considered, with more general
classes of algebras than merely continuous functions on compact Hausdorff spaces
serving as “coefficient algebras”. For example, it was proved there that, for such
crossed products, the analogue of the equivalence between density of non-periodic
points of a dynamical system and maximal commutativity of the “coefficient al-
gebra” in the associated crossed product C*-algebra is true for significantly larger
classes of coefficient algebras and associated dynamical systems. In this paper, we
go beyond these results and investigate the ideal structure of some of the crossed
products considered in [5]. More specifically, we consider crossed products of com-
plex commutative semi-simple regular Banach algebras A with the integers under
an automorphism o : A — A.

In Section 2 we give the most general definition of the kind of crossed product
that we will use throughout this paper. We also mention the elementary result that
the commutant of the coefficient algebra is automatically a commutative subalge-
bra of the crossed product. The more specific setup that we will be working in is
introduced in Section 3. There we also introduce some notation and mention two
basic results concerning a canonical isomorphism between certain crossed prod-
ucts, and an explicit description of the commutant of the coefficient algebra in one
of them.

According to [7, Theorem 5.4], the following three properties are equivalent:

e The non-periodic points of (X, o) are dense in X;

e Every non-zero closed ideal I of the crossed product C*-algebra C'(X) xq Z
is such that I N C(X) # {0};

e ((X) is a maximal abelian C*-subalgebra of C(X) %, Z.

In Section 4, an analogue of this result is proved for our setup. A reader familiar
with the theory of crossed product C*-algebras will easily recognize that if one
chooses A = C(X) for X a compact Hausdorff space in Corollary 4.5 below, then
the crossed product is canonically isomorphic to a norm-dense subalgebra of the
crossed product C*-algebra coming from the considered induced dynamical system.
We also combine this with a theorem from [5] to conclude a stronger result for the
Banach algebra L1 (G), where G is a locally compact abelian group with connected
dual group.

In Section 5, we prove the equivalence between algebraic simplicity of the
crossed product and minimality of the induced dynamical system in the case when
A is unital with its character space consisting of infinitely many points. This is
analogous to [7, Theorem 5.3, [1, Theorem VIII 3.9], the main result in [3] and, as
a special case of a more general result, [8, Corollary 8.22] for the crossed product
C*-algebra.

In Section 6, the fact that the commutant of A always has non-zero inter-
section with any non-zero ideal of the crossed product is shown. This should be
compared with the fact that A itself may well have zero intersection with such
ideals, as Corollary 4.5 shows. The analogue of this result in the context of crossed
product C*-algebras appears to be open.
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Finally, in Section 7 we show equivalence between primeness of the crossed
product and topological transitivity of the induced system, in the case when A is
unital and has an infinite character space. The analogue of this in the context of
crossed product C*-algebras is [7, Theorem 5.5].

2. Definition and a basic result

Let A be an associative commutative complex algebra and let ¥ : A — A be an
algebra automorphism. Consider the set

AxgZ={f:Z— A|f(n) =0 except for a finite number of n}.

We endow it with the structure of an associative complex algebra by defining scalar
multiplication and addition as the usual pointwise operations. Multiplication is
defined by twisted convolution, *, as follows;

(frg)n)=>_ f(k)- T*(g(n—k)),
kez
where ¥ denotes the k-fold composition of ¥ with itself. It is trivially verified
that A X, Z is an associative C-algebra under these operations. We call it the
crossed product of A by Z under V.

A useful way of working with A xy Z is to write elements f, g € A Xy Z in the
form f =37 5 fad™ g = ,cz9md0™, where f, = f(n), gm = g(m), addition
and scalar multiplication are canonically defined, and multiplication is determined
by (fnd™) * (gmd™) = fu - ™*(gm)d""™, where n,m € Z and f,,gm € A are
arbitrary.

Clearly one may canonically view A as an abelian subalgebra of A xy Z,
namely as {fo0° | fo € A}. The following elementary result is proved in [5, Propo-
sition 2.1].

Proposition 2.1. The commutant A’ of A in A xy Z is abelian, and thus it is the
unique mazximal abelian subalgebra containing A.

3. Setup and two basic results

In what follows, we shall focus on cases when A is a commutative complex Banach
algebra, and freely make use of the basic theory for such A, see, e.g., [2]. As
conventions tend to differ slightly in the literature, however, we mention that we
call a commutative Banach algebra A semi-simple if the Gelfand transform on A
is injective, and that we call it regular if, for every subset F' of the character space
A(A) that is closed in the Gelfand topology and for every ¢o € A(A) \ F, there
exists an a € A such that a(¢) = 0 for all ¢ € F and a(¢p) # 0. All topological
considerations of the character space A(A) will be done with respect to its Gelfand
topology (the weakest topology making all elements in the image of the Gelfand
transform of A continuous on A(A)).
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Now let A be a complex commutative semi-simple regular Banach algebra,
and let 0 : A — A be an algebra automorphism. As in [5], ¢ induces a map

g : A(A) — A(A) (where A(A) denotes the character space of A) defined by
G(p) = poo~t, u e A(A), which is automatically a homeomorphism when A(A)
is endowed with the Gelfand topology. Hence we obtain a topological dynamical
system (A(A),). In turn, & induces an automorphism & : A — A (where A
denotes the algebra of Gelfand transforms of all elements of A) defined by 7 (a) =

@oo ! = o(a). Therefore we can form the crossed product Ax57. We also mention
that when speaking of ideals, we will always mean two-sided ideals.

In what follows, we shall make frequent use of the following fact. Its proof
consists of a trivial direct verification.

Theorem 3.1. Let A be a commutative semi»simlole B(inach algebra and o be an
automorphism,Ainducmg an automorphism o : A — A as above. Then the map
O AxNg L — AxgZ defined by Y, ey and™ — >y @nd" is an isomorphism of
algebras mapping A onto A.
Before stating the next result, we make the following basic definitions.
Definition 3.2. For any nonzero n € Z we set
Per™(A(A)) = {1 € A(A) | = 5" (u)}.
Furthermore, we denote the non-periodic points by
Per™(A(4)) = n (A(A)\ Per"(A(A4)).
nezZ\{0}
Finally, for f € A, put
supp(f) = {n € A(A) | f(r) # 0}
Theorem 3.3. We have the following explicit description of A in AxgZ:

A" ={>" fa0" | fa € A, and for alln € Z : supp(f») C Per™ (A(A))}.
nez

Proof. This follows from [5, Corollary 3.4], as A trivially separates the points of
A(A) and Per"(A(A)) is a closed set. O

4. Three equivalent properties

In this section we shall conclude that, for certain A, two different algebraic proper-
ties of A X, Z are equivalent to density of the non-periodic points of the naturally
associated dynamical system on the character space A(A), and hence obtain equiv-
alence of three different properties. The analogue of this result in the context of
crossed product C*-algebras is [7, Theorem 5.4]. We shall also combine this with
a theorem from [5] to conclude a stronger result for the Banach algebra Li(G),
where G is a locally compact abelian group with connected dual group.
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In [5, Theorem 4.8], the following result is proved.

Theorem 4.1. Let A be a complex commutative reqular semi-simple Banach algebra,
o : A — A an automorphism and & the homeomorphism of A(A) in the Gelfand
topology induced by o as described above. Then the non-periodic points are dense
in A(A) if and only zfﬁ is a maximal abelian subalgebra ofﬁ Xg Z. In particular,
A is mazimal abelian in A X, Z if and only if the non-periodic points are dense

in A(A).

We shall soon prove another algebraic property of the crossed product equiv-
alent to density of the non-periodic points of the induced system on the character
space. First, however, we need two easy topological lemmas.

Lemma 4.2. Let x € A(A) be such that the points ¢ (z) are distinct for all i such
that —m < i < n, where n and m are positive integers. Then there exist an open
set U, containing x such that the sets ¢*(U,) are pairwise disjoint for all i such
that —m <1 <n.

Proof. Tt is easily checked that any finite set of points in a Hausdorff space can be
separated by pairwise disjoint open sets. Separate the points &% (x) with disjoint
open sets V;. Then it is readily verified that the set

Up =" (Vo) NG Y (Vo) N0 Vo N Y (V) N--- N (V)
is an open neighbourhood of x with the required property. O

Lemma 4.3. The non-periodic points of (A(A),c) are dense if and only if the set
Per"(A(A)) has empty interior for all positive integers n.

Proof. Clearly, if there is a positive integer ng such that Per"°(A(A)) has non-
empty interior, the non-periodic points are not dense. For the converse, we recall
that A(A) is a Baire space since it is locally compact and Hausdorff, and note that
we may write
A(A)\ Per®(A(A)) = | Per™(A(A)).
n>0
If the set of non-periodic points is not dense, its complement has non-empty in-
terior, and as the sets Per™ (A(A)) are clearly all closed, there must exist an inte-
ger ng > 0 such that Per"®(A(A)) has non-empty interior since A(A) is a Baire
space. O
We are now ready to prove the promised result.

Theorem 4.4. Let A be a complex commutative semi-simple reqular Banach algebra,
o: A — A an automorphism and & the homeomorphism of A(A) in the Gelfand
topology induced by o as described above. Then the non-periodic points are dense
in A(A) if and only if every non-zero ideal I C A x5 Z is such that I N A # {0}.

Proof. We first assume that Per™ (A(A)) = A(A), and work initially in A x5 Z.
Assume that I C A x5 Z is a non-zero ideal, and that f = > . f.0" € I. By
definition, only finitely many f, are non-zero. Denote the set of integers n for
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which f, Z0 by S = {n1,...,n,}. Pick a non-periodic point € A(A4) such that
fni(z) # 0 (by density of Per®™ (A(A)) such x exists). Using the fact that « is not
periodic we may, by Lemma 4.2, choose an open neighbourhood U, of x such that
o " (Uy) N~ (Uy) = 0 for n; # ny, ni,nj € S. Now by regularity of A we can
find a function g € A that is non-zero in 5™ (z), and vanishes outside =" (Uy).
Consider f*g =3 s fa- (g0 ™)d" This is an element in I and clearly the
coefficient of 6™ is the only one that does not vanish on the open set U,. Again
by regularity of A, there is an h € A that is non-zero in @ and vanishes outside
U,. Clearly hx fxg = [h-(god ™)fp]0" is a non-zero monomial belonging
to I. Now any ideal that contains a non-zero monomial automatically contains a
non-zero element of A. Namely, if a;6’ € I then [a;67] % [(a; 0 57)6~%] = a2 € A. By
the canonical isomorphism in Theorem 3.1, the result holds for A x, Z as well.

For the converse, assume that Per™ (A(A)) # A(A). Again we work in Ax57Z.
It follows from Lemma 4.3 that since Per®™(A(A)) # A(A), there exists an integer
n > 0 such that Per"(A(A)) has non-empty interior. As A is assumed to be
regular, there exists f € A such that supp(f) C Per"(A(A)). Consider now the
ideal I = (f + f0™). Using that f vanishes outside Per"(A(A)), we have

@i (f + F6™)a;60 = [a; - (a5 05 )5] # [f67 + f5™H)
=la;-(a;067") - (o )6 +ai - (aj 05 ") (foa ")aHm.

Therefore any element in I may be written in the form Y-, (b;6°+b;6"%). As i runs
only through a finite subset of Z, this is not a non-zero monomial. In particular,
it is not a non-zero element in A. Hence I intersects A trivially. By the canonical
isomorphism in Theorem 3.1, the result carries over to A X, Z. |

Combining Theorem 4.1 and Theorem 4.4, we now have the following result.

Corollary 4.5. Let A be a complex commutative semi-simple reqular Banach al-
gebra, o : A — A an automorphism and & the homeomorphism of A(A) in the
Gelfand topology induced by o as described above. Then the following three prop-
erties are equivalent:

e The non-periodic points Per™ (A(A)) of (A(A),d) are dense in A(A);

o Every non-zero ideal I C A X, Z is such that I N A # {0};

e A is a mazximal abelian subalgebra of A X, 7.

‘We shall make use of Corollary 4.5 to conclude a result for a more specific class
of Banach algebras. We start by recalling a number of standard results from the
theory of Fourier analysis on groups, and refer to [2] and [4] for details. Let G be a
locally compact abelian group. Recall that L (G) consists of equivalence classes of
complex valued Borel measurable functions of G that are integrable with respect
to a Haar measure on G, and that L;(G) equipped with convolution product
is a commutative regular semi-simple Banach algebra. A group homomorphism
v : G — T from a locally compact abelian group to the unit circle is called a
character of G. The set of all continuous characters of G forms a group I', the
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dual group of G, if the group operation is defined by

(m +72)(@) =n(x)12(2) (v € G, el).
If y €T and if

) = /G [ (—a)dz (f € L1(G)),

then the map f — ]?(7) is a non-zero complex homomorphism of L;(G). Con-
versely, every non-zero complex homomorphism of L;(G) is obtained in this way,
and distinct characters induce distinct homomorpisms. Thus we may identify T'
with A(L1(G)). The function f : I' — C defined as above is called the Fourier
transform of f € L1(G), and is precisely the Gelfand transform of f. We denote
the set of all such ]?by A(T). Furthermore, T is a locally compact abelian group
in the Gelfand topology.

In [5, Theorem 4.16], the following result is proved.

Theorem 4.6. Let G be a locally compact abelian group with connected dual group
and let o : L1(G) — L1(G) be an automorphism. Then L1(G) is mazimal abelian
in L1(G) x4 Z if and only if o is not of finite order.

Combining Corollary 4.5 and Theorem 4.6 the following result is immediate.

Corollary 4.7. Let G be a locally compact abelian group with connected dual group
and let o : L1(G) — L1(G) be an automorphism. Then the following three state-
ments are equivalent.

e o is not of finite order;

o Every non-zero ideal I C L1(G) x4 Z is such that I N L1(G) # {0};

e L1(G) is a mazimal abelian subalgebra of L1(G) X, Z.

5. Minimality versus simplicity

Recall that a topological dynamical system is said to be minimal if all of its orbits
are dense, and that an algebra is called simple if it lacks non-trivial proper ideals.

Theorem 5.1. Let A be a complex commutative semi-simple reqular unital Banach
algebra such that A(A) consists of infinitely many points, and let o : A — A be
an algebra automorphism of A. Then A X, Z is simple if and only if the naturally
induced system (A(A), ) is minimal.

Proof. Suppose first that the system is minimal, and assume that I is a proper
ideal of A x, Z. Note that I N A is a proper o- and o~ !-invariant ideal of A.
By basic theory of Banach algebras, I N A is contained in a maximal ideal of A
(note that TN A # A as A is unital and I was assumed to be proper), which is
the kernel of an element 4 € A(A). Now TN A is a5- and 5~ l-invariant proper
non-trivial ideal of g, all of whose elements vanish in p. Invariance of this ideal
implies that all of its elements even annihilate the whole orbit of x under &. But by
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minimality, every such orbit is dense and hence TnA= {0}. By semi-simplicity
of A, this means I N A = {0}, so I = {0} by Corollary 4.5. For the converse,
assume that there is an element p € A(A) whose orbit O(u) is not dense. By
regularity of A there is a nonzero g € A that vanishes on W Then clearly the
ideal generated by g in A X Z consists of finite sums of elements of the form
(fn0™) % g* (hmd™) = [fr- (g0~ ™) (hm oo~ ™)]6" ™, and hence the coefficient of
every power of ¢ in this ideal must vanish in u, whence the ideal is proper. Hence
by Theorem 3.1, A X, Z is not simple. O

6. Every non-zero ideal has non-zero intersection with A’

We shall now show that any non-zero ideal in A x, Z has non-zero intersection
with A’. This should be compared with Corollary 4.5, which says that a non-zero
ideal may well intersect A solely in 0. We have no information on the validity of
the analogue of this result in the context of crossed product C*-algebras.

Theorem 6.1. Let A be a complex commutative semi-simple reqular Banach algebra,
and o : A — A an automorphism. Then every non-zero ideal I in A X, 7Z has non-
zero intersection with the commutant A" of A in A xy Z, that is 1N A" # {0}.

Proof. As usual, we work in A x5 Z. When Per™(A(A)) = A(A), the result follows
immediately from Corollary 4.5. We will use induction on the number of non-
zero terms in an element f =37, fnd™ to show that it generates an ideal that
intersects A’ non-trivially. The starting point for the induction, namely when
f = fnd™ with non-zero f,, is clear since any such element generates an ideal
that even intersects A non-trivially, as was shown in the proof of Theorem 4.4.
Now assume inductively that the conclusion of the theorem is true for the ideals
generated by any element of A x5 7 with r non-zero terms for some positive integer
r, and consider an element f = f,, 6™ + --- + f, 6"+, By multiplying from
the right with a suitable element we obtain an element in the ideal generated by
J of the form g = 377 g;6 such that go # 0. If some of the other g; are zero we
are done by induction hypothesis, so we may assume this is not the case. We may
also assume that g is not in the commutant of A since otherwise we are of course
also done. This means, by Theorem 3.3, that there is such j that 0 < j < m,
and supp(g;)  Per’ (A(A)). Pick an = € supp(g;) such that = # & 7(x) and
gj(z) # 0. As A(A) is Hausdorff we can choose an open neighbourhood U, of
@ such that U, N5/ (U,) = 0. Regularity of A implies existence of an h € A
such that h o5 ~7(x) = 1 and h vanishes identically outside of &7 (U,). Now
gxh = 37" g;-(hog— )4 Using regularity of A again we pick a function a € Asuch
that a(z) = 1 and a vanishes outside U,. We have axgxh = > i"% a-g;- (ho5 )5,
which is in the ideal generated by f. Now a-gg-h is identically zero since a-h = 0. On
the other hand, a-g;-(hog7) is non-zero in the point x. Hence axg+*h is a non-zero
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element in the ideal generated by f whose number of non-zero coefficient functions
is less than or equal to r. By the induction hypothesis, such an element generates
an ideal that intersects the commutant of A non-trivially. By Theorem 3.1 it follows
that every non-zero ideal in A X, Z intersects A’ non-trivially. O

7. Primeness versus topological transitivity

We shall show that for certain A, A X, Z is prime if and only if the induced system
(A(A),o) is topologically transitive. The analogue of this result in the context of
crossed product C*-algebras is in [7, Theorem 5.5].

Definition 7.1. The system (A(A),0) is called topologically transitive if for any
pair of non-empty open sets U,V of A(A), there exists an integer n such that
g (U)NV #0.

Definition 7.2. The algebra A x, Z is called prime if the intersection between any
two non-zero ideals I, J is non-zero, that is I N.J # {0}.

For convenience, we also make the following definition.
Definition 7.3. The map E : A x5 Z — A is defined by E(Q ez fnd™) = fo.

To prove the main theorem of this section, we need the two following topo-
logical lemmas.

Lemma 7.4. If (A(A),7) is not topologically transitive, then there exist two disjoint
invariant non-empty open sets O1 and Os such that O, U Oy = A(A).

Proof. As the system is not topologically transitive, there exist non-empty open
sets U,V C A(A) such that for any integer n we have 6"(U) NV = . Now
clearly the set O1 = |J,,c; 0™ (U) is an invariant non-empty open set. Then Oy
is an invariant closed set. It follows that Oa = A(A)\O; is an invariant open set
containing V. Thus we even have that O UO2 = A(A), and the result follows. O

Lemma 7.5. If (A(A),5) is topologically transitive and there is an ng > 0 such
that A(A) = Per" (A(A)), then A(A) consists of a single orbit and is thus finite.

Proof. Assume two points z,y € A(A) are not in the same orbit. As A(A) is
Hausdorff we may separate the points 2, o(z),...,0"0~1(z), y by pairwise disjoint
open sets Vo, Vi,..., Vpo—1,V,. Now consider the set

Uy :=Vona (V) Na2(V)n---na ™ (V).
Clearly the sets A, = U5'5%(U,) and A, = U515 (V) are disjoint invariant

non-empty open sets, which leads us to a contradiction. Hence A(A) consists of
one single orbit under 7. |
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We are now ready for a proof of the following result.

Theorem 7.6. Let A be a complex commutative semi-simple reqular unital Banach
algebra such that A(A) consists of infinitely many points, and let o be an automor-

phism of A. Then A X, Z is prime if and only if the associated system (A(A),7)
on the character space is topologically transitive.

Proof. Suppose (A(A),d) is not topologically transitive. Then there exists, by
Lemma 7.4, two disjoint invariant non-empty open sets O; and Os such that
01U Oy = A(A). Let I and I, be the ideals generated in A x5 Z by k(O) (the
set of all functions in A that vanish on O1) and k(Oz) respectively. We have that

E(I1N 1) C E(Iy) N E(Ly) = k(01) Nk(Oz) = k(01 UO7) = k(A(A)) = {0}.

It is not difficult to see that if I C Ax57Z is an ideal and E(I) = {0}, then I = {0}.
Namely, suppose F' = 3" f,0™ € I and f; # 0 for some integer i. Since A is unital,
sois A and thus 6~1 € A x5 Z. So F %6~ € I and hence E(F+6 %) =fi=0
which is a contradiction, so I = {0}. Hence I; NI, = {0} and E><13 7 is not prime.
By Theorem 3.1, neither is A x, Z. Next suppose that (A(A), ) is topologically
transitive. Assume that Per®(A(A)) is not dense. Then by Lemma 4.3 there is an
integer ng > 0 such that Per"®(A(A)) has non-empty interior. As Per"®(A(A)) is
invariant and closed, topological transitivity implies that A(A) = Per"®(A(A4)).
This, however, is impossible since by Lemma 7.5 it would force A(A) to consist
of a single orbit and hence be finite. Thus Per®(A(A)) is dense after all. Now let
I and J be two non-zero proper ideals in A X, Z. Unitality of A assures us that
INA and JNA are proper invariant ideals of A and density of Per®™ (A(A)) assures
us that they are non-zero, by Theorem 4.5. Consider Ar = {u € A(A)|u(a) =
Oforalla € IN A} and Ay = {v € A(A)|v(b) = Ofor allb € J N A}. Now by
Banach algebra theory a proper ideal in a commutative unital Banach algebra A is
contained in a maximal ideal, and a maximal ideal of A is always precisely the set
of zeroes of some £ € A(A). This implies that both A; and A; are non-empty, and
semi-simplicity of A assures us that they are proper subsets of A(A). Clearly they
are also closed and invariant under & and —!. Hence A(A) \ A; and A(A)\ Ay
are invariant non-empty open sets. By topological transitivity we must have that
these two sets intersect, hence that A; U A; # A(A). This means that there exists
ne A(A)anda € INA, be JN A such that n(a) # 0, n(b) # 0 and hence that
n(ab) # 0. Hence 0 # ab € I N J, and we conclude that A X, Z is prime. O
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Born-Oppenheimer-type Approximations
for Degenerate Potentials:
Recent Results and a Survey on the Area

Francoise Truc

Abstract. This paper is devoted to the asymptotics of eigenvalues for a Schro-
dinger operator Hy, = —h?A+V on L*(R™), in the case when the potential V'
does not fulfill the non degeneracy condition: V(z) — 400 as |z| — +o0. For
such a model, the point is that the set defined in the phase space by: Hj <
A may have an infinite volume, so that the Weyl formula which gives the

behaviour of the counting function has to be revisited.

We recall various results in this area, in the classical context (h = 1
and A — +00), as well as in the semi-classical one (h — 0) and comment
the different methods. In Sections 3, 4 we present our joint works with A.
Morame (Université de Nantes, e-mail: morame@math.univ-nantes.fr),where
we consider a degenerate potential V(z) = f(y)g(z), where g is assumed to be
a homogeneous positive function of m variables , smooth outside 0, and f is
a smooth and strictly positive function of n variables, with a minimum in 0.

In the case where f(y) — 400 as |y| — +o0, the operator has a compact
resolvent and we give the asymptotic behaviour, for small values of h, of the

number of eigenvalues less than a fixed energy.

Then, without assumptions on the limit of f, we give a sharp estimate
of the low eigenvalues, using a Born Oppenheimer approximation. With a
refined approach we localize also higher energies. In the case when the degree
of homogeneity is not less than 2, we can even assume that the order of these

energies is like the inverse power of the square of h.

Finally we apply the previous methods to a class of potentials in R?,

d > 2, which vanish on a regular hypersurface.

Mathematics Subject Classification (2000). Primary 35P20.

Keywords. Eigenvalues, semi-classical asymptotics, minimax principle, Born-

Oppenheimer approximation, Weyl formula, degenerate potentials.
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1. Introduction

Let V' be a nonnegative, real and continuous potential on R™, and h a parameter
in ]0,1]. The spectral asymptotics of the operator H;, = —h?A +V on L?(R™)
have been intensively studied. More precisely it is well known [16] that Hj, is
essentially selfadjoint with compact resolvent when V' (z) — 400 as |z| — +o00 (we
shall say that V' is non degenerate). Moreover, denoting by N (A, H) the number
of eigenvalues less than a fixed energy A, the following semiclassical asymptotics
hold, as h — 0:

N\ Hy) ~ h*m(27r)*%,,,b/ A= V(@) da . (1.1)
Rm

In this formula, v,, denotes the volume of the unit ball in R™, and the
notation W, means the positive value of W.

Let us note that the classical asymptotics are also given by the formula (1.1),
provided we let h =1 and A — +o0.

In both cases, the result points out the asymptotic correspondence between
the number of eigenstates with energy less than A and the volume in phase space
of the set {(z,€), f(z,€) < A}, where f(z,€) = £ + V(z) is the principal symbol
of Hy,.

In this paper we propose a review of results concerning the degenerate case:
the potential V' does not tend to infinity with |z|, so that the volume in phase
space of the previous set may be infinite.

2. The Tauberian approach

Let us explain how the problem of the degenerate case came from the non degen-
erate one.

In 1950 De Wet and Mandl ([3]) proved the formula (1.1) in its classical
version, provided V(z) > 1 and two more conditions on V:
1) a smoothness condition: V differentiable and |[VV| = o(V)
2) a Tauberian type condition: let ®(V,A) = [g..(A— V(z)):'fmdx; it is assumed
that there exists ¢ and ¢ such that: ¢c®(V, A) < A®'(V,\) < ®(V, \).
The first condition is local and the second is global. This last condition was needed
to use a Tauberian technique, which consists on studying the asymptotic behavior
of the Green’s function of the operator H; and applying a Tauberian theorem.

Refinements were done by Titchmarsh, Levitan and Kostjucenko,([22], [11],
[12]) and then Rosenbljum ([18]) proved that the formula (1.1) holds with “maxi-
mal” weakening conditions on V:

1) the smoothness condition is replaced by a condition on the “L'-modulus of
continuity” on unit cubes and by the following assumption: V(y) < C'V(z)
if |z —y] <1

2) the Tauberian type condition becomes: o(2\, V) < Co(A, V) (for large \),
where (A, V') denotes the volume of the set {z € R™; V(z) < A}.
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Solomyak ([21]) makes the following remark:

Lemma 2.1. Let V' be a positive a-homogeneous potential:

V(z) > 0; V(tx) =t"V(x) for anyt >0 (a > 0).

If moreover V (z) is strictly positive (V(x) # 0 if x # 0) the spectrum of Hy
is discrete and the formula (1.1) takes the form:

s 411) ™~ TYm,a t z m/a €z
N\ H ) AT 2a V d
gm—1

(Ym,a s a constant depending only on the parameters m and a).

From that lemma comes out naturally the idea of investigating the spectrum
without the condition of strict positivity (and thus in a case of degeneracy of the
potential); the two main results are ([21]]:

Theorem 2.2. The formula of Lemma 2.1 still holds for a positive a-homogeneous
potential such that J(V) = [g,_,(V(x))™™/%dx is finite.

The second result deals with a case where J(V) is infinite: let V (z) = F(y, 2),
y€R" 2 € RP, n+p=m, m > 2, such that F(sy,tz) = s**°F(y,z) (with
0 < a <b)and F(y,z) > 0 for |z||y| # 0. Denote by A;(y) the eigenvalues of the
operator —A, + F(y, z) in L2(RP) and let s = %, then:

Theorem 2.3.

If 5 >0 N H) ~ oy o5 / S((y) " da
b a Sm—1
L, nom ala+2) 2mtam _
if 7=— NON\H)~ 5 Ymak In A F(y,z)""/"da.
i b a (A H1) 2b(a — b)’y ’ o ‘/Sn,—lSpfl 2) !

The proof is based on variational techniques and spectral estimates proved
in ([18]). But on a heuristic level the result can be understood in the framework
of the theory of Schrédinger operators with operator potential.

This last approach can be found in ([17]) where D. Robert extended the
theory of pseudodifferential operators in the form developed by Hérmander to
pseudodifferential operators with operator symbols. It was thus possible to study
cases where the operator has a compact resolvent but the condition lims V (z) =
+oo is not fulfilled. As an example it gives the asymptotics of N(\, Hy) for the
2-dimensional potential V(y,z) = y?*(1 + 2?)!, where k et [ are strictly positive.
The asymptotics are the following;:

Theorem 2.4.

If k>0 NOH) ~yA =
if k=1 N H)~7)\ "% Ini

2k+1
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The constants y; depend only on k and [, but the first one 7, takes in account
the trace of the operator (—A, + 22¥)~(+1)/2in [2(R).

In the 2-dimensional case let us mention the results of B. Simon ([19]). He
first recalls Weyl’s famous result: let H be the Dirichlet Laplacian in a bounded
region Q in R2, then the following asymptotics hold:

N H) ~ %A\m

and then he considers special regions 2 for which the volume (denoted by |€2]) is
infinite but the spectrum of the Laplacian is still discrete. These regions are of the
type: 2, = {(y, 2):lyll=l* < 1}.

Actually the problem can be derived from the study of the asymptotics of
Schrédinger operators with the homogeneous potential: V (y, z) = |y|*|z|®.

In order to get these “non-Weyl” asymptotics, he uses the Feynman-Kac
formula and the Karamata-Tauberian theorem, but the main tool is what he calls
“sliced bread inequalities”, which can be seen as a kind of Born-Oppenheimer
approximation. More precisely let H = —A + V(y, z) be defined on R"*? and
denote by \;(y) the eigenvalues of the operator —A, + V (y, 2) in L*(RP). (If the
2z’s are electron coordinates and the y’s are nuclear coordinates, the \;(y) are the
Born-Oppenheimer curves.) He proves the following lemma:

Tl‘eitH < Zje*t(*Ay*’)\J(y))
(when the second term exists).
Thus he gets the two following coupled results:
Theorem 2.5. If H = —A + |y|%|z|? and o < B, then
B+2
(v= )-

2a

Corollary: if H= —Aq, (u>1), then N(X\H)~ cu)\ﬁ.

2v+41

N\ H) ~ e, A2

Theorem 2.6. If H = —A + |y|®|2[*, then N\ H) ~ 2Aa In A,
Corollary: if H=—Aq, (u=1), then N(X\ H)~ L1xIn)

The constant ¢, depends only on y, and the constant c, takes in account the
trace of the operator (—A, +|z|%)™" in L3(R).

3. The min-max approach

The result presented in this section is based on the method of Courant and Hilbert,
the min-max variational principle. It turns out that this method can be applied to
operators in L?(R™) with principal symbols which can degenerate on some non
bounded manifold of T*(R™). It is the case for the Schrédinger operator with a
magnetic field H = (D, — A(2))?, which degenerates on {(z,&) € T*(R™);£ =
A(z)}. If the magnetic field B = dA fulfills the so-called magnetic bottle conditions
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(mainly: lime, || B(x)|| = 00) the spectrum is discrete ([1]) and the classical asymp-
totics were established by Colin de Verdiere ([2]) using the min-max method. The
semiclassical version of the result is given in ([23]).

In ([14]), the min-max method is performed to get semiclassical asymptotics
for a large class of degenerate potentials, namely potentials of the following form:
z=(y,z) ER" xRV, n+p=m, m>2
Vi) = f(y)g(2), f € C(R";RY),

g€ C(RV;Ry), g(tz) =t%g(z) (a>0)Vt >0, g(z) >0Vz#0. (3.1)
The spectrum of the operator —A, + g(z) in L*(RP) is discrete and positive. Let
us denote by p; its eigenvalues. It is easy to make the following remark:

Remark 3.1. If f(y) — +oco as |y| — +oo then H, = —h*A +V has a compact
resolvent.

Of course if f was supposed to be homogeneous, the asymptotics would be
given by Theorem 2.3. Here the assumption on f is only a locally uniform regu-
larity:

3be>0st ¢t < fy) and |f(y) — ) < ef W)y — v
for any y,y’ verifying |y — y/| < 1.
Theorem 3.2. Let us assume the previous conditions on f and g. Then there exists

0,7 €]0,1[ such that, for any X\ > 0, one can find hy €]0,1[, C1,Cs > 0 in order
to have

(1- h"Cl)nh,f(A —h"Cy) < N(A\ Hp) < (14 h"Cl)nh,f(/\ +h7Cs) Vh €]0,ho[
i g ) = ) [ Spenh = 24 IR )1 2y
R"
Provided some additional conditions on f, the previous result can be refined
as follows:

Theorem 3.3. If moreover one can find a constant Cs such that, for any p > 1:

/ F iy < Ca [ F )y |
{y.f(y)<2u} {y.f(y)<n}

then one can take Cy = 0 in Theorem 3.2:
(1= h2C)nps(N) < N(X Hp) < (L+h7Cr)np p(N)  Vh €]0, hol.

Remark 3.4. If moreover f~7/* € LY(R") and g € C*(RP\{0}), then the formula
(1) holds.

The proof of Theorem 3.2 uses a suitable covering of R™, so that the min-
max variational principle allows to deal with Dirichlet and Neumann problems in
cylinders for the restrained operator (with a fixed y). The proof of Theorem 3.3 is
based on an asymptotic formula of the moment of eigenvalues of —h?A, + g(2),
which is again obtained using the min-max principle.



408 F. Truc

As a conclusion, let us notice that if there is some information on the growth
of f, then the asymptotics can be computed in terms of power of h:

Remark 3.5. If there exists k > 0 and C > 0 such that

1 ) .
Sl F@) <Ol for i > 1,
then
if k>a N\ Hp)~h™™

if k=a N()\,Hh)zh’mlrl%
if k<a N(\H,)~h""%.

4. Born-Oppenheimer-type estimates

In last section we have investigated the asymptotic behavior of the number of
eigenvalues less then A of Hj, = —h2A + f(y)g(2).
Theorem 3.2 gives us a hint of what should eigenvalues of Hj, look like. This
can be done using Born-Oppenheimer-type methods.
We assume as in last section that: g € C°(R™ \ {0}) is homogeneous of
degree a > 0, and assume the following for f:
f e C®R"), Ya e N", (If(y)| +1)7'05 f(y) € L¥(R")
0 0) = inf
< f(0) nf f)
7(0) < timinf £(3) = f(o<)
y|—oo
22f(0) > 0.

0% £(0) denotes the hessian matrix in 0.

(4.1)

4.1. Using homogeneity
By dividing H, by f(0), we can change the parameter h and assume that
1) =1. (4.2)
Let us define: & = h?/ (2t and change z in zh; we can use the homogeneity of g
(3.1) to get:
sp (I:\[h) = h"sp (ﬁﬁ) ) (4.3)
with H" = D2 + D2 + f(y)g(2) .
Let us denote as usually the increasing sequence of eigenvalues of D2 + g(z),
(on L*(R™)), by (k;)j>0-
The associated eigenfunctions will be denoted by (¢;);:
By homogeneity (3.1) the eigenvalues of Qy(z,D.) = D2 + f(y)g(z), on
L?*(R™)), for a fixed y, are given by the sequence (\;(y));>0, where : A\;(y) =
w2 T (y).
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So as in [15] we get:
A" > D3+ ) | (4.4)

This estimate is sharp as we will see below.
Then using the same kind of estimate as (4.4), one can see that

inf spess(H™) > py £/ (c0) . (4.5)

We are in the Born-Oppenheimer approximation situation described by A.
Martinez in [13]: the “effective ” potential is given by A\i(y) = p1 f2/?+)(y), the
first eigenvalue of @, and the assumptions on f ensure that this potential admits
one unique and nondegenerate well U = {0}, with minimal value equal to p;.
Hence we can apply Theorem 4.1 of [13] and get:

Theorem 4.1. Under the above assumptions, for any arbitrary C > 0, there exists
ho > 0 such that, if 0 < h < hy, the operator (ﬁﬁ) admits a finite number of
eigenvalues Ey(h) in [p1, p1 + Ch], equal to the number of the eigenvalues ey of
D2+ #- < 9 f(0)y, y > in [0,+C] such that:

2+a
Bi() = M(A") = A (R2D3 + 1 /340 )) + O(R2) . (46)
More precisely Ex(h) = /\k(ﬁﬁ) has an asymptotic expansion
Ek(ﬁ) ~ pu1 + h ( e + Zak],hj/z ) (47)
j=1

If Ex(h) is asymptotically non degenerate, then there exists a quasimode
Sy, 2) ~ B ke YWY T Pay(y,2) (4.8)
>0
satisfying
Gyt < || mre @ hagg(y, 2)| < Co
7= Mg (y, 2))| < C;
“(Hﬁ7u1 — hekf Z (,Yk]‘hj/2>H (49)
1<j<J

Bk o= ¥(2)/h Z W/ 2a;(x,y)|| < CrRUTD/2,
0<5<J

The formula (4.7) implies

N(H) =+ B (D§+ S < POy >) + 002y, (4.10)

and when k = 1, one can improve O(%%/2) into O(h?). The function 1 is defined
by: ¥(y) = d(y,0), where d denotes the Agmon distance related to the degenerate
metric py £/ 49 (y)dy?.
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4.2. Improving Born-Oppenheimer methods

We are interested now with the lower energies of H". Let us make the change of
variables

v, 2) = (y, M/ (y)2) . (4.11)
The Jacobian of this diffeomorphism is f™/(+)(y), so we perform the change of
test functions: u — f~"™/ (4429 ()y, to get a unitary transformation.

Thus we get that B
sp (H") = sp (H") (4.12)
where H" is the self-adjoint operator on L2(R™ x R™) given by
H"=1D; + [/ (y) (D2 + (=)
2

+ 1 m(Vf(y)Dy)(zDz) B
" ; : m 413
R ) (V@) = F@)ATW) [(:D2) ~ 5]
m2
e [VI(y)RlD)? + .

(2+a)2f(y) 4
The only significant role up to order 2 in /& will be played actually by the first
operator, namely: Hl' = D2 + fHE A (y) (D2 + g(2)).
This leads to:

Theorem 4.2. . Under the assumptions (3.1) and (4.1), for any fized integer N > 0,
there exists a positive constant ho(N) verifying: for any h €]0, ho(N)[, for any
k<N and any j < N such that

i < fYC (o),

there exists an eigenvalue \jj, € spd(flh) such that

Mg = Ao (B2D2 4, f/ 390 () | < B2C (4.14)
Consequently, when k =1, we have
tr((9°£(0)'/?)
P . N/228\E JAY)) T ) 2

4.3. Middle energies

We can refine the preceding results when a > 2, g € C*°(R™) and f(o0) = oo.
We get then sharp localization near the y;’s for much higher values of j’s. More
precisely we prove:

Theorem 4.3. . Assume the preceding properties, and consider j such that p; <
h™2; then for any integer N, there exists a constant C' depending only on N such
that, for any k < N, there exists an eigenvalue \ji. € spa(H™) verifying

Nk = A (D34 ) | < Oy (4.16)



Born-Oppenheimer-type Approximations 411

Consequently, when k =1, we have

2 tr((0%£(0))'/?)

1
I Ajn = |+ Buy)" 21 a)/2

| < Cuk*. (4.17)

4.4. An application

We can apply the previous methods for studying Schrédinger operators on L?(R%)
with d > 2,

P = —h2A 4 V(s) (4.18)
with a real and regular potential V' (s) satisfying
V e C*®R?; [0, +00])
lir‘ninf V(s) >0 (4.19)

|s]— 00
I = V71({0}) is a regular hypersurface.
Moreover we assume that I' is connected and that there exist m € N* and
Co > 0 such that for any s verifying d(s,T") < Cgl
Cytd®(s, T) < V(s) < Cp d*™(s, I) (4.20)
(d(E, F) denotes the euclidian distance between F and F).

We choose an orientation on I" and a unit normal vector N(s) on each s € T,
and then, we can define the function on T',

(s) = (271”)! (N@)%) V(s), Vs eTl. (4.21)

Then by (4.19) and (4.20), f(s) >0, VseTl.
Finally we assume that the function f achieves its minimum on I" on a finite
number of discrete points:

Yo = fﬁl({no}) = {817"'7 520}7 it mo = 13161%‘1 f(S), (4'22)

and the hessian of f at each point s; € 3¢ is non degenerate.
Hess (f)s; has d — 1 non negative eigenvalues
pi(si) S <paa(s), (pilsy) > 0).
The eigenvalues p?(s;) do not depend on the choice of coordinates. We denote

d—1

Trt (Hess (f(s5))) = D pelsy) - (4.23)

=1
We denote by (y;);>1 the increasing sequence of the eigenvalues of the oper-
2

d 2m 2
ator e +t“" on L*(R).
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Theorem 4.4. Under the above assumptions, for any N € N*, there exist hg €]0, 1]
and Cy > 0 such that, if p; < K=/ m+DCm+3) - and if o € N1 and |a| < N,
then Vsy € X, Hz\ﬂa € spa(P") s.t.

/\?m -~ 2m/(m+1){ 1/(m+1) i + RYOmED 1/2A (a)] ‘
<

W
with
1
Ag(ar) = ——————[20ap(s¢) + Tr* (Hess (f(s¢)))] -
n(IJIL/(2TrL+Z)(nL + 1)1/2 [ ]
(ap(se) = arpi(se) + -+ ag—1pa—1(s¢))-
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The Ornstein-Uhlenbeck Semigroup in
Bounded and Exterior Lipschitz Domains

Tan Wood

Abstract. We consider bounded Lipschitz domains € in R™. It is shown that
the Dirichlet-Laplacian generates an analytic Co-semigroup on LP(2) for p
in an interval around 2 and that the corresponding Cauchy problem has the
maximal L?-regularity property. We then prove that for bounded or exterior
Lipschitz domains Ornstein-Uhlenbeck operators A generate Co-semigroups in
the same p-interval. The method also allows to determine the domain D(A) of
A and, if Q satisfies an outer ball condition, allows to show LP-L?-smoothing
properties of the semigroups.
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semigroup, maximal LP-regularity.

1. Introduction

We shall discuss the following problem. Let M be a real-valued constant coefficient
n x n-matrix and let K be a compact set in R™ with Lipschitz boundary!. Let
Q = R™\ K be the exterior domain. On this domain we consider the following
equation.

Opu(z,t) = Au(z,t) + Ma - Vu(z,t) in Q xRy,
u(z,t) =0 on 09 x Ry, (1.1)
u(z,0) = ug(x) for z € Q.

Operators of the form A 4+ Mz - V are called Ornstein-Uhlenbeck operators.?

Le., every point on the boundary of Q has a neighbourhood U such that, after an affine change
of coordinates, QN U is described by the equation z,, = ¢(z1,...,2n—1) where ¢ is a Lipschitz
continuous function and QNU ={z € U : zp, > p(@1,...,Tn-1)}

2Note that z is actually the space variable, so the notation A+ Mz -V is formally bad notation,
however it is the standard notation and we will use it in the following.
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In recent years, many authors have considered Ornstein-Uhlenbeck operators
(see [4], [7], [13], [21], [23], [24]), either from the point of view of analysis or
stochastics. All these articles deal with the realization of these operators in certain
function spaces over the whole space R™.

One setting where Ornstein-Uhlenbeck operators arise naturally is in trans-
forming parabolic equations such as the heat equation or the Navier-Stokes equa-
tions from rotating domains to a fixed domain Q (see [16]). Therefore, there is
considerable interest in such operators defined in exterior domains of R", see, e.g.,
(16], [15], [11]. In bounded domains, Ornstein-Uhlenbeck operators can be consid-
ered as relatively bounded perturbations of the Laplacian. If the domain is not
bounded however, the term Mz is unbounded which makes the problem much
more difficult to consider.

Before looking at Ornstein-Uhlenbeck operators, we need to study the Diri-
chlet-Laplacian in bounded Lipschitz domains. Consider Laplace’s equation

Au=fin Q, wu=0on 99,
and the heat equation
W —Au=finQ, u=00n0dQ, wu0)=0inQ,

where 2 C R" is a bounded Lipschitz domain. The usual elliptic regularity results
no longer hold for the Laplacian in Lipschitz domains (the domain of the operator
is no longer contained in the Sobolev space W2P(Q2)) and it becomes a difficult
problem to determine the domain of the operator. See [29] and the references
therein for information on elliptic and parabolic problems in non-smooth domains.

The aim of this paper is to collect the results on the Laplacian in Lipschitz do-
mains and their application to Ornstein-Uhlenbeck operators in one place. The re-
sults on the Laplacian have previously appeared in [29] and those on the Ornstein-
Uhlenbeck operator in [12] in a very shortened form.

The structure of the paper is the following. In the next section we consider
the Dirichlet-Laplacian in Lipschitz domains. We first state known results for the
elliptic problem, then we combine these with semigroup theory to show that the
Dirichlet-Laplacian generates a Cy-semigroup in LP() for a certain range of p.
We then study some of the properties of the semigroup such as analyticity and
positivity which finally lead to a maximal Li-regularity result.

In the last section we study Ornstein-Uhlenbeck operators. First, we look
at the well-known R™-case. We then study the first order drift term separately
before looking at Ornstein-Uhlenbeck operators in bounded Lipschitz domains in
Section 3.3. Using a cut-off procedure previously used by Hishida ([16], [17] and
(18]) we combine the results in R and on bounded domains to obtain results for
exterior domains in Section 3.4. Finally, Section 3.5 deals with Lipschitz domains
satisfying a uniform outer ball condition which gives additional regularity of the
solution when p < 2. This allows us to show LP-L9%-smoothing estimates which are
useful for the study of semilinear equations.
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2. The Laplacian in Lipschitz domains

2.1. Laplace’s equation

We first state the main result due to Jerison and Kenig on solutions to the Dirich-
let problem in bounded Lipschitz domains. The spaces LE () denote the Bessel
potential spaces of order o and exponent p over the domain Q (cf. [19] for the de-
finition and some properties). We remark that for Lipschitz domains 2 and k € N,
we have L}(Q) = WhP(Q).

Theorem 2.1. (Jerison, Kenig [19, Theorem 1.1]). Let Q be a bounded Lipschitz
domain in R™, n > 3. There exists € € (0,1], depending only on the Lipschitz
character® of Q such that for every f € LP_,(R™) there is a unique solution
u € LP(Q) to the inhomogeneous Dirichlet problem

Au=f inQ,
{ u=0 ondQ, (2.1)

provided one of the following holds (cf. Figure 1):

FIGURE 1. (o, 1/p)-region in which theorem holds

3 1
1. 1<p<py and —-—-1l—-e<a<l+ -,
p p
, 1 1
2. po<p<p, and —<a<l+ -,
p p
, 1 3
3. po<p<ox and —<a<-+e,
p p

where 1/py = 1/2+¢/2 and 1/p} = 1/2 — /2. Moreover, we have the estimate

lull g @) < ClUAlILe @y

3That is the number of coordinate charts used to cover the boundary 99 by cylinders such that,
inside each cylinder, the domain is the domain above the graph of a Lipschitz function, the radii
of these cylinders and the supremum of the norms of the graph functions.
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for all f € L _,(R™). The constant C' depends on the domain 0 only via the
Lipschitz character of Q. When the domain is C*, po may be taken to be 1.

Remark 2.2. In two dimensions there is a similar result with a slightly different
range of («a,p) (cf. [19, Theorem 1.3]).

For convex bounded domains 2 C R™ and 1 < p < 2, it is possible to control
all second derivatives in LP(f2) by the Laplacian. Note that any bounded convex
domain is a Lipschitz domain (cf. [14, Corollary 1.2.2.3]). The following result is
due to Fromm.

Theorem 2.3 (Fromm [10]). If Q@ C R™, n > 2, is a bounded and convex domain
with diameter d and if f € L2() then there is a unique u € Wy () N L 4(2)
satisfying Au = f in Q, and this solution satisfies the estimate

[wllayop < C@) 1o (2.2)
for —-1<a<0andl<p< o%rl (defining % =o0) and for a =0, p=2.

The theorem actually holds in a larger class of domains which are Lipschitz
domains that are convex in the neighbourhood of any boundary singularities. This
will be important for studying exterior domains later.

Definition 2.4. Let 2 be a domain in R™. We say that 2 satisfies the outer ball
condition if for each = € 99, there exists an open ball B C Q¢ with z € 9B. Q
satisfies a uniform outer ball condition if there exists an R > 0 such that for all
x € 01, the ball can be chosen to have radius R.

Remark 2.5. Theorem 2.3 holds in all bounded Lipschitz domains satisfying a
uniform outer ball condition (cf. [10, Remarks]). In this case, the constant C' in
(2.2) depends on more geometric properties of §2 than just the diameter.

2.2. The heat equation

2.2.1. Generation of a semigroup. The aim of this section is to show that if we
define the Dirichlet-Laplacian suitably on the Lebesgue spaces LP(2), for certain
domains 2 and a range of exponents p, the Dirichlet-Laplacian is the generator
of a Cy-semigroup?. We then determine various properties of the generated semi-
group. To begin, we introduce the Dirichlet-Laplacian with two different domains
of definition.

Definition 2.6. We define the weak Dirichlet-Laplacian A}’ on LP(Q) by
D(AY) ={ue WyP(Q): Aue LP(Q)}, Av¥u=Au.

Here, Au € LP(2) is to be understood in the sense of distributions.

Acf. | e.g., [2], [9] or [26] for information on Co-semigroups
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In order to obtain results on higher regularity of the solution to the Cauchy
problem, we introduce the strong Dirichlet-Laplacian.

Definition 2.7. The strong Dirichlet-Laplacian A} on LP(Q) is defined by
D(A}) = WP (Q) N Wy P(Q),  Aju= Au.

Our aim is to use the Lumer-Phillips Theorem (see, e.g., [2, Theorem 3.4.5])
to prove that the Dirichlet-Laplacian generates a Cy-semigroup of contractions. To
apply the theorem, we need to show dissipativity of the operator. An operator A on
LP(Q) is dissipative iff Re (Au,u*) < 0 for all u € D(A) with u* = [u[P~?Tx fux0}-

Lemma 2.8. Let Q C R"™ be a bounded Lipschitz domain and 2 < p < oco. Then
Ay is dissipative.

Proof. Let u € D(AY) and set u*(z) = |u(z)P~?u(x)X uro} (x). Then u* €
L¥' (€). We need to show Re (Au,u*) < 0. The gradient is given by

p—2 ,
L Sl @V + wn)) X{usto} -

Vu* = (\u\p_ZVE—I—
Using Holder’s inequality, it is easy to check that Vu* € L?”/(Q). Moreover u*|pn =
0. Therefore, u* € Wy (Q) (cf. [19, Proposition 3.3]). Integration by parts and a
calculation then yield
Re (Au,u*) = —Re/ Vu - Vu*
Jo
= 7Re/ﬂ|u|p72\Vu\2X{u#0}

P—2_ 4
7Re/ﬂ 2 ululP 4(u(Vu)2+u|Vu|2) X {uz0}

== [ (2Tl + = 2l (Re TT0P) g
Q

= —/ [ulP~* (@Vu - uVa + (p — 2)(Re WVu)?) X{uxzo}
Q

- / P~ [(p — 1)(Re 7V)* + (Im GV1)?] xjupoy <0. O
Q

Corollary 2.9. Let Q C R"™ be a bounded Lipschitz domain and 2 < p < co. Then
Aj is dissipative.

Note that for p < 2, the function u* is not in Wol"p, (€), so the straightforward
integration by parts is not possible.
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However, for the strong Dirichlet-Laplacian an approximation procedure
yields the desired result:

Lemma 2.10. Let 2 be a Lipschitz domain, 1 < p < oo and u* = \u\p_2ﬂx{u#0}.
Then for u € WP () we have

[ = ~o=1) [ P Re@0) o (2:3)
= [l @V Py

—i(p— 2)/ |uP~*Re(@Vu)Im(TV ) X {40}
Q

ou
+ | wul .

/aQ N
Proof. This is a special case of Theorem 3.1 from [25] with ¢ = 1 and A = A.
Note that the assumptions on the boundary in [25] only require that C'°°(Q) is
dense in W?2P(Q) and that traces are well defined. In particular the results hold
for Lipschitz domains. O

Corollary 2.11. Let @ C R" be a Lipschitz domain and 1 < p < co. Then A} is
dissipative.

We are now in the position to prove one of the main theorems of this section
for the strong Dirichlet-Laplacian.

Theorem 2.12. Let Q@ C R™, n > 2, be a bounded Lipschitz domain satisfying a
uniform outer ball condition and 1 < p < 2. Then Aj generates a Co-semigroup
of contractions on LP().

Proof. It remains to verify the range condition of the Lumer-Phillips-Theorem,
i.e., that

(A—=A)D(A;) = LP(Q) for some A > 0
is satisfied. However, from Theorem 2.3, we know that under our assumptions,
0 € p(A7) and as the resolvent set is open, we have A € p(As) for some small
A > 0 which proves the theorem. O

For the weak Dirichlet-Laplacian we obtain the following result:

Theorem 2.13. Let §2 be a bounded Lipschitz domain in R™, where either
en>3and (34+0) <p <344, where § > 0 depends only on the Lipschitz
character of Q and (3 + 08)" denotes the conjugate exponent of 3+,
en=2and (4+0) <p <4+4, where § > 0 depends only on the Lipschitz
character of Q0 or
e n > 2 and suppose additionally that Q2 satisfies a uniform outer ball condition
and 1 < p < oo.
Then the operator Ay generates a Co-semigroup of contractions on LP(Q).
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Proof. We start with the case n > 3. Again we verify that the range condition
of the Lumer-Phillips-Theorem is satisfied. For u € D(A}’), we have Au € LP(Q),
so Au € LP_, () for any a < 2. By Theorem 2.1, there exists § > 0 such that
whenever 1 < p < 3+ 4, we can find a € [1,2] and a unique v € LE(£2) such that

Av=Au in Q,
v=20 on 0%,

and [|v], , < C [|Au]| Then u—v is harmonic and by the Maximum Principle

we have u = v. Thus

a—2,p*

lully, <llulla, < CllAul, g, < ClAull,.

Therefore, Ay : D(A}) — LP(Q) is an injective mapping for our range of ex-
ponents p. A similar argument shows that it is also surjective. Thus under our
assumptions we have 0 € p(A}’) for any 1 < p < 3 4 d. Moreover, by Lemma 2.8,
A} is dissipative for p > 2. This proves the theorem for 2 <p <3 + 4.

For the case when (3+9)’ < p < 2 we consider the dual operator. Since A}, is
m-dissipative, its dual operator Ay’ is m-dissipative in LP() (cf. [6, Proposition
3.10]). We now claim that A} C AV, i.e., D(A)) € D(Ap’) and both operators
coincide on D(A}). To see this, let v € D(A}), u € D(A}), (v,) € CZ(Q) and
(un) € C(Q) such that v, — v in WP(Q) and u, — u in W' (). Then

(Au,v) = lim (Au,v,) = — lim (Vu, Vo)
= —(Vu,Vv) = — lim (Vu,, Vv) = lim (u,,Av) = (u,Av),

so v € D(AR') and Ap'v = Av as claimed. Therefore A} is contained in a
dissipative operator and hence is itself dissipative for (34 d)" < p < 2. Moreover,
as we have seen above, for these p the range condition is satisfied. Using the
Lumer-Phillips Theorem, this completes the proof for n > 3.

For n = 2, we merely replace Theorem 2.1 by [19, Theorem 1.3], while in the
case of domains satisfying a uniform outer ball condition we use Theorem 2.3 and
argue in the same way obtaining the larger range of exponents p. O

Remark 2.14. ¢ is given by 3¢/(1 — €) where ¢ is the constant given in Theorem
2.1. Therefore, (3+0)' =3/(2+¢).

Corollary 2.15. If Q@ C R™, n > 2, is a bounded Lipschitz domain satisfying a
uniform outer ball condition and 1 < p < 2, then we have A) = Aj.

Proof. Obviously, Ay C AY. Since 0 € p(Ay) N p(A}), we have AS = AV, O

Remark 2.16. To make the statements more concise, in the following we will often
only refer to the semigroup generated by the weak Dirichlet-Laplacian, recalling
that whenever the strong Dirichlet-Laplacian is a generator, it coincides with the
weak Dirichlet-Laplacian.
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2.2.2. Properties of the semigroup. We first show that the semigroups generated
on LP(f2) are consistent.

Proposition 2.17. Let Q and n be as in Theorem 2.13 and suppose p and q satisfy
the assumptions on p given there. Then the semigroups T, generated by A} and
T, generated by AY are consistent, i.e., if f € LP(Q) N LI(Q) then

Tp(t)f =T,(t)f for allt > 0.

Proof. W.lo.g. assume p < ¢. Then, as Q is bounded, D(AY) C D(A}). Let
f € D(AY). Then T,(t)f is the unique classical solution to

u —Au=0, u(0)=f (2.4)
with T,(t)f € D(AY) for t > 0. But then T (¢)f € D(A}), so it must agree with

T,(t)f, the unique classical solution to (2.4) for f € D(A}). Since D(AY) is dense
in L9(Q), we get T,,(t) f = T,(t)f for all f e LI(Q). O

This now gives us some further interesting results.

Theorem 2.18. Let Q,n and p be as in Theorem 2.13 and let T' denote the semigroup
generated by Ay on LP(Q). Then the following holds.

1. The spectrum of A} is independent of p, i.c., a(A}) = a(AY) for all p in

the range.

2. T satisfies a Gaussian estimate, i.e., there exist constants a > 0, M,b > 0
such that |T(t)f| < Me“G(bt)|f| fort > 0 where G(t)f = ky * f is the
Gaussian semigroup and k; is the Gaussian kernel.

. T is analytic.

. T is positive, i.e., T(t)f >0 for all f >0, ¢>0.

. T is of negative type, i.e., the growth bound w(T) of the semigroup satisfies
w(T) < 0. Moreover, w(T) is independent of p.

T W

Proof. We start with 2: On L2(Q), AY is identical to the Dirichlet-Laplacian
defined via the form in [3, Section 1]. Since the semigroups generated on LP(f2) are
consistent, both for the construction of the generator in [3] and for the semigroups
generated by A}, the semigroups must coincide for all cases. Then by [3, Section
1] the semigroup satisfies a Gaussian estimate.

3 now follows from the Stein Interpolation Theorem, while 1 follows from the
Gaussian estimate by a result due to Kunstmann [20].

To see 4, we first deal with with real-valued functions using [6, Corollary
7.15]. In this case, LP(§2) is a Banach lattice, therefore it is sufficient to show that
A} is dispersive. In the case p > 2, integration by parts as in the proof of Lemma
2.8 proves this. When dealing with complex-valued functions, the positivity of the
semigroup on LP(f2), p > 2, obviously follows from the real-valued case and the
fact that the operator has real-valued coefficients.

Now let p < 2. Recall that a semigroup is positive iff the resolvent is positive
for sufficiently large A > 0 (see, e.g., [6, Proposition 7.1]). Let f € LP(Q2), f > 0.
Then there exist f,, € L*(R), fn > 0 such that f, — f in LP(Q). If A¥ generates a
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Co-semigroup on LP(2), then from the standard resolvent estimate for generators
we obtain that R(A\,Ay)fn, — R(A\,AY)f in LP(Q). However, positivity of the
semigroup on L?(Q) and consistency of the semigroups imply R(A, A¥)f,, > 0 and
therefore R(\, Ay)f > 0 almost everywhere. This proves positivity also for the
case p < 2.

Finally, to prove 5, we use a result due to Weis (cf. [2, Theorem 5.3.6]) which
states that for generators A of positive semigroups T' on LP(€2), w(T) coincides
with the spectral bound s(A). By 1, we already know that o(A}) = o(AY), in
particular equality holds for the spectral bound. It therefore remains to examine
the case p = 2.

Using Poincaré’s inequality, for u € D(AY), u # 0, we have

(Au,u) = — | Vull; < —C Jul3 <0.

Then by [26, Theorem 1.3.9], we get that the numerical range and therefore
the spectrum of A¥ lie in the half-plane {z € C : Re z < —C1}, in particular
s(AY) < —C. O

2.2.3. Maximal L9-regularity. In the previous section we have proven generator
results for the Dirichlet-Laplacian and gathered various properties of the semi-
groups and their generators. We can now exploit these results to show the maximal
regularity property for the Laplacian.

Theorem 2.19. Let Q,n and p be as in Theorem 2.13. Then the weak Dirichlet-
Laplacian has the mazimal regularity property, i.e., for 1 < ¢ < oo and for every
f e LY Ry, LP(Q)) there exists a unique solution to

u'(t) — Au(t) = f(t) for teRy,
u(t,z) =0 on Ry x99, (2.5)
u(0) =0

The solution u lies in LY(Ry, D(AY))NWh(R ., LP(2)) and satisfies the estimate

‘|“HLq(R+,LP(Q)) + HU,“LQ(R+1LP(Q)) + |‘A“HL¢;(R+,LP(Q)) <C|fl La(Ry,LP(Q)) *

Proof. We have shown that the semigroup generated by A} is contractive (The-
orem 2.13), analytic and positive (Theorem 2.18) on LP(f2). Maximal regularity
now follows from a result by Weis ([28, Corollary 4d]). Moreover, as the generated
semigroup is of negative type (Theorem 2.18), we get u € LY(R, LP(Q)) (cf. [8])
which leads to the desired estimate using the Closed Graph Theorem. O

Of course, whenever the weak and the strong Laplacian coincide, this also
yields maximal regularity for the strong Laplacian. Because of the importance of
the result, in particular the better estimate (2.6), we state it here separately.

Theorem 2.20. Let 1 <p <2, and Q@ CR™, n > 2, be a bounded Lipschitz domain
satisfying a uniform outer ball condition. Then the strong Dirichlet-Laplacian has
the mazimal Le-regqularity property in LP(Q), i.e., for 1 < g < oo and for every
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f € LRy, LP(Q)) there exists a unique solution to (2.5). The solution u lies in
LRy, W2P(Q) N Wy P(Q)) N Wh(Ry, LP(Q)) and satisfies the estimate

”7"”LQ(R+,W2W(Q)) + H7L(HLa(R+,Lr(Q)) <cC “f‘lLQ(R+’LP(Q)) . (2.6)

Remark 2.21. The same results can be proven for exterior Lipschitz domains and
exterior Lipschitz domains satisfying a uniform outer ball condition. To do this,
construct solutions to the resolvent problem in the exterior domain by combining
the solutions in bounded domains and the whole space R" as is done in the next
section for Ornstein-Uhlenbeck operators. Together with dissipativity of the oper-
ator this proves generation of a contractive Cp-semigroup via the Lumer-Phillips
Theorem. Moreover, we see from the construction that the resolvent operators are
consistent on the LP-spaces, hence the generated semigroups are consistent and
they coincide with the positive analytic semigroups gained by the form method
in [3]. Invoking Weis” Theorem once more, we obtain maximal L9-regularity over
LP(Q2) for the Dirichlet-Laplacian in exterior Lipschitz domains with the same
restrictions on the dimension, the domain and the exponent p as in the case of
bounded Lipschitz domains.

3. The Ornstein-Uhlenbeck operator in Lipschitz domains
3.1. Ornstein-Uhlenbeck operators on L”(R™)
We define the following operator. For 1 < p < co and M € R"*", let
Agnu(z) = Au(z) + Mz - Vu(z), © € R,
D(Agn) = {u € W?P(R") : Mx - Vu € LP(R")}.

We gather the main results on the Ornstein-Uhlenbeck operator Ag» in a
theorem.

3.1

Theorem 3.1. Let 1 < p < oo then the operator Arn generates a positive Cop-
semigroup on LP(R™) and the semigroup (et4*")¢>o has the explicit representation

etA'R”f( )= M g, —y)e~ 1(Q y’y)dy reR" t>0,

<4vr)"/2<det Q17 / fle
with Q¢ := ft sM esM™ (g for t > 0. Moreover, there exists \g € R such that for
A > A\ the unique solution of the resolvent problem (A — Arn)u = f satisfies

lullywzp@ay + 1Mz - Vullpogay < Cxllfllpo@n) (32)

for some constant C depending on A\, and there exist constants C,w independent
of A such that the solution to the resolvent problem satisfies the gradient estimate

C
HVUHLP(R" = |1 HfHLP (R7) - (3:3)

Furthermore, if 1 < p < q < 0o, then there exist constants C,w such that
et £, < O™ 2GRt 1], ¢ >0, f € LP(R), (3-4)
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and for the gradient we have the estimate
[Vetter f|| < Ct7373G=Dest £, >0, fe LP(R™). (3.5)

Proof. By [27, Theorem 2.4], we obtain that Ar~ generates a positive Co-semi-
group on LP(R™) and the explicit representation can be found in [23]. The estimate
(3.2) then follows from the closed graph theorem. For the gradient estimate (3.3),
using [15, Proposition 3.4], we see that the semigroup generated by Ag- satisfies
the estimate

C
Vet ll, < e 151, (3.6)

for some w € R. For A > A¢, the resolvent is given by the Laplace transform of the
semigroup (cf. [2]) and we get

IVRO Azl = | [ e veste par

< c/ e Niag | ||
P 0

0
I'(3)
< (—127 .
< oot
Finally, (3.4) and (3.5) follow from [15, Proposition 3.4 and Lemma 3.5]. a

3.2. The drift operator

We have already studied the Laplacian in Lipschitz domains. We now take a closer
look at the drift term before combining the results to study the Ornstein-Uhlenbeck

operator. We first introduce the drift operator Bg on a domain © C R™:
Bou(x) := Mz - Vu(z), x € Q, (3.7)
D(Bq) := {u € WHP(Q): Mz - Vu € LP(Q)}. ’

Note that the condition Mz -Vu € LP(Q) is trivially satisfied in bounded domains
for u € WHP(€). Moreover, in this case the drift term is a relatively bounded
perturbation of the Laplacian:

Proposition 3.2. Let D be a bounded Lipschitz domain. Then the drift operator
Bp on D is relatively bounded by the weak Dirichlet-Laplacian A} in LP(D) for
(3+¢) <p < 3+¢e wheree > 0 depends only on the Lipschitz constant of D. The
relative bound is given by zero.

Proof. Obviously we have that D(Bp) 2 D(Ay). Let u € D(AY). By Theorem
2.1, we can find ¢ > 0 such that

lull, 15, < ClAull, for (B4+¢) <p<3+e.

By the resolvent estimate for generators of contractive Cy-semigroups we have

C
[lull, < XH(/\*A)UHZ) for A>0, (3+¢)<p<3+e.
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Set © =46/(1+46) € (0,1). Then, using the complex interpolation method (cf. [5])
and Jensen’s inequality, we obtain the estimate

1-e /¢ ©
< (clau,) " (Si0- 2, )

A

< O °((L-0) [ Aul, +OI(A = A)ul,)
= OX 9 Aull, + CN'"C Jull,
As we can choose A > 0 arbitrarily large, this concludes the proof. O

The next step is to prove dissipativity for the drift operator. To do this,
we need to integrate by parts. The next result shows that this is possible in our
situation.

Proposition 3.3. Let Q2 be a Lipschitz domain in R™, u € Wol’p(ﬂ), ¢ € WH=(R™)
and 1 < p < co. Then we have

Jotup20u=— [ ¢ - 2uom— [ 6 P2 P2 @i uom) - [ @:0) lup.
Q Q Q

Q

(3.8)
Proof. The proof is a simpler version of the proof of Theorem 3.1 in [25], as we
only want to integrate by parts once. O

Proposition 3.4. Let Q C R"™ be a Lipschitz domain and let the drift operator B

be defined as in (3.7). Then Bq + “pM is dissipative in LP(Y) for all 1 < p < co.

Proof. We need to show that Re (Bou,u*) < 7% Hu||£ where u* is as in Lemma
2.8. When (2 is unbounded, the term Mz is unbounded which causes some prob-
lems. Therefore, we need to introduce a cut-off function. Let ¢ € C2°(R"), 0 < ¢ <
1 such that ¢ = 1 on the unit ball By and supp ¢ C Bs. Let pr(z) := p(z/R).
Then |Vog(z)] < C/R and Vg converges pointwise to 0, while pr converges
pointwise to 1. We have

Re (Bou,u”) = Re /]Mz'-Vu |ulP™*T = Re Z / mija;(Ou) [ulP~*a
Q oo
n

Re lim /WR mija;(Opu) ulP~ %,
Q

4~ R—oo
4,j=1

where the last equality holds by Lebesgue’s Dominated Convergence Theorem.
Now we apply Proposition 3.3 with ¢ = ¢rm,;x; to obtain

/%"R mij; Q) [ulP~?T = 7/ er mij; |ulP"Pudm
Q Q

-2
7/ YR MijTj b D) |u|p72(ﬂ(9iu+u8ﬂ)
Q

—/Q((C%PR) mijT; + R ijmij) |ul’.
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Applying the Dominated Convergence Theorem and collecting our results, we have

n n
Re (Bou,u*) = —Re Z/mij;rj |ulP~2ud;u — Re Z/é,;jmij [ul?
Q Q

ij=1 3,j=1

= -2
—Re Z/m,-j:rj p2 |uP~2(@d;u + udya)
Q

ij=1
_ ¥\ 4 p
= —(p—1) Re (Bau,u") —tr M [Jull; .

This yields
tr M
Re (Bou,u") = — » llullp -
Therefore, the operator Bo — A is dissipative for A > —tr M/p. O

3.3. Ornstein-Uhlenbeck operators on bounded Lipschitz domains
Let D be a bounded Lipschitz domain in R™, n > 3. We study the operator

{ADu(z) = Au(z) + Mz - Vu(z), z € D, (3.9)

D(Ap) := {u € Wy?(D) : Au € LP(D)}.

Our main result for bounded domains is now an easy consequence of pertur-
bation results for Cy-semigroups.

Proposition 3.5. On bounded Lipschitz domains D C R"™, the operator Ap gener-
ates an analytic quasi-contractive® semigroup T for (3 +¢) < p < 3 + ¢ where
e > 0 depends on the Lipschitz constant of the domain D. The growth bound of
the semigroup can be estimated by w(T) < —X For Re\ > —&- M there exists
a constant Cy depending on X, such that we have the estimate

lull ooy + 1Al Loy + 1M @ Vull o py < CxIfllpop) (3.10)

for solutions of the resolvent problem (A — Ap)u = f. Furthermore, the solution u
satisfies the estimate

C
lull Locpy < Py 1A o) (3.11)
P
for X € f% + X, for some angle ¢, where X, := {A € C: |arg\| < ¢} \{0}

and arg A denotes the argument of A\. For A > max {—trpM,O}, there exists © > 0
such that

C
HVUHLI‘(D) = e ”fHLp(D) . (3.12)

5Te., there exists a € R such that (e‘D‘tT(t))DO is a contractive semigroup
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Proof. Since, by Theorem 2.18, the weak Dirichlet-Laplacian generates an analytic
semigroup of contractions, Proposition 3.2 implies that Ap generates an analytic
Co-semigroup. The fact that it is quasi-contractive and the growth bound esti-
mate follow from the dissipativity of the operator Bp + % (Proposition 3.4)
and the Lumer-Phillips-Theorem (cf. [2]). Estimate (3.10) is a consequence of the
closed graph theorem, while (3.11) is the standard resolvent estimate for analytic
semigroups. For (3.12), we use the representation of the resolvent as

R(\, Ap) = RO\ AY) Y (BoR(A A",

n=0

where A > max {7%, 0}. Due to the relative boundedness, the Neumann series
gives a bounded operator, and we only need to show the corresponding estimate
for the Laplacian. Now, a similar calculation as in the proof of Proposition 3.2
shows that for v € D(Ap) we have

lully, < CATCHA = A)ull, + CAC ful],.

Again using the fact that the Dirichlet-Laplacian generates an analytic semigroup
of contractions, we can estimate A [[ul|, < C'[|[(A — A)u||,, to obtain

llully, < CAT A = Al
Therefore, |[VR(A, Ap)llzzo(py) < C\~® concluding the proof. O

3.4. Ornstein-Uhlenbeck operators on exterior Lipschitz domains

Let Q@ = R*\ K where K is a bounded Lipschitz domain contained in a ball Bg
of radius R. Again we define the Ornstein-Uhlenbeck operator
Aou(z) := Au(z) + Mz - Vu(z), z€Q, (3.13)
D(Aq) :={u e WyP(Q) : Au e LP(Q) and Mz - Vu € LP(Q)}. '

Using the Lumer-Phillips Theorem, we will see that Ag is a closed operator
and generates a Cop-semigroup on LP(Q) for (3 +¢) < p < 3+¢. In a first step,
our aim is to show that the range condition (A — Ag)D(Aq) = LP(Q) is satisfied
for some A >0and 3+¢) <p<3+e.

We use the following notation. The bounded Lipschitz domain Q N Bry3
will be denoted by D. We further introduce a cut-off function ¢ € C*>°(R") with
@(x) = 0 for x € Bryy and p(z) = 1 for x € B ,,. Given f € LP(Q), denote its
trivial extension to K by fo and its restriction to D by f.. By up we denote the
solution to the resolvent problem (A — Agn)u = fo in R™ given in Theorem 3.1.
Let u, denote the solution to (A— Ap)u = f. in D given by Proposition 3.5. Note
that

uo € W2P(R) N {u € LP(R") : Mz - Vu € LP(R™)}
Uy € WP (D) and Au, € LP(D).
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For the solution of the resolvent problem (A — Ag)u = f we make the ansatz
u=0O\f = pup + (1 — p)us. The function u then satisfies

Au = oAug + (1 — p)Au, +2Vp - (Vug — Vuy) + Ap(ug —us)  and

Mz -Vu=¢ Mz -Vug+ (1 — )Mz - Vu, + (Mz - Vo) (ug — uy).

Due to the properties of up and wu., it is easy to check that u € Wol’P(Q), Au €
LP(Q) and Mz - Vu € LP(Q). Furthermore, by estimates (3.2) and (3.10), we have

HuHLP(Q) + HAUHLF(Q) + [ Mz - VUHLF(Q) <O HfHLP(Q) : (3.14)
u satisfies the following equation.

M—Au—Mz-Vu = ¢fo+(1—¢)fc —2Vp- (Vuy — Vu,)
—Ap(ug —ux) = (Mz - Vo)(uo —u.) = (I =TH)f,
where
Thf =2V (Vug — Vus) + Ap(ug — us) + (Mz - Vo) (ug — us).

Our aim is now to invert I — Ty continuously in £(LP(f2)). We need the
gradient estimate (3.3) for ug, and for u, we use the estimates (3.11) and (3.12).
Noting that V¢ is supported in a compact set, for sufficiently large A > 0 this
yields

T3 fll, < ClVuoll, + ClIVuall, + Clluoll, + Cllul,
C 1
— < = .
5161, < 5191,
Therefore, for sufficiently large A > 0, I — T can be continuously inverted in

L(LP(9)) using the Neumann series. Then we can solve the resolvent problem
(A= Ag)u = f by setting u = 0,(I — Ty)"'f.

A

C
= e /1, +

Theorem 3.6. Let Q2 be an exterior Lipschitz domain. Then for (3+¢)' <p < 3+e
where € > 0 depends only on the Lipschitz constant of the domain ), the operator
Aq defined as in (3.13) generates a quasi-contractive Cy-semigroup T on LP(Q).
The growth bound can be estimated by w(T) < 7%.

Proof. The preceding discussion shows that the range condition of the Lumer-
Phillips-Theorem is satisfied. By Proposition 3.4, the operator Bo+ "pM is dissipa-
tive. Using a smooth cut-off function and the Dominated Convergence Theorem, we
can integrate by parts to see that for p > 2, the weak Dirichlet-Laplacian A} is dis-
sipative on exterior Lipschitz domains. This proves the theorem for 2 <p < 3+e¢.
For (3+¢)" < p < 2 we have so far only shown dissipativity of the weak Laplacian
for bounded Lipschitz domains. However, simply setting M = 0 in the preceding
discussion, we know that A}’ is m-dissipative in exterior Lipschitz domains for
2 < p < 3+¢. The same consideration as in the proof of Theorem 2.13 then proves
dissipativity of AY and therefore of Ag + -2 also for (34¢)' < p < 2 in exterior

P
Lipschitz domains. O
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3.5. Domains satisfying an outer ball condition

We now want to consider equation (1.1) in domains Q satisfying a uniform outer
ball condition where we can show that the domain of the operator A + Mz - V is
contained in W2P?(Q). To do this we proceed in the same manner as for general
Lipschitz domains using the added regularity of solutions to the heat equation we
proved in Theorem 2.20 for these domains.

3.5.1. Bounded domains. Let D be a bounded Lipschitz domain satisfying a uni-
form outer ball condition. On D, we define the operator

{ADu(ac) = Au(z) + Mz - Vu(z), x € D, (3.15)

D(Ap) = W2P(D) N Wy P (D).
Proposition 3.7. The drift operator Bp on D given by
Bpu(x) = Ma - Vu(z), x € D, D(Bp)=W'(D)

is relatively bounded by Ay in LP(D) for 1 < p < 2. The relative bound is given by
ag = 0.

Proof. Obviously, D(Bp) 2 D(A;). Furthermore, using Ehrling’s Lemma (cf. [1,
Theorem 4.14]) and Theorem 2.3, for u € D(A3), we have for any € > 0,

Mz - Vul, < C|Vul, < C(EHV2“HP+C(5)”“HP)§ e |Aull, + C(e) [ull, -
|

As in the case of an arbitrary bounded Lipschitz domain, our generation
result for bounded Lipschitz domains satisfying a uniform outer ball condition is
now a direct consequence of the proposition and results from the perturbation
theory of generators of contractive and analytic Cp-semigroups.

Corollary 3.8. For 1 < p < 2, on bounded Lipschitz domains D satisfying a uni-
form outer ball condition, the operator Ap as defined in (3.15) generates an ana-

lytic quasi-contractive semigroup T with w(T) < —u M por Rel > 7trpM’ there
exists a constant Cy depending on X such that we have the estimate
HUHW2~P(D) + (M- V“”LP(D) <Ca Hf“LP(D) (3.16)

for solutions of the resolvent problem (A — Ap)u = f.

We now show that we also get so-called LP-L9-smoothing estimates for the
generated semigroups. This kind of estimates is useful when studying semilinear
equations. For example, in [15], LP-L%-smoothing estimates for the solution of the
Stokes equation with linearly growing initial data are used to obtain mild solutions
for the corresponding Navier-Stokes equations.
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Lemma 3.9. Let D be a bounded Lipschitz domain satisfying a uniform outer ball
condition. Let 1 < p < q < 2 and denote the semigroup generated by the operator

Ap by etA?. Then for any w > —min {%, %} and all f € LP(D),

n(1

[let42 f]|, < Ct=EG=Dest I f]],, >0, (3.17)

and
1_

[Vettor||, < i3 EGmDet 1], > 0. (3.18)
Proof. The proof is standard and relies on analyticity of the semigroup and the
Gagliardo-Nirenberg inequality. We include it here for completeness. We first note
that the semigroups generated by Ap on the spaces LP(Q2), 1 < p < 2, are con-
sistent which can be shown similarly as in the proof of Proposition 2.17 for the
Laplacian. By (3.16) we have

[V2ul|, < ClIN = Ap)ull, < C(|Apull, + |lull,).

for sufficiently large A, any u € D(Ap) and 1 < s < 2.
Now choose

1 1
q1 € [p,q] such that <t and

@ such that 7min{%,%}<$<w.

Then we have that a := 5 q% - %) < % Using the Gagliardo-Nirenberg inequality

(cf. [22, Section 1.4.8]) with j = 0, [ = 2, we then get

A 2 tA a 4A 1-a tA
e fll, < vt et Al Cllete A,
tA a | tA 1-a tA
< ClApe o, et £l " + Clle e £,
1—
< CHAD(),%ADe%ADf ‘ e%ADe%A’-’f a+C e%ADe%ADf
- @ @ a
g awt || & @ -aet || ¢ 1-a ot || ¢
< Ot %"t ||e3f|| e 2 e?ADf‘ + Ce> e2ADf‘
q q1 q
< (Cr et v ce¥) ebtvg|
q1
< ot EEied e3dof
q1
for t > 0 and f € LP(Q). Now choose g2 € [p, q1] such that q% <1l q% <24 %

By a similar calculation we see that

L _ 1y 3wt
et

et 4o f]l, < CtmEamd N |leidn

q2
Iterating this procedure we obtain ¢, such that i <oy % and

- n

n(_1 1 M -1)wt

letogl, < crBEbeT

eﬁADf

am
After finitely many steps, we reach p and then (3.17) obviously is satisfied.
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For (3.18), we use the Gagliardo-Nirenberg inequality in the form
1-a
IVull, < C([V2ull, + llully,)* [lull

q1
where we choose ¢; € [p,¢| such that q% <+ 4 % and a := %(q% - %) +1<3
Proceeding similarly to above then leads to the desired gradient estimate. O

3.5.2. Exterior domains. Let € be an exterior Lipschitz domain in R" satisfying
a uniform outer ball condition. By this we mean that the complement of 2 is a
compact set and that € itself is a Lipschitz domain and satisfies a uniform outer
ball condition. Let the operator An be defined by

{Agu(w) = Au(x) + Mz - Vu(z), z € Q,

D(Ag) = {u € W2P(Q) : Mz - Vu € LP(Q)} N Wy P(). (3.19)

Then, as by Corollary 2.11 the strong Dirichlet-Laplacian is dissipative in LP(2)
for 1 < p < 2, Proposition 3.4 implies that Ag + % is dissipative in L?(Q) for
1 < p < 2. We now have to show that (A — Aq)D(Aq) = LP(Q) is satisfied for
some A > 0 and 1 < p < 2. Using the same notation and proceeding just as before,
we note that now D is a bounded Lipschitz domain satisfying a uniform outer
ball condition. Therefore, u, € W22(D) N WyP(D) and u := pug + (1 — ©)u. €
W2P(Q) N W,y P(Q). Instead of (3.14), we have the stronger estimate

HUHWM(Q) + M- VUHLP(Q) < Cxp HfHLF(Q) .
We summarise the generator result of this section in the following theorem.

Theorem 3.10. Let Q be an exterior Lipschitz domain satisfying a uniform outer
ball condition. Then for 1 < p < 2, the operator Aq generates a quasi-contractive
Co-semigroup T on LP(Y). The growth bound can be estimated by w(T') < —%

Finally, we can extend the LP-L?-smoothing estimates for the generated semi-
groups to exterior domains. In order to do this, we use a lemma on iterated con-
volutions proved in [11]:

Lemma 3.11. Let X,Y be Banach spaces and let T : (0,00) — L(Y,X) and S :
(0,00) — L(Y) be strongly continuous functions. Assume that

IT@)lleevx) < Cot®e,  [1S®)levy < Cot’e!, >0,

for some Co,w >0 and o, > —1. For f €Y, set To(t)f :=T(t)f and
¢

To(t)f = /T,H(t —9)S(s)fds, neN, t>0.
0

Then there exist C,& > 0 such that > | Tn(t) fllx < Ct*e®!||flly, t>0.
n=0

Just as in the case of bounded domains, the statement of the LP-L9-smoothing
properties in exterior domains reads as follows:
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Theorem 3.12. Let 1 < p < g < 2 and let Q2 be an exterior Lipschitz domain
satisfying a uniform outer ball condition. Denote the semigroup generated by Aq
by e!42. Then there exist constants C,w such that for all f € LP(R),

HetAsszqSCt*% %*%)ewtl‘f”py t>0, (3.20)
and

1_ncl_1

[Vetef|, <ct727% pmet || f]l,, t>0. (3.21)

Proof. The proof is the same as the proof in [12] for C''-domains and is in-
cluded here for completeness. Recall from the construction in Section 3.4 that for
sufficiently large A, the resolvent of A — Aq has the form

A=do) ' f=0I-T)"'f, feL’(Q)

with ©) and T), as in Section 3.4. Let fy denote the trivial extension of f to R™ and
fp denote the restriction of f to D. Then the Laplace transforms of the strongly
continuous functions U : [0,00) — L(LP(Q)) and V : [0,00) — L(LP(2)) given by

U)f = e fo+ (1= )P fp,
V(it)f = —2Vp- V(et/\mu fo— €tADfD)
—[Ap + (M- V)|(e"=" fo — P fp)

are given by ©, and T}, respectively. By the estimates (3.4), (3.6), (3.17) and
(3.18), there exist constants C,w such that

1T c(zry) < Cet, IV®)llerioy < Ot e, t>0.
For f € LP(Q) we set To(t)f := U(t)f and define

t

T.(t)f = /Tn_l(t —s5)V(s)fds, neN, t>0.
0

It then follows from Lemma 3.11 that, To(t) f := > T, (t)f is well defined for all
n=|
t > 0 and exponentially bounded. Thus, by Lebesgue’s theorem

/e’“Tg(t)dt =S /e**f Tdt = 3 0T = (4 - Aa)~!
0 n=0 0 n=0

for A large enough and hence To(t) = et for ¢t > 0.

Now, consider U as a mapping U : [0,00) — L(LP(2), L9(Q2)). Once more
using the estimates (3.4), (3.6), (3.17) and (3.18), there exist constants C,w such
that L

U @) ey pay < Ct FGmw)et, ¢ >0.
Then (3.20) follows as above by Lemma 3.11 if g(% - é) < 1. In the general
11

case, choose ¢; such that %(; - q_1) < 1 and proceed as above. Then repeat this

procedure until ¢ is reached.
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Estimate (3.21) follows in a similar way by defining W (t)f := VU(t)f, re-
placing U(t) in the above proof by W (¢) and using the estimates (3.5) and (3.18)
on the gradient of the semigroup. d

Remark 3.13. Note that due to the representation of the semigroup using only
the semigroups on the whole space R™ and on the bounded domain D which are
consistent, the semigroups on exterior domains are also consistent.

References

[1] R.A. Adams: Sobolev Spaces, Academic Press, New York, 1975.

[2] W. Arendt, C.J.K. Batty, M. Hieber, F. Neubrander: Vector-valued Laplace Trans-
forms and Cauchy Problems. Monographs in Mathematics 96, Birkhduser, Basel
2001.

[3] W. Arendt, P. Bénilan: Wiener regularity and heat semigroups on spaces of con-
tinuous functions. Progress in Nonlinear Diff. Eq. and their applications 35 (1999),
29-49.

[4] D. Bakry: L’hypercontractivité et son utilisation en théorie des semigroupes. In:
Lectures on probability theory (Saint-Flour, 1992). Lecture Notes in Math., vol.
1581, (1994) Springer, Berlin, 1-114.

[5] J. Bergh, J. Lofstrom: Interpolation Spaces. Springer, Berlin 1976.

[6] P. Clément, H.J.A.M. Heijmans et al.: One-Parameter Semigroups. CWI Monographs
5, North-Holland, Amsterdam (1987).

[7] G. Da Prato, A. Lunardi: On the Ornstein-Uhlenbeck operator in spaces of contin-
uous functions. J. Func. Anal. 131 (1995), no. 1, 94-114.

[8] G. Dore: LP-regularity for abstract differential equations. In: Functional Analysis
and Related Topics, H. Komatsu (ed.), Lecture Notes in Math. 1540. Springer, 1993.

[9] K.-J.Engel, R. Nagel: One-Parameter Semigroups for Linear Evolution Equations.
Springer, 2000.

[10] S.J. Fromm: Potential space estimates for Green potentials in convex domains. Proc.
Amer. Math. Soc. 119, 1 (1993), 225-233.

[11] M. Geissert, H. Heck, M. Hieber: LP-theory of the Navier-Stokes flow in the exterior
of a moving or rotating obstacle. J. Reine Angew. Math. 596, (2006), 45-62.

[12] M. Geissert, H. Heck, M. Hieber, I. Wood: The Ornstein-Uhlenbeck semigroup in
exterior domains. Arch. Math., 85, 6 (2005), 554-562.

[13] B. Goldys: On analyticity of Ornstein-Uhlenbeck semigroups. Atti Accad. Naz. Lincei
Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 10, 3 (1999), 131-140.

[14] P. Grisvard: Elliptic Problems in Nonsmooth Domains. Pitman, Boston, 1985.

[15] M. Hieber, O. Sawada: The Navier-Stokes equations in R™ with linearly growing
initial data. Arch. Rat. Mech. Anal., 175, 2 (2005), 269-285.

[16] T. Hishida: An existence theorem for the Navier-Stokes flow in the exterior of a
rotating obstacle. Arch. Rational Mech. Anal. 150 (1999), 307-348.

[17] T. Hishida: The Stokes operator with rotation effect in exterior domains. Analysis
19 (1999), 51-67.



The Ornstein-Uhlenbeck Semigroup in Lipschitz Domains 435

[18] T. Hishida: L2-theory for the operator A+ (k x z) -V in exterior domains. Nihonkai
Math. J. 11 (2000), 103-135.

[19] D. Jerison, C.Kenig: The inhomogeneous Dirichlet problem in Lipschitz domains. J.
Func. Anal. 130 (1995), 161-219.

[20] P.C. Kunstmann: Heat kernel estimates and L? spectral independence of elliptic
operators. Bull. London Math. Soc. 31 (1999), 345-353.

[21] A. Lunardi, V. Vespri: Generation of strongly continuous semigroups by elliptic
operators with unbounded coefficients in L?(R"™). Rend. Instit. Mat. Univ. Trieste
28 (1996), no. suppl., 251-279.

[22] V.G. Maz’ja: Sobolev Spaces. Springer, Berlin, 1985.

[23] G. Metafune: LP-spectrum of Ornstein-Uhlenbeck operators. Ann. Scuola Norm.
Sup. Pisa CL Sci. (4) 30 (2001), 97-124.

[24] G. Metafune, J. Priiss, A. Rhandi, R. Schnaubelt: The domain of the Ornstein-
Uhlenbeck operator on an LP-space with invariant measure. Ann. Scuola Norm.
Sup. Pisa CL Sci. (5) 1 (2002), 471-485.

[25] G. Metafune, C. Spina: An integration by parts formula in Sobolev spaces. Ulmer
Seminare iiber Funktionalanalysis und Differentialgleichungen (2004).

[26] A. Pazy: Semigroups of Linear Operators and Applications to Partial Differential
Equations. Springer, 1983.

[27] J. Priiss, A. Rhandi, R. Schnaubelt: The domain of elliptic operators on LP(R?) with
unbounded drift coefficients. Preprint.

[28] L. Weis: A new approach to maximal LP-regularity. In: Evolution Equations and
Appl. Physical Life Sciences, G. Lumer, L. Weis (eds.), Lect. Notes in Pure & Appl.
Math., Vol. 215 Marcel Dekker, New York (2001), 195-214.

[29] 1. Wood: Maximal LP-regularity for the Laplacian on Lipschitz domains, Math. Z.
(4) 255 (2007), 855-875.

Tan Wood

Institute of Mathematical and Physical Sciences
Aberystwyth University

Penglais

Aberystwyth SY23 3BZ, UK

e-mail: ian.wood@aber.ac.uk



Operator Theory:
Advances and Applications, Vol. 186, 437-443
(© 2008 Birkhauser Verlag Basel/Switzerland

List of Participants

Organizers

Jan Janas

Institute of Mathematics PAN

Branch in Cracow

Sw.Tomasz 30, 31-027, Cracow, Poland
najanas@cyf-kr.edu.pl

Pavel Kurasov

Dept of Mathematics, LTH
Solvegatan 18, Box 118
221 00 Lund, Sweden
kurasov@maths.lth.se

Ari Laptev

Department of Mathematics
Royal Institute of Technology
100 44 Stockholm, Sweden
laptev@math.kth.se

Sergey Naboko

Department of Mathematical Physics
Institute of Physics

NIIF, St. Petersburg State University
ul.Ulianovskaya 1, St. Petergoff
198504 St. Petersburg, Russia
naboko@math.su.se

Gunter Stolz

Department of Mathematics, CH 542
University of Alabama at Birmingham
1300 University Blvd

Birmingham, AL 35294-1170, USA
stolz@math.uab.edu

Participants

Vadym Adamyan

Department of Theor. Physics

Odessa National I.I. Mechnikov University
vul. Dvoryanska 2, 65026 Odessa, Ukraine
vadamyan@paco.net

Sergei A. Avdonin

Department of Mathematics and Statistics
University of Alaska Fairbanks

Fairbanks, AK 99775-6660, USA
ffsaaQuaf.edu

Ingrid Beltita

Institute of Mathematics “Simion Stoilow”
of the Romanian Academy

Calea Grivitei 21, PO Box 1-764

RO 014700, Bucharest, Romania
Ingrid.Beltita@imar.ro

Jussi Behrndt

Institut fiir Mathematik

MA 6-4, TU Berlin

Strasse des 17. Juni 136
10623 Berlin, Germany
behrndt@math.tu-berlin.de

Christer Bennewitz

Department of Mathematics
Lund University, P.O. Box 118
221 00 Lund, Sweden
Christer.Bennewitz@math.lu.se



438 List of Participants

Tanja Bergkvist

Department of Mathematics
Stockholm University

106 91 Stockholm, Sweden
tanjab@math.su.se

Gregory Berkolaiko

Dept of Mathematics

Texas A&M University

College Station, TX 77843-3368, USA
Gregory.Berkolaiko@math.tamu.edu

Jan Boman

Department of Mathematics
Stockholm University

106 91 Stockholm, Sweden
jaboC@math.su.se

Julius Borcea

Department of Mathematics
Stockholm University

106 91 Stockholm, Sweden
julius@math.su.se

Denis I. Borisov

Department of Theoretical Physics
Nuclear Physics Institute

250 68 Rez, Czech Republic
borisovdi@yandex.ru

Jonathan Breuer

Einstein Institute of Mathematics
Edmond J. Safra Campus, Givat Ram
The Hebrew University of Jerusalem
Jerusalem, 91904, Israel
jbreuer@math.huji.ac.il

Malcolm B. Brown

Computer Science, Cardiff University,
Queen’s Buildings, 5 The Parade, Roath
Cardiff CF24 3AA, UK
Malcolm.BrownQcs.cardiff.ac.uk

Vsevolod L. Chernyshev
Fundamental Sciences

Moscow State Technical University
n.a. N.E. Bauman

2-nd Baumanskaya 5

105005 Moscow, Russia
vchern@bmstu.ru

Evgeney V. Cheremnikh
Institute of Mathematics

12 Bandera Str.

79013 Lviv, Ukraine
echeremn@polynet.lviv.ua

Jacob S. Christiansen
Caltech, Mathematics
253-37, Pasadena, CA 91125, USA
stordal@caltech.edu

Monique Combescure

IPNL, 4 rue Enrico Fermi
F-69622 Villeurbanne , France
mcombe@ipnl.in2p3.fr

Rafael R. del Rio
IIMAS-UNAM, Circuito Escolar
Ciudad Universitaria

04510 Mexico D.F., Mexico
delrio@leibniz.iimas.unam.mx

Nils Dencker

Center for Mathematical Sciences
Division of Mathematics

(Faculty of Science) Lund University
Box 118, 221 00 Lund, Sweden
dencker@maths.lth.se

Jan Dereziniski

Dep. Math. Meth. in Physics, Warsaw Uni-

versity
Hoza 74, 00-682 Warszawa, Poland
jan.derezinski@fuw.edu.pl

Joanne M. Dombrowski

Department of Mathematics and Statistics

Wright State University
Dayton, Ohio 45434, USA
Joanne.dombrowski@Qwright.edu

Tomas Ekholm

Complexo Interdisciplinar
da Universidade de Lisboa
Av. Prof. Gama Pinto 2
1649-003 Lisboa, Portugal
tomase@math.kth.se



List of Participants 439

Mats Ehrnstrom

Centre for Mathematical Sciences
Lund University

P.O. Box 118, 221 00 Lund, Sweden
mats.ehrnstrom@math.lu.se

Domenico Finco

Institut fur Angewandte Mathematik
Abteilung Stochastik

Wegelerstr. 6, D-53115 Bonn, Germany
finco@wiener.iam.uni-bonn.de

Magnus Fontes

Department of Mathematics (LTH)
Lund University

P.O. Box 118, 221 00 Lund, Sweden
Magnus .Fontes@math.lth.se

Rupert Frank

KTH Stockholm
Department of Mathematics
100 44 Stockholm, Sweden
rupert@math.kth.se

David Farm

Mathematics LTH

Box 118, 221 00 Lund, Sweden
david@maths.lth.se

Clemens Forster

Institut fiir Analysis

Dynamik und Modellierung

Fakultat fiir Mathematik und Physik
Universitat Stuttgart
Pfaffenwaldring 57

70569 Stuttgart, Germany
Clemens.Foerster
Omathematik.uni-stuttgart.de

Jeffrey S. Geronimo

School of Mathematics, Georgia Tech
Atlanta, Ga 30332, USA
geronimo@math.gatech.edu

Fritz Gesztesy

Department of Mathematics
University of Missouri
Columbia, MO-65211, USA
fritz@math.missouri.edu

Daphne J. Gilbert

Department of Pure

and Applied Mathematics
Dublin Institute of Technology
Kevin Street, Dublin 8, Ireland
daphne.gilbert@dit.ie

Daniel Grieser

Institut fir Mathematik

Carl von Ossietzky Universitat Oldenburg
D-26111 Oldenburg, Germany
grieser@mathematik.uni-oldenburg.de

Thomas Guhr

Mathematical Physics, LTH
Lund University

Box 118, 221 00 Lund, Sweden
thomas.guhr@matfys.lth.se

Anders Hansson

KTH Matematik

100 44 Stockholm, Sweden
anhan@math.kth.se

Anders Holst

Mathematics LTH, Lund University
P.O. Box 118, 221 00 Lund, Sweden
ah@maths.lth.se

Alexei Iantchenko

Malmé6 Hogskola, Teknik och Samhaélle
205 06 Malmo, Sweden

ai@ts.mah.se

Per-Anders Ivert

Lund University, Centre for Mathematical
Sciences

P.O. Box 118, 221 00 Lund, Sweden
ivert@maths.lth.se

Yulia Karpeshina

Department of Mathematics, UAB
1300 University blvd

Birmingham, AL 35294-1170, USA
karpeshi@math.uab.edu



440 List of Participants

Steffen Klassert

Technische Universitdat Chemnitz
Fakultdt fiir Mathematik
Reichenhainerstr. 41

09107 Chemnitz, Germany
klassert@mathematik.tu-chemnitz.de

Torbjérn Kolsrud
Department of Mathematics
Royal Institute of Technology
100 44 Stockholm, Sweden
kolsrud@math.kth.se

Sylwia M. Kondej

Department of Physics and Astronomy
Institute of Physics

ul. Szafrana 4a (room 428)

65-516 Zielona Gora, Poland
skondej@proton.if.uz.zgora.pl

Evgeny Korotyaev

Institut fiir Mathematik
Humboldt Universitat zu Berlin
Rudower Chaussee 25

12489 Berlin, Germany
evgeny@math.hu-berlin.de

Hynek Kovaiik

Institute for Analysis

Dynamics and Modelling
Pfaffenwaldring 57

D-70569 Stuttgart, Germany
kovarik@mathematik.uni-stuttgart.de

Stanislav Kupin

CMI, Université de Provence

39 rue Joliot-Curie

13453 Marseille Cedex 13, France
kupin@cmi.univ-mrs.fr

Yoram Last

Institute of Mathematics

The Hebrew University

Givat Ram, 91904 Jerusalem, Israel
ylast@math.huji.ac.il

Tatiana Levitina

Abteilung Partielle Differentialgleichungen
Institut Computational Mathematics

TU Braunschweig, Pockelsstr. 14 - Forum
D-38106 Braunschweig, Germany
t.levitina@tu-bs.de

Annemarie Luger

Technische Universitat Berlin
Sekretariat MA 674

Strasse des 17. Juni 136

10623 Berlin, Germany
aluger@mail.zserv.tuwien.ac.at

Marco Marletta

Cardiff School of Mathematics
Senghennydd Road

Cardiff CF24 4AG

Wales, United Kingdom
MarlettaM@cardiff.ac.uk

Asya A. Metelkina

LAGA, Institut Galilée
Université Paris 13

99 avenue Jean-Baptiste Clément
93430 Villetaneuse, France
assiaaton@mail.ru

Victor S. Mikhaylov
University os Alaska

101 Chapman Hall
Department of Mathematics
Fairbanks, AK 99775, USA
ftvsmQuaf . edu

Stanislav A. Molchanov

Department of Mathematics and Statistics
University of North Carolina at Charlotte
Charlotte, NC 28223, USA
smolchan@uncc.edu

Marcin Moszynski

Wydzial Matematyki Informatyki
i Mechaniki UW

Instytut Matematyki Stosowanej
i Mechaniki

ul. Banacha 2

02-097 Warszawa, Poland
mmoszyns@mimuw.edu.pl



List of Participants 441

Wojciech Motyka

Institute of Mathematics

of the Polish Academy of Sciences
ul. Sw. Tomasza 30

31-027 Krakow, Poland
namotyka@cyf-kr.edu.pl

Hagen Neidhardt
WIAS-Berlin, Mohrenstr. 39
D-10117 Berlin, Germany
neidhard@wias-berlin.de

Johan Nilsson

Mathematics LTH

Box 118, 221 00 Lund, Sweden
johann@maths.lth.se

Marlena Nowaczyk
Mathematics LTH

Box 118, 221 00 Lund, Sweden
marlena@maths.lth.se

Andrey Osipov

6 Parkovaya St., 29 “A”, flat 18
105043 Moscow, Russia
osipa68@yahoo.com

Jorgen S. Ostensson
Department of Mathematics
Katholieke Universiteit Leuven
Celestijnenlaan 200B

B3001 Leuven, Belgium
ostensson@wis.kuleuven.be

Elin Ottergren

Department of Mathematics
Roslagsv. 101

106 91 Stockholm, Sweden
ottergren@math.su.se

Katefina Ozanova

Department of Mathematical
Sciences Chalmers

University of Technology Chalmers
Tvargata 3

412 96 Goteborg, Sweden
nemco@math.chalmers.se

Konstantin Pankrashkin

Institute of Mathematics
Humboldt-University of Berlin
Rudower Chaussee 25

12489 Berlin, Germany
const@mathematik.hu-berlin.de

Boris S. Pavlov

Department of Mathematics
University of Auckland
private box 92019

Auckland, New Zealand
pavlov@math.auckland.ac.nz

Tomas Persson

Mathematics LTH

Box 118, 221 00 Lund, Sweden
tomasp@maths.lth.se

Irina Peterburgsky
Department of Mathematics
and Computer Science
Suffolk University

41 Temple Street

Boston, MA 02114, USA
IrPeterbur@aol.com

Pelle Pettersson

Department of Mathematics (LTH)
Lund University

P.O. Box 118, 221 00 Lund, Sweden
Pelle@maths.lth.se

Victoria Rayskin

Department of Mathematics

PO Box 750561, 28725 Bremen, Germany
v.rayskin@iu-bremen.de

Roman V. Romanov

Laboratory of Quantum Networks
Institute for Physics

Saint Petersburg State University
198504 St. Petersburg, Russia
roma@rvr.stud.pu.ru

Aida M. Sahmurova

Istanbul University, Engineering Faculty
Department of Environmental Engineering
34320 Avcilar/Istanbul, Turkey
aida@istanbul.edu.tr



442 List of Participants

Jorg Schmeling

Mathematics LTH

Box 118, 221 00 Lund, Sweden
Jorg.Schmeling@math.lth.se

Achim Schroll

Centre for Mathematical Sciences
Box 118, 221 00 Lund, Sweden
achim.schroll@na.lu.se

Veli B. Shakhmurov

Istanbul University, Engineering Faculty
Department of Electrical

& Electronics Engineering

Avcilar, 34320 Istanbul, Turkey
sahmurov@istanbul.edu.tr

Luis O. Silva P.

Departamento de Métodos Matematicos
y Numéricos IIMAS

Univ. Nacional Auténoma de México
Apdo. Postal 20-726

México, D.F. 01000, México

silva@leibniz.iimas.unam.mx

Sergei Silvestrov

Centre for Mathematical Sciences LTH
Lund University

Box 118, 221 00 Lund, Sweden
Sergei.Silvestrov@math.lth.se

Anna-Maria Simbotin

Centre for Mathematical Sciences
Box 118, 221 00 Lund, Sweden
simbotin@maths.lth.se

Barry Simon

Mathematics 253-37, Caltech
Pasadena, CA 91125, USA
bsimon@caltech.edu

Sergey A. Simonov

Department of Mathematical Physics
Institute of Physics

St. Petersburg University
Ulianovskaia 1

198504, St. Petergoff

St. Petersburg, Russia
sergey_simonov@mail.ru

Jan Stochel

Instytut Matematyki, ul. Reymonta 4
30-059 Krakow, Poland
stochel@im.uj.edu.pl

Jan E. String

Abteilung Theoretische Physik
Universitét Ulm
Albert-Einstein-Allee 11

89069 Ulm, Germany
eric.straengQuni-ulm.de

Vladimir V. Sukhanov

Dep. of Mathematical Physics
St. Petersburg Univ.
Ulyanovskaya 1

198504 St. Petersburg, Russia
vvsukhanov@mail.ru

Alexander Teplyaev
Department of Mathematics
University of Connecticut
196 Auditorium Road U-3009
Storrs, CT 06269-3009, USA
teplyaev@math.uconn.edu

Gerald Teschl

Faculty of Mathematics
Nordbergsr. 15

A-1090 Vienna, Austria
gerald.teschl@univie.ac.at

Alexey S. Tikhonov

Dep. of Mathematics

4 Yaltinskaya

95007 Simferopol, Ukraine
tikhonov@club.cris.net

Frangoise Truc

Department of Mathematics
Institut Fourier

100 rue des maths

38402 St Martin d’Heres, France
trucfr@ujf-grenoble.fr

Tatyana Turova

Department of Mathematical Statistics
Lund University

Box 118, 221 00 Lund, Sweden
tatyana@maths.lth.se



List of Participants 443

Thomas Vallier

Centre for Mathematical Sciences
Lund University

Box 118, 221 00 Lund, Sweden
vallier@maths.lth.se

Olivier Verdier

Mathematics LTH

Box 118, 221 00 Lund, Sweden
olivier@maths.lth.se

Ivan Veselic’

TU Chemnitz, Fakultat fir Mathematik
Room 428 in Reichenheiner Str. 39
09107 Chemnitz, Germany
ivan.veselic
@mathematik.tu-chemnitz.de

Javier A. Villamizar V.
Department of Mathematics
Simon Bolivar University
Apdo 89000

Caracas 1080-A, Venezuela
jvilla@ma.usb.ve

Erik Wahlén

Lund University

Centre for Mathematical Sciences
P.O. Box 118

S-221 00 Lund, Sweden
erik.wahlen@math.lu.se

Kazuo Watanabe

Department of Mathematics
Gakushuin Univ.

1-5-1 Mejiro, Toshima-ku

Tokyo 171-8588, Japan
kazuo.watanabe@gakushuin.ac. jp

Ricardo Weder
IIMAS-UNAM

Apartado Postal 20-726
Mexico DF 01000, Mexico
weder@servidor.unam.mx

Rudi Weikard

Department of Mathematics
University of Alabama at Birmingham
Birmingham, AL 35294-1170, USA
rudi@math.uab.edu

Jens Wittsten

Centre for Mathematical Sciences
Lund University

P.O. Box 118, 221 00 Lund, Sweden
jens.wittsten@math.lu.se

Ian G. Wood

Cardiff School of Mathematics
Cardiff University
Senghennydd Road

Cardiff CF24 4AG UK
woodig@cardiff.ac.uk

Peter Yuditskii
Mathematical Department
of Bar Ilan University
52900 Ramat Gan, Israel
yuditski@macs.biu.ac.il

Alessandro Zampini
SiSSA, via Beirut 4
34014 Trieste, Italy
zampini@sissa.it



